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Abstract

Free boundary magnetohydrodynamic equilibrium states with spontaneous three dimensional defor-
mations of the plasma-vacuum interface are computed for the first time. The structures obtained
have the appearance of saturated ideal external kink/peeling modes. High edge pressure gradi-
ents yield toroidal mode number n = 1 corrugations for high edge bootstrap current and larger
n distortions when this current is small. Deformations in the plasma boundary region induce a
nonaxisymmetric Pfirsch-Schlüter current driving a field-aligned current ribbon consistent with re-
ported experimental observations. A variation of the 3D equilibrium confirms that the n = 1 mode
is a kink/peeling structure. We surmise that our calculated equilibrium structures constitute a vi-
able model for the Edge Harmonic Oscillations and Outer Modes associated with quiescent H-mode
operation in shaped tokamak plasmas.

1. Introduction

Tokamaks with high confinement operation (H-mode) [1]
have a high edge pedestal pressure and sharp pressure
gradient in the neighbourhood of the plasma bound-
ary. The resulting plasma energy content is significantly
higher than that of low confinement (L-mode) discharges.
The economic feasibility of tokamak systems as reactor
concepts is predicated on having a large 〈β〉 that is more
readily achieved under H-mode, where 〈β〉 is the measure
of the total thermal pressure over the confining magnetic
pressure. As the pedestal grows, relaxation oscillations
near the plasma boundary labelled Edge Localised Modes
(ELM) develop [2]. Large amounts of energy expulsion
ELMs generate would probably result in intolerable heat
loads in a fusion reactor device. The Quiescent H-mode
(QH) or a super H-mode can suppress ELMs and presents
a possible path towards a tokamak fusion energy produc-
ing system [3].

Benign Edge Harmonic Oscillations (EHO) develop
during QH-mode operation which can provide a mech-
anism for energy and impurity exhaust without the
deleterious effects of ELMs [4]. The QH-mode lies at
the kink/peeling edge of the peeling/ballooning stability
boundaries predicted with the ELITE/EPED codes [5].
As another example, an Outer Mode (OM) in JET is as-
sociated with a long-lived quasistationary structure that
suppresses ELMs [6] appearing to play a similar role to
the EHO. Electron cyclotron emission measurements es-
tablished that the OM is not due to a magnetic island [6].
Thus, the OM/EHO is likely to correspond to a satu-
rated ideal kink driven mode as argued in Ref. [3]. On
the TCV tokamak, nonlinear magnetic perturbations are
dominated by low toroidal mode number n components in
ELMy H-modes [7]. Finally, Quasicoherent mode struc-
tures were reported in QH mode AUG [8] and EAST [9]

tokamak discharges that should be similar EHO and OM.

In this Letter, 3D free boundary ideal magnetohy-
drodynamic (MHD) equilibrium states are presented for
the first time with the VMEC code [10] that develop
significant edge distortions from a combination of large
edge pressure gradient and the corresponding bootstrap
current in simulations of TCV plasmas. We contend
that the nonlinear saturated external ideal peeling/kink
structures with low toroidal mode number n constitute
the experimentally observed EHO and OM regimes.
Additionally, we show that 3D distortions drive a
nonaxisymmetric Pfirsch-Schlüter current component
that induces a parallel current density ribbon. As the
OM rotates toroidally at a frequency of ∼ 6kHz in
JET [6], i.e., a very small fraction of an Alfvén time,
simulations of these structures as static states constitute
a fully valid approach.

2. 3D equilibria as saturated nonlinear ideal

MHD states

Computation of 3D MHD equilibrium states is based on
the VMEC code [10] that imposes nested magnetic flux
surfaces. The plasma energy µ0W =

∫ ∫ ∫
d3x[B2/2 +

p(s)/(Γ − 1)], where B is the magnetic field, p(s) is the
plasma pressure and is a function of the radial variable
s (0 ≤ s ≤ 1) which is proportional to the enclosed
toroidal magnetic flux function Φ, and Γ, the adiabatic
index. This is minimised with respect to an artificial time
variable employing a steepest descent energy minimisa-
tion scheme. A Green’s function technique is applied to
evolve the plasma-vacuum interface to obtain free bound-
ary MHD equilibria where the vacuummagnetic fields are
calculated using Biot-Savart’s Law from all toroidal and
poloidal field coils discretised into finite sized filaments.

