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Analytical size-frequency distributions of vacancy and self-interstitial defects
in neutron irradiated tungsten
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(Dated: 15 June 2016)

The size of defect clusters, produced athermally by energetic recoils under ion or neutron irradiation, has a
strong impact on the subsequent thermal evolution of microstructure, and hence on the radiation response of
materials. We develop a model to describe the size distribution of vacancy and self-interstitial defect clusters
in neutron irradiated tungsten, based on the statistics of subcascade splitting in energetic collision cascades,
and the distribution of primary defects formed in individual sub-cascades. This model of defect production
is valid for all defect sizes, with a well-defined upper size limit, agrees with experiments, and as such can be
used for generating the initial conditions for simulations of microstructural evolution.

The athermal formation of defect clusters occurring
as a direct result of collision cascades induced in a ma-
terial by incident neutrons or energetic ions drives mi-
crostructural evolution of the material under irradiation.
This is especially true in tungsten (W), where the large
atomic mass and high subcascade splitting energy thresh-
old leads to dense cascades1 and the formation of large
defects readily visible in an electron microscope2. It has
recently been determined, both by molecular dynamics
(MD) simulations3 and transmission electron microscopy
(TEM) observations2, that the distribution of defects as
a function of their size has a power-law form

f(N) =
A

NS
(1)

where N is the size of defect clusters, and S is a scal-
ing size exponent. A is a pre-factor that is proportional
to the experimental or simulated defect cluster produc-
tion rate. The above scaling law, with S ≈ 1.63 for
self-interstitial clusters in W, is strikingly similar to the
scaling law describing the fragmentation of spherical gyp-
sum balls discovered by Oddershede et al.4. Their study
showed that the slope of the scaling law depended on the
shape of the fragmenting piece, rather than the mate-
rial, with a slope of S = 1.63 found for spherical pieces.
In simulations of collision cascades in W, the larger de-
fects are mainly formed in the most spherical region of
cascades1, and hence spherical cascade geometry domi-
nates also the formation of larger defects in the primary
damage in W.

However, the tail of the distribution cannot be deduced
from MD simulations alone, due to the rare occurrence
of very large clusters. The better statistics provided by
ion irradiation experiments2 reveal a sharp increase in
the slope of the distribution for defect sizes above those
observed in simulations.

In this Letter we develop a model to explain the devi-
ation from the simple power law behaviour in Eq. 1. We
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base the model on the formation of subcascades, since the
cascade-induced formation of large defect clusters in met-
als occurs in the dense heat spike regions, due to the dy-
namics of the recrystallization front in the heat spike5–9.
Hence the formation of such defects depends sensitively
on subcascade splitting. It is well known that low-energy
(with energies from 1 to 10 keV) recoils in heavy metals
produce damage in nearly spherical heat spikes5,7. With
increasing recoil energy, the cascades start splitting up
into spatially separated subcascades10,11. This is not a
sharp transition: even above the “subcascade breakdown
energy”, some cascades remain “compact”, i.e. form a
single roughly spherical collision region12. Conversely,
below the threshold energy, subcascades may exhibit par-
tial splitting. This is because the nuclear collision cross
section gradually decreases as a function of energy, lead-
ing to atomic recoils travelling increasing distances be-
tween collisions13.

Figure 1 illustrates the development of a heat spike
and subsequent defect formation. At the peak of the heat
spike damage, the disordered cascade core is surrounded
by an expanding pressure wave which deforms the mate-
rial far outside the liquid core. The large defect clusters
remaining after 15 ps form in the disordered core region.
Hence the disordered, or “liquid”, volume of subcascades
defines a natural upper bound on the size of defects that
can form athermally.

Size-frequency distributions of defects derived from
MD simulations of cascades in W for various primary
knock-on atom (PKA) energies are shown in Fig. 2. De-
spite the limited statistics for 100 and 200 keV cascades,
it is clear that the same scaling law applies at all ener-
gies, with the overall frequency proportional to the cas-
cade energy. Single defects and clusters containing only a
few (N = 2− 3) defects also follow power laws, but with
a slope steeper than that exhibited by larger defects, for
both vacancies and self-interstitial atoms (SIAs).

