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Abstract. Effects of the Spatial Chanelling (SC) of the energy of fusion-produced alpha
particles — the spatial transfer of the energy of fast ions by destabilized eigenmodes and
delivering this energy to bulk plasma particles (Kolesnichenko Ya.I., Yakovenko Yu.V. and
Lutsenko V.V. 2010 Phys. Rev. Lett. 104 075001) — on the plasma performance is studied.
Analysis is carried out in the assumption that alpha particles located in the peripheral region
of the plasma destabilize multiple Fast Magnetoacoustic Modes (FMM) having global radial
structure. The FMM with the frequencies close to cyclotron harmonics of alpha particles
are considered. It is found that these FMM can be in resonance with the bulk plasma ions
and electrons located in the central region of the plasma, delivering the alpha energy to this
region. This improves the overall plasma confinement. In addition, it leads to anomalous
ion heating when the ion damping of FMM exceeds the electron one. The damping rates of
the considered waves are calculated. It is shown that reasonably small wave amplitudes are
sufficient to provide receiving by the waves and transferring by them across the flux surfaces
as large power density as that required for spatial channelling of a considerable part of fusion
energy. The developed theory of the inward spatial channelling is applied to JET deuterium-
tritium experiments carried out during the DTE1 campaign, where presumably anomalous ion
heating and improvement of the plasma confinement took place.
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1. Introduction

Plasma heating is often accompanied by degradation of its energy confinement time. However,
it seems that the overall confinement time was not less but slightly higher at the largest fusion
power in deuterium-tritium (DT) experiments on JET during the DTE1 campaign, see [1–3]
and Appendix A.

The same experiments have shown, in addition, that the central ion temperature in
DT discharges was higher than that in deuterium (D) discharges where the Ion Cyclotron
Resonance Heating (ICRH) was applied with the heating power equal to the power of alpha
particles (fusion products) in DT discharges. This fact indicates the presence of some
anomalous heating mechanism because mainly electrons are heated during slowing down of
3.5-MeV alpha particles by Coulomb collisions.

The improvement of the plasma confinement due to thermonuclear reaction would be of
practical importance in a future DT experiment on JET [4] and for ITER. The scenarios with
Ti > Te (Ti and Te are the ion temperature and electron temperature, respectively) may be also
of importance because they provide the maximum fusion reactivity for given plasma density
and � (the ratio of the plasma pressure to the magnetic field pressure).

This motivated us to carry out this work. Its purpose is to see whether the spatial
channelling (SC) of the energy andmomentum of fast ions— the phenomenon predicted in [5],
see also [6] — can improve the plasma performance and, in particular, explain the mentioned
observations in JET.

The SC is the transfer of the energy and momentum of fast ions by the modes destabilized
by these ions from one region to another one. It takes place when the region where fast
ions transfer their energy to the modes and the region where these modes are damped due
to interaction with the bulk plasma do not coincide.

According to [5], the SC can explain experiments in the NSTX spherical torus, where
a strong increase (by a factor of three) of the Neutral Beam Injection (NBI) heating power
resulted in broadening of the temperature profile, but not in growth of the temperature in
the plasma core. In these experiments described in [7], an Alfvénic activity with multiple
frequencies in the range (0.2 − 0.5)!Bi (!Bi is the ion gyrofrequency) was observed. Taking
this into account, it was assumed in [5] that the NBI ions located in the core region (at r ∼ r�,
where r� is a radius in the plasma core, r� ≪ a, a is the plasma radius) were responsible
for the destabilization of Alfvén eigenmodes, which were damped at the plasma periphery (at
r ∼ rdamp, with rdamp > r�). This explained the negative effect of the SC on the plasma heating.

Note that an alternative explanation of the mentioned NSTX experiments was that
destabilized multiple Alfvén modes resulted in the stochastization of electron drift orbits
and concomitant anomalous electron thermal diffusivity, �e [8]. However, recently it
was concluded that neither Global Alfvén Eigenmodes (GAE) nor Compressional Alfvén
Eigenmodes (CAE, another name of the CAE is Fast Magnetoacoustic Modes, FMM) have
visible effects on �e: it was found that the measured wave amplitudes were not sufficient to
produce stochasticity, although they were not small (with density fluctuation amplitudes of the
order of 10−4 − 10−3 for CAEs and 10−5 − 10−4 for GAEs) [9].
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The effect of the SC would be positive if the modes were damped in the near-axis region
while an instability were driven at larger radii, r ∼ rdamp ≪ a and rdamp < r� ≲ a. This is our
basic idea which will be verified in the work. We will consider whether FMM destabilized
by fusion-produced alpha particles can lead to improvement of the plasma confinement by
transferring the fusion energy to the near-axis region. In other words, we will consider inward
spatial channelling.