We apply the code to compute free boundary TCV-like
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equilibria. Up-down symmetry is imposed with Ns = 289
radial grid points and a poloidal 0 ≤ m ≤ 10 and toroidal
−6 ≤ n ≤ 6 mode spectrum. The poloidal mode numbers
were extended to m to 14 for a limited set of calculations.
We undertake a scoping study by independently varying
the edge pressure gradient p′ and the total integrated
bootstrap current JBS . As JBS depends on the pres-
sure and the density and the collisionality of the plasma,
we retain a margin of manoeuvring space for consistency
between p′ and JBS . A set of 3 TCV configurations was
examined with fixed total toroidal current It = 340kA,
volume averaged 〈β〉 ∼ 1.9% and βN ∼ 2.5. The toroidal
current profile 〈j ·∇v〉 (where 〈A〉 constitutes the flux
surface average of A and v is the label of the toroidal
angle) and the pressure profile p(s) were varied. The
prescribed pressure and the toroidal current profiles are
shown together with the corresponding q-profiles on the
top row of Fig. 1 for a case with (p′ < 0; JBS > 0),
(p′ < 0; JBS ∼ 0) and (p′ ∼ 0; JBS ∼ 0) near the
edge. The current profile for the case with JBS > 0
corresponds a hybrid/advanced scenario operation (re-
versed central shear with minimum value of q greater
than unity). The shapes of the last closed magnetic flux
contour at 4 different toroidal angle cross sections span-
ning half a toroidal transit are presented on the mid-
dle row of Fig. 1. For edge (p′ < 0; JBS > 0), toroidal
mode number n = 1 corrugations dominate. For edge
(p′ < 0; JBS ∼ 0), n = 4 boundary distortions domi-
nate. Finally, for edge (p′ ∼ 0; JBS ∼ 0), characteristic
of L-mode type discharges, the deformation has mainly
n = 4 components but of much smaller magnitude than
the (p′ < 0; JBS ∼ 0) case. We next examine the axisym-
metry breaking Fourier spectrum of B on the last closed
magnetic flux surface. The Fourier components Bmn as
a function of the poloidal mode number m with toroidal
mode number n are displayed on the bottom row of Fig. 1
for the equilibria. Equilibria with edge (p′ < 0; JBS > 0)
show dominant n = 1 components attaining 0.02T for
m/n = 2/1 and there are subdominant contributions
with n = 2, 3 and 4. Edge (p′ < 0; JBS ∼ 0) has dom-
inant n = 4 Fourier components with m = 6 displaying
a maximum of 0.01T . Finally, the L-mode case, edge
(p′ ∼ 0; JBS ∼ 0), displays a similar spectrum structure
to that of the edge (p′ < 0; JBS ∼ 0), but with 1/3 the
magnitude.

Fig. 1 demonstrates that an edge pressure gradient
enhances the boundary deformation and the edge boot-
strap current tends to suppress the edge corrugation for
toroidal mode numbers n > 1, while significantly ampli-
fying the n = 1 distortions. Large edge p′ < 0 destabilises
external ideal MHD modes that can saturate. When the
edge JBS ∼ 0 (i.e., at high collisionality), the saturated
mode structures are dominantly n = 4, with 2 ≤ m ≤ 8
that are indicative of ballooning character. When the
edge JBS > 0, the saturated structures are kink/peeling
type with m/n = 2/1, 4/1, 5/1 and 1/1 main compo-