In cascades where subcascade splitting occurs, the
probability of forming a large defect is subject to the
probability of occurrence of subcascade pockets which are
large enough to contain the defect. To find the largest
possible defect size from a given subcascade, we use the
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FIG. 1: (Color online) Top: a snapshot of a 150 keV
cascade in W at the maximum extent of the heat spike
at 1.8 ps. Below: defects form as the cascade cools and
the lattice recrystallizes. Final positions of the defects

are indicated relative to the maximum extent of cascade
damage. Blue (yellow) spheres represent interstitials

(vacancies). Details of the simulation are given in Ref.3.
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FIG. 2: Size-frequency distributions of defects in W
derived from MD simulations of cascades initiated by

PKAs with various energies. Note the different slopes of
scaling laws for SIAs and vacancies. For clarity the

vacancy plot is shifted upwards with respect to the SIA
plot. The scale of the axes remains the same.

spherical liquid volume approximation. Noting the fact
that interstitial clusters in W form 2-dimensional dislo-
cation loops, and assuming the loops have the 1/2〈111〉
Burgers vector, we arrive at the maximum possible size
N int
D of an interstitial-type defect as a function of the

diameter D of the liquid region as2

N int
D ≈ π

√
3(D/(2a0))2, (2)

where a0 = 3.165 Å is the lattice parameter of W.
The formation of vacancy clusters is inherently differ-

ent from that of SIA clusters, for example the exponents
of scaling laws in Fig. 2 are different for vacancies and
SIAs. The liquid core of the cascade contains almost all
the vacancies, which are pushed towards the center by
the recrystallization front. In most cases, a single (of-
ten diffuse) vacancy cluster is formed in the center of a
spherical cascade volume, usually surrounded by a cloud
of single vacancies. Multiple vacancy clusters form only
if the liquid core is split into several domains, either in
space or time. In the events where clustering is especially
effective, almost all the vacancies condense into one large
cluster.

By the law of mass conservation, the largest conceiv-
able vacancy cluster thus contains the same number of
point defects as the total number of SIAs produced in the
cascade. We expect that, at most, an area correspond-
ing to twice the projected area of the spherical cascade
core or, equivalently, half of the surface area, contains
the SIA clusters. In addition, we disregard the relatively
small numbers of isolated crowdions formed far from the
heat spike as a result of replacement collision sequences.
Hence we can relate the diameter D of the liquid region
to the largest possible vacancy cluster Nvac

D given by

Nvac
D ≈ 2π

√
3(D/(2a0))2. (3)

We point out that this formula does not assume any spe-
cific geometry for the vacancy cluster, and is valid irre-
spective of whether the final cluster is a 3-dimensional
depleted zone14, or a dislocation loop.

To find the total frequency f(ND) of a cluster of size
ND, we are interested in the frequency of occurrence of
subcascades which are larger than the limiting size D.
The fractal nature of cascades15 leads us naturally to
look for a power law distribution of subcascade sizes,
which in the upper size limit reaches a critical point Nc,
where all the cascade energy is contained in a single com-
pact cascade. This suggests introducing a “critical” ex-
ponent κ combined with a “reduced size” of the subcas-
cade n = (Nc−N)/Nc. We thus expect the probability of
formation of a subcascade large enough to accommodate
a defect of size N to be given by

fSC(N) = B((Nc −N)/Nc)
κ, (4)

where B is the average total number of subcascades. In
the limit of small N , every subcascade is large enough,
and accordingly limN→0 fSC = B.
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FIG. 3: Fit of Eq. 4 to the BCA prediction of the
probability of formation of subcascades large enough to

contain a defect of size N (see text for details).

The frequency of occurrence of a defect of size N in
a single cascade volume can now be weighed by the fre-
quency of occurrence per ion of a subcascade of sufficient
size, giving the total size-frequency distribution of defects
as

f(N) =
A

NS
×B((Nc −N)/Nc)

κ. (5)

Here we choose not to make any generalizing assump-
tions, but rather consider the parameters as PKA energy
dependent, and determine them by fitting to the sim-
ulation data. We find parameters for the distribution
of subcascade sizes (Eq. 4) using a recently developed
method, detailed elsewhere17, based on the binary col-
lision approximation (BCA)18. We have simulated 200
cascades with the BCA method for each PKA energy.
The frequency of occurrence of subcascades larger than
N predicted by these calculations is shown in Fig 4, and
follows very closely the distribution in Eq. 4.

The BCA subcascade distributions are the same for
SIA and vacancy clusters, with only the Nc parameter
changing due to the different mechanisms of cluster for-
mation, leading to different maximum cluster sizes. The
final distributions are different for vacancies and SIAs due
to the different scaling laws derived from MD simulations
(Fig. 2). To find the final distributions, we assume that
the MD results are accurate in the defect size range that
they cover, which do not include the tail in the limit of
large defect sizes. Furthermore, we recognize that partial
subcascade splitting already affects the distributions de-
rived from MD at these PKA energies. We therefore fit
the parameters S and A in the full distribution function
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FIG. 4: Comparison of model for SIA (top) and
vacancy (bottom) cluster size distributions against

experimental data2. MD distributions for 400 keV were
obtained by scaling the 200 keV data by a factor of 2.