The structure of the work is the following. Section 2 is aimed to give an answer to the
question whether FMM can interact resonantly with fusion produced alpha particles in the
peripheral plasma region and bulk plasma particles in the plasma core, which is a necessary
condition for the inward SC based on FMM. Section 3 considers two other principal issues
of the spatial energy transfer: first, the wave amplitudes required for the SC of a considerable
part of fusion energy and, second, the efficiency of the transfer of this energy by FMM across
the magnetic field; in addition, conditions required for persistence of the eigenmode structure
during instabilities are considered. The effect of the SC on the plasma central temperature
is studied in a one-fluid model in section 4. In the subsequent two sections we consider
possibilities to obtain the ion temperature exceeding the electron one: At the beginning, in
section 5, a general analysis is carried out. In section 6, specific numerical calculations
employing JET parameters are carried out. In section 7 the results obtained are summarized
and open questions are discussed. Appendix A contains an analysis of JET discharges with
DT plasmas, where presumably the anomalous ion heating was observed and improvement of
the plasma confinement took place. These discharges are compared with deuterium plasma
discharges in the presence and in the absence of ICRH. The fraction of alpha particles with the
birth energy in the peripheral part of the plasma is investigated in Appendix B; the analysis
carried out includes effects of finite orbit width of the particles. The damping rates of fast
magnetoacoustic waves due to their resonance interaction with the bulk plasma ions and
electrons are calculated in Appendix C.

2. Resonances of FMM with alpha particles and thermal particles

Fast magnetoacoustic modes were destabilized in many experiments on tokamaks. It seems,
FMM instabilities were responsible for superthermal Ion Cyclotron Emission (ICE) observed
in JET, TFTR, and other devices. In particular, in the JET PTE the ICE power spectrum had
sharp peaks at the frequencies ! = l!minB� , with l < 7; at higher frequencies, ! > 7!B�, the
spectrum was continuous, 98% of the emitted power being associated with this part of the
spectrum [10]. Here the subscript “�” labels alpha particles, the superscript “min” means that
the value is taken in a point near the outer circumference of the torus, where the magnetic
field (B) is minimum and where presumably the source of the ICE detected was located, and
l is an integer. The ICE associated with the energetic ions arising during ICRH (accelerated
H-minority in D-plasma) was also observed in JET [11], see a more recent paper [12].

Theoreticians explain the ICE observed in the most experiments by the resonance
excitation of FMM by energetic ions, see e.g., [13–16] and overview [17]. Fast FMM
instabilities (with the growth rates exceeding inverse bounce / transit time of the energetic
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ions, 
 > (�b�)−1) and slow instabilities (with 
 < (�b�)−1) are considered. The cyclotron
resonance is responsible for the instabilities in all the ICE theories. Only local resonances
take place during fast instabilities, whereas both local resonances and global resonances (the
resonances containing bounce averaged magnitudes) are present in slow instabilities.

Below we consider local resonances between the FMM and particles (alpha particles,
bulk plasma ions, and electrons).

The local ion cyclotron resonance is given by

! − l!B(x) − !D(r, #) = k∥(r)v∥, (1)

where ! is the mode frequency, !B = !̄B(1 − x∕R), !̄B = !B(r = 0), R is the major
radius of the torus, x = r cos #, r and # are the radial coordinate and poloidal coordinate,
respectively, !D is the toroidal drift frequency, v∥ is the particle velocity along the magnetic
field, k∥ = (m − nq)∕(qR) is the longitudinal wavenumber, m and n are the mode numbers
(poloidal and toroidal).

In the region close to the outer edge of the torus (where the ICE source is located) the
FMM instability growth rate is maximum when k∥v∥� < !D� [15, 16]. Here and below the
subscript "�" labels magnitudes relevant to alpha particles. The instability is driven by the
velocity anisotropy of the alpha distribution function, which arises because of large orbit width
of alphas.

The question we want to clarify is whether FMM with ! > !B� can transfer the alpha
energy to the bulk plasma ions located close to the magnetic axis.

We assume that multiple high frequency FMM occupy a considerable part of the plasma
cross section, rather than being localized at the plasma periphery where the source of ICE is
located. Recent measurements of the FMM with ! ≲ !Bi in the NSTX spherical torus [19]
and a numerical calculation [20] support this assumption. However, till now there were no
experimental measurements of the radial structure of high-frequency FMM in JET and, to
our knowledge, in other tokamaks. Hopefully, forthcoming experiments on JET will give an
answer on the structure of FMM with the frequencies above 20 MHz (l > 1).