0 0.5 1
0

1

2

3

4

√s

q 
; <

j.
∇

v>
 ; 

p

<j.∇ v>

q

p

0 0.5 1
0

1

2

3

4

√s

q 
; <

j.
∇

v>
 ; 

p

<j.∇ v>

q

p

0 0.5 1
0

1

2

3

4

√s

q 
; <

j.
∇

v>
 ; 

p

<j.∇ v>

q

p

0.6 0.8 1
−0.4

−0.2

0

0.2

0.4

R

Z

0.6 0.8 1
−0.4

−0.2

0

0.2

0.4

R

Z

0.6 0.8 1
−0.4

−0.2

0

0.2

0.4

R

Z

012345678910

−0.02

−0.01

0

0.01

m

B
m

n
(T

)

n=1

n=2

n=3

n=4

0 1 2 3 4 5 6 7 8 910

−0.02

−0.01

0

0.01

m

B
m

n
(T

)

n=4

n=1

0 1 2 3 4 5 6 7 8 910

−0.02

−0.01

0

0.01

m

B
m

n
(T

)

n=4

FIG. 1. (Top row) the pressure, toroidal current and q-profiles
in TCV at 〈β〉 = 1.89%, βN ∼ 2.47, with toroidal current
It = 340kA and toroidal magnetic field Bt = 1.43T at R =
0.8m in 3 configurations for large and small edge pressure
gradients and bootstrap currents. (Middle row) the shape of
the last closed magnetic flux surface at toroidal angles v =
0, π/3, 2π/3 and π projected on a single plane for the profiles
shown on the top row i.e. large edge (p′ < 0; JBS > 0) (left),
edge (p′ < 0; JBS ∼ 0) (middle) and edge (p′ ∼ 0; JBS ∼ 0)
(right). (Bottom row) dominant Fourier amplitudes of the
magnetic field B components that break axisymmetry (n 6= 0)
at the last closed magnetic flux surface as a function of the
poloidal mode number m for toroidal mode numbers n = 1,
2, 3 and 4 for the same profiles.

nents. These n = 1 saturated structures are a valid
model to describe the EHO/OM observed in QH-mode
tokamak operation. Alhough the plasma boundary is 3D
distorted, the central region of the plasma remains ax-
isymmetric. In TCV simulations, the plasma boundary
corrugation, caused by the saturated ideal external kink,
develops when 〈β〉 > 1.2%.

The operating domain for 3D equilibrium states at
fixed 〈β〉 = 1.9% and toroidal current It = 375kA in
TCV is computed in Fig. 2 in the space of the ratio of
the bootstrap current to the total current JBS/It as a
function of the pressure gradient evaluated at the radial
position s = 0.948 (the position of the peak in the edge
bootstrap current profile). The domain is extended by
enhancing the mix between the edge localised bootstrap
and the peaked Ohmic current profiles and altering the
shape of the pressure profile from peaked to slighty hollow
to scan of the abscissa. The upper boundary corresponds
to the kink/peeling limit and the lower right boundary is
defined by the peeling/ballooning limit originally identi-
fied with ELITE calculations [11]. Black diamond shaped
symbols indicate converged 3D MHD equilibrium states
where the dominant symmetry breaking Fourier ampli-
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tudes ofB have toroidal mode number n = 4 and blue cir-
cles where the n = 1 components of B dominate. These
correspond to cases where JBS/It typically exceeds 30%
and trace the domain where kink/peeling structures de-
scribe the distortion of the plasma boundary shape. The
domain for which the n = 4 Fourier amplitudes of B
are most significant are, in our consideration, indicative
of the high n peeling/ballooning boundary. Red squares
represent unconverged states indicative of a plasma that
is so unstable to kink/peeling/ballooning modes that ex-
perimental operation beyond this boundary is strongly
susceptible to ELMs.
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FIG. 2. The operating domain at fixed 〈β〉 = 1.9% and
toroidal current It = 375kA of the variation of JBS/It (edge
bootstrap to total current ratio) versus pressure gradient.
Blue circles, black diamonds and red squares correspond to
3D MHD equilibrium states with plasma boundary dominant
symmetry breaking Fourier amplitude of B of toroidal mode
number n = 1, n = 4 and unconverged states, respectively.
Here p′ ≡ dp/dΦ.