Eq. 5 directly to the MD results, with parameters B,
Nc and κ determined by the fit to the BCA subcascade
distribution. To allow comparison with experiments per-
formed using 400 keV ions2, we recall that the frequency
of defects in MD simulations is proportional to the PKA
energy (Fig. 2), and thus multiply the frequency in 200
keV cascades by 2, to obtain the distribution for the 400
keV cascades. The final parameters for the best fit are
given in Table I.

In bulk cascades, the total numbers of vacancies and
SIAs should be equal, despite the different statistics. As
a consistency check, we calculate the total number of de-
fects Ntot of each type, by integrating Nf(N)dN over
the full range of the distributions, where f(N) is given
by Eq. 5. Since point defects and small clusters in the
range N ∼ 2 − 3 follow different scaling laws, we inte-
grate over 4 ≤ N ≤ Nc, and use the clustered fraction
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TABLE I: Parameters for the size-distribution from fits to BCA and MD data, the clustered fraction of defects FCl
determined from MD, and the total number of point defects Ntot predicted by the model. The parameters B, Nc and
κ were determined from the BCA data alone, after which A and S were determined by fitting the complete model in

Eq. 5 to the MD data. The error bars are statistical uncertainties obtained using the Levenberg-Marquardt least
squares fitting algorithm16. Fitting was performed assuming a 10 % statistical uncertainty on all data points.

Interstitials

Energy (keV) A S B Nc κ FSIA
Cl NSIA

tot

150 4.94 ± 0.52 1.70 ± 0.03 2.26 ± 0.12 1642 ± 60 1.17 ± 0.16 0.75 ± 0.05 270 ± 20

200 3.65 ± 0.27 1.62 ± 0.03 3.26 ± 0.11 2200 ± 1 2.36 ± 0.06 0.8 ± 0.1 360 ±
400 4.65 ± 0.34 1.62 ± 0.03 5.14 ± 0.22 3687 ± 191 3.79 ± 0.39 0.8 ± 0.1 820 ±
Vacancies

Energy (keV) A S B Nc κ F vac
Cl Nvac

tot

150 3.94 ± 0.60 1.93 ± 0.04 2.26 ± 0.11 3284 ± 120 1.17 ± 0.16 0.2 ± 0.1 340 ± 100

200 5.21 ± 0.61 1.91 ± 0.03 3.26 ± 0.11 4400 ± 2 2.36 ± 0.06 0.35 ± 0.05 385 ±
400 6.64 ± 0.78 1.91 ± 0.03 5.14 ± 0.22 7374 ± 382 3.79 ± 0.39 0.35 ± 0.05 790 ±

of defects FCl derived from MD simulations to determine
Ntot. The results are given in Table I. Good agreement
is found between the predictions for SIAs and vacancies,
although a relatively large uncertainty in the fraction of
clustered vacancies in 150 keV cascades gives rise to a
large uncertainty in the total vacancy count.

Figure 4 compares our model with experimental data
from recent TEM observations of self-ion irradiated W2.
The vacancy cluster data are compared assuming a 2-
dimensional dislocation loop configuration for the va-
cancy clusters, which is expected to result from cascade
collapse19, a phenomenon that MD simulations repro-
duce relatively rarely1,20. Our results show agreement
between distributions of defects of both types with TEM
observations, but the frequency of SIA loops predicted by
MD is much higher than the frequency of occurrence of
loops visible in the micrographs. Possible reasons for this
overprediction are a) TEM observations have not been
corrected for the loop loss to the surface, b) diffraction
conditions render loops with a certain orientation invis-
ible, and c) the presence of a surface in ion irradiation
of foils reduces the frequency of large interstitial defects
due to interstitial loop glide to the surface21, which is not
accounted for in the MD results. On the other hand, the
simulated frequency of vacancy clusters agrees well with
experimental frequency, except in the large size limit.
This may indicate that diffuse clusters and voids tend to
collapse into loops in the mid size range, while the largest
vacancy clusters tend to remain voids.

In conclusion, we have presented a model for the distri-
butions of SIA and vacancy type defects produced from
energetic cascades in irradiated W. The distributions are
different for different defect types, due to their different
formation mechanisms. In addition, the effective power
law exponents seem to change in the limit of very small
clusters. The model provides well defined upper limits to
the distributions, which in turn can be used as input for
microstructural evolution models.
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