Different locations of the modes with various mode numbers, as well as finite width of
their resonances with energetic ions, lead to a continuous frequency spectrum of the FMM
instabilities, although the mode numbers are discrete. As we already mentioned, this kind of
the frequency spectrum contained almost all the total integrated ICE emission power in the
JET PTE [10]. Therefore, we will not restrict our consideration to FMM with the frequencies
l!minBi . Instead, when analyzing the resonances, we will assume that l!minB� ≤ ! ≤ l!̄B� [with
!̄B� = !B�(r = 0)] and take

! = l�!̄B�(1 − r1∕R), (2)

with r1 a certain radius, 0 ≤ r1 ≤ a.
(i) The case of k

‖�v‖� ≫ !D�.
Applying the resonance equation (1) to alphas and plasma ions, we obtain:

vres∥i
v∥�

=
k∥�
k∥i

! − li!̄Bi + li!̄Bixi∕R − !Di
! − l�!̄B� + l�!̄B�x�∕R − !D�

, (3)
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where (ri, xi) is a point where a plasma ion with the velocity vres∥i is in the resonance with the
wave. In this subsection, we consider the case of k

‖�v‖� ≫ !D� for alpha particles and a
similar assumption is made for thermal ions, in order to neglect drift terms.

We assume first that li = l�. In this case the largest terms (∼ l!B) in equation (3)
compensate each other for deuterons (because !̄Bi = !̄B�). Due to this, equation (3) is reduced
to

vres∥i
v∥�

=
k∥� r̃i
k∥ir̃�

, (4)

where r̃� ≡ x� − r1 ≠ 0, r̃i ≡ xi − r1 ≠ 0. We observe that vres∥i ≪ v∥� when r̃i ≪ r̃�, unless
k
‖�∕k‖i is large. Thus, this simple relation demonstrates that, in principle, the same FMM can

simultaneously be in the resonance with both the peripheral high-energy alpha particles and
near-axis thermal deuterons.

However, a more detailed analysis is required to see whether vres
‖i satisfies certain

requirements. The matter is that the SC from the periphery to the plasma center can be efficient
when two conditions are satisfied: (i) in the plasma periphery, the wave damping should be
negligible, (ii) in the plasma core, it should be considerable but not too large, not preventing an
FMM instability (the instability growth rate 
 ≡ 
� − 
d ≥ 0, with 
� and 
d are the instability
drive caused by alphas and the wave damping, respectively). This implies that the ratio vres

‖i ∕vT i
should be very large in the periphery but moderately large in the core.

In order to find vres
‖i , we use the resonance equation for the ions:

! − li!̄Bi
(

1 −
xi
R

)

= k
‖iv

res
‖i , (5)

where the cyclotron harmonic number li can differ from l�. We take li = l� − j, with
j = 0,±1, ..., |j|≪ l�: Eliminating ! from (5) by means of (2), we obtain for deuterons:

vres
‖i =

l�!̄Bi
k
‖iR

(

r̃i +
j
l�
R
)

, (6)

where k
‖i is to be specified. One can see that the resonance velocity of tritons is considerably

larger than that given by (6) (because the main terms in the numerator of equation (3) do not
compensate each other for tritons, !̄B� ≠ !̄Bi).

The longitudinal wavenumber of unstable waves is determined by the alpha resonance
condition. It is given by

k∥� =
l!̄B� r̃�
v∥�R

. (7)

Knowing k
‖�, we can calculate k‖i by means of the following general relationship:

k∥i
k∥�

= 1 +
m(�i − ��)
k∥�R

. (8)

It is clear that k
‖� ≠ k

‖i because of the magnetic shear. However, when the second term in (8)
is small, k

‖� ≈ k‖i. This is the case for

Δ� ≡ |�i − ��|≪
r̃�
r∗

vA∗
|v

‖�|

k∗
|k#|

, (9)
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where r∗ is defined by the relation ! = k∗vA∗, and |k#| = |m|∕r∗ < k∗, |m| =
(r∗!∕vA∗)(|k#|∕k∗). The second term in (8), if not small, considerably increases the ratio
of k∥i∕k∥� or decreases it, depending on the sign of m.

An estimate of the ion damping rate made in Appendix C shows that the required
magnitude of the ion resonance velocity in JET lies in the range vres

‖i ∕vT i = 1.5 − 2, vT i =
√

2Ti∕Mi. Waves with lower vres
‖i ∕vT i will not be excited, waves with higher velocities will

not interact with the ions.
The requirement vres

‖i ∕vT i = 1.5 − 2 does not contradict to equation (6) with ri ≪ r�. To
see it, we write (6) in the form:

x�
a
=
r1
a
+w

(

xi
a
−
r1
a
−
jA
l

)

, (10)

where w = ��(v�∕vT i)(vT i∕vres
‖i )(k‖�∕k‖i), � = v

‖

∕v, w > 0 or w < 0, xi = ri cos #i and
x� = r� cos #�. For instance, when Ti0 ≈ 20 keV, |��| = 0.5, |vres

‖i |∕vT i = 1.5, k
‖i = k

‖�,
j = 0 we obtain |w| = 3.3, r� ∶ r1 ∶ ri = 5.3 ∶ 2 ∶ 1 for w = −3.3. Moreover, due to j ≠ 0
resonance, there is a solution with xi ≪ r1 ≈ x� at any ratio of k‖i∕k‖�. The condition for this
is r1∕a ≈ jA∕l�, where A=R/a is the aspect ratio of the torus. For instance, when A = 3.3,
j = 1, this condition yields r1∕a = 0.82 for l� = 4 (li = 3) and r1∕a = 0.66 for l� = 5 (li = 4).

The SC delivers the alpha energy not only to the ions but also to electrons. The condition
of small electron damping is

!
|k

‖

(r)|vT e
=

R|v
‖�|

|r̃�|vT e(r)

|

|

|

|

|

k
‖�

k
‖

(r)

|

|

|

|

|

> 1, (11)

where vT e =
√

2Te∕Me is the electron thermal velocity. This can be written as

r�
a
<

A|��|v�
(1 − r1∕r�)vT e

|

|

|

|

|

k
‖�

k
‖

(r)

|

|

|

|

|

. (12)

For the parameters used above (A = 3.3, �� = 0.5, r�∕r1 = 2.65) and Te(0) = 10 keV, equation
(11) reduces to r�∕a < 0.6k‖�∕k‖(r). This means that only waves with k

‖�∕k‖(r) > 1, which
selects a certain sign of m, are weakly damped when r�∕a > 0.6. On the other hand, equation
(12) is easily satisfied at given ratio k

‖�∕k‖i for r1 ≈ r�, i.e., when the mode frequency is close
to a harmonic of the ion gyrofrequency in the region where the instability source is located.
However, (r1−r�) cannot be arbitrary small because k

‖� ∝ (r1−r�), whereas we are considering
the case of negligible drift, k

‖�v‖� ≫ !D�. This inequality yields:

r� − r1
r�

≫
k#�
k∗

v
‖�

vA∗

��
r�
. (13)

To obtain this equation, we assumed ! = k∗vA∗ and used equation (7).
(ii) The case of k

‖�v‖� < !D�.
Neglecting longitudinal wavenumber in the resonance between alpha particles and the

waves, we write the following resonance equation:

! − l�!̄B�
(

1 −
x�
R

)

= !D�(r, #). (14)
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The ratio !D�∕l!̄B� is small. Therefore, it follows from (2) and (14) that r1 ≈ x� (i.e., ! is
close to l�!minB� for # ≪ 1) when r�∕a ∼ 1.

For thermal ions we use equation (5). Eliminating ! from (5) and (14), we obtain:
vres
‖i

vT i
=
l�!̄Bi
k
‖ivT i

[

xi − x�
R

+
j
l�

(

1 −
xi
R

)

+
!D�
l!̄Bi

]

. (15)

Here k
‖i is determined by (8), from which it follows that k

‖i = mΔ�∕R in the considered
case of very small k

‖�. Then the factor before the brackets is very large, l�!̄Bi∕(k‖ivT i) ∼
RvA∗∕(rvT iΔ�) ≫ 1. Therefore, the ion damping is very small, unless dominant terms in
brackets compensate each other, i.e.,

x�
a
≈
xi
a
+ A

j
l�
, (16)

in which case
vres
‖i

vT i
=

!D�
k
‖ivT i

. (17)

Equation (16) shows that x� ≫ xi when l� ≪ jR∕ri. In particular, x�∕a lies in the range
0.5 − 0.9 when l� = 4 − 9 (li = 3 − 8) A = 3.3 xi∕a = 0.1, j = 1.

The ion resonance velocity given by equation (17) can be written as
vres
‖i

vT i
=
��
r�

v�
vT i

1 + �2�
2Δ�

. (18)

Taking ��∕r� = 0.1, v�∕vT i = 10, �� = 1∕2, and 2Δ