Turning to JET, the Outer Mode (OM) is described by
a field-aligned helical current ribbon [6]. Crucially, our
computed 3D MHD equilibrium recovers this filamentary
current structure as shown in Fig. 3. The structures we
ontain are driven by the Pfirsch-Schlüter current. As this
is proportional to the pressure gradient, it is never fully
clear whether the mode is driven by the current or the
pressure gradient [12]. The distribution of

√
g(µ0j||)

2 on
a toroidal flux surface with

√
s ≃ 0.95 is on the figure

left and the profiles in the edge region of the leading
Fourier amplitudes of the parallel current density fac-
tor j||/B are on the right. The

√
g(µ0j||)

2 distribution
is dominated by a m = 3, n = 1 component and the
m = 0, n = 0 Fourier component of j||/B corresponds to
the edge bootstrap current contribution. Force balance
and charge conservation mean that the Pfirsch-Schlüter
current drives the surface varying components of j||, in
particular, the m = 3, n = 1 component of j||/B that
describes a field-aligned ribbon similar to the JET re-

port [6]. A m = 6, n = 2 component appears and the
next largest is m = 13, n = 4 (not shown to simplify the
figure) that are consistent with the rich harmonic spec-
trum described in Ref. [6]. It is our opinion that the
EHO in DIII-D and the OM in JET result from the same
physical phenomenon so a helical current density pattern
should emerge when an EHO is detected. For configu-
rations with lower edge bootstrap current that display
dominant n = 4 boundary distortions, the helical paral-
lel current pattern compresses radially from a ribbon to
a sheet.
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FIG. 3. Distribution of
√
g(µ0j||)

2 on a toroidal flux surface√
s ≃ 0.95 (left) and profiles of the leading Fourier amplitudes

of the parallel current density j||/B from
√
s = 0.85 to 1

(right) for a TCV configuration with large edge bootstrap
current JBS/It = 0.5658, volume averaged 〈β〉 = 1.9%, It =
375kA. The Jacobian of the transformation from Cartesian
to Boozer coordinates is denoted by

√
g [13].

A second variation of the plasma energy functional
yields the linear ideal MHD energy principle where the
amplitude of the instability driving term is conveniently
expressed as D = DB + DK [14–16], composed of a
ballooning term involving the interaction of the pressure
gradient with the magnetic field line curvature, namely
DB = 2p′(s)κ · ∇s, and a kink term describing the
interaction of the parallel current density with the
local magnetic shear, namely DK = σ(S|∇s|2 + σB2).
The magnetic field line curvature is κ = (b · ∇)b with
b = B/B the unit vector along the magnetic field lines,
while the local magnetic shear is S = −h · ∇ × h with
h = B ×∇s/|∇s|2. The parallel current density factor
is σ ≡ j · B/B2 = j||/B. Ideal linear MHD stability
calculations for the eigenvalue and eigenfunction are
surplanted by the diagnostic routines of the TERPSI-
CHORE code [17, 18] to evaluate the instability drive
terms [16] in Boozer magnetic coordinates [13] with
poloidal angle θ and toroidal angle φ. The top row of
Fig. 4 shows interactions of the pressure gradient with
the magnetic field line curvature and the parallel current
density with the local magnetic shear on an unwrapped
toroidal magnetic flux contour with s ∼ 0.974 near
the edge of the plasma in TCV for the H-mode like
plasma, (p′ < 0; JBS > 0). The destabilising ballooning
drive 2

√
gp′(s)κ · ∇s term is ∼ 3 smaller than the

kink/peeling term
√
gσ(S|∇s|2 + σB2) that also has a

strong n = 1 modulation at toroidal angle φ ∼ π at the
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outer edge of the plasma.
√
gσ2B2 dominates the kink

drive, implying that the parallel current term j2||/B
2

is the main source of energy for the MHD instability
in linear theory. In contrast, the L-mode equilibrium
state with edge (p′ ∼ 0; JBS ∼ 0), presented in the
bottom row of Fig. 4, shows ballooning kink drive
terms of comparable magnitude with a dominant n = 4
structure near the outer edge of the plasma. σS|∇s|2 is
an order of magnitude larger than the other component
of the kink/peeling drive. Linear ideal MHD stability
analyses with the TERPSICHORE code [17, 18] of the
axisymmetric limit of selected 3D equilibria we have
obtained are consistent with the saturated nonlinear
states calculated with the VMEC code, particularly
when we take into account the evolution of dominant
unstable large n toroidal mode numbers in the linear
phase to n ≈ 1 structures in the nonlinear phase that
has been previously reported [7, 19, 20].

FIG. 4. Interaction of the pressure gradient with the magnetic
field line curvature 2

√
gp′(s)κ ·∇s (left) and the interaction

of the parallel current density with the local magnetic shear√
gσ(S|∇s|2 + σB2) (right) on an unwrapped toroidal mag-

netic flux surface at s ∼ 0.974 for the H-mode TCV case with
large edge (p′ < 0; JBS > 0) (top row, corresponding to the
far left column of Fig. 1) and for the L-mode TCV case with
vanishing edge (p′ ∼ 0; JBS ∼ 0) (bottom row, corresponding
to the far right column of Fig. 1).

3. Summary and Conclusions

We report, for the first time, free boundary tokamak equi-
libria using the VMEC code with novel spontaneously
developed unprompted 3D distortions to the plasma-
vacuum interface when 〈β〉 exceeds a threshold value.
Corrugations are predicted to occur for 〈β〉 > 1.2% in
the TCV tokamak. Solutions with 3D deformations are
shown to resemble saturated nonlinear ideal kink/peeling
instability structures. For H-mode type plasmas, display-
ing a significant edge p′ < 0, the dominant symmetry

breaking equilibrium structures have toroidal mode num-
ber n = 1 when the edge bootstrap current is large and
n = 4 when this current becomes small. Our calcula-
tions are limited to poloidal mode numbers m to 14 and
toroidal mode numbers n to ±6 which is sufficient only
to rigourously resolve low-n corrugations, but not non-
linearly saturated ballooning modes. Configurations for
which n = 1 symmetry-breaking components of B domi-
nate are identified as corresponding to equilibrium states
that model the EHO/OM confirming the speculation in
Ref. [3] that the EHO is the saturated state of a current-
driven mode. Configurations for which n = 4 symmetry-
breaking components of B at the edge are largest con-
stitute, in our opinion, indications of equilibrium states
that are susceptible to highern peeling/ballooning desta-
bilisation, which we are not able to resolve. The I-mode,
reported on C-mod, represents another quiescent struc-
ture of reactor relevance, but with typical mode numbers
of the weakly coherent mode observed [21] that are higher
than those we have resolved in our nonlinear equilibrium
computations. This work does, however, not exclude a
similar 3D explanation for the I-mode. The 3D deforma-
tion of the plasma boundary region drives nonaxisym-
metric components of the Pfirsch-Schlüter current that
induce a field-aligned helical current ribbon that repro-
duces the OM in JET [6]. Linear MHD stability analy-
ses confirm the structure of nonlinearly saturated states
computed with the equilibrium solver from which we have
further identified the Pfirsch-Schlüter current as playing
an important role as an instability driving mechanism.

We contend that the 3D edge structures we compute
serve as a model for the benign Edge Harmonic Os-
cillations (EHO) and the Outer Mode (OM) that are
observed during Quiescent H-mode operation reported
from DIII-D, JET, AUG and other tokamaks. We
have naturally captured the nonlinear amplitudes and
mode component interactions using an equilibrium
solver to model the experimental modulations that are
absent in linear stability calculations to determine the
kink/peeling/ballooning boundaries. The Quiescent
H-mode equilibrium states obtained provide a solid
basis for investigating tokamak physics phenomena
that encompass a broad range of fields including fast
particle confinement, bootstrap current, neoclassical
and turbulent transport, heating and current drive,
edge physics and control mechanisms to model the
operational limits of tokamaks in high 〈β〉 advanced
scenarios. The economic feasibility of tokamak reactor,
conceived today, require H-mode scenarios. However,
as this mode is unsustainable if Edge Localised Modes
are triggered, Quiescent H or Super H present a viable
operational regime [3].
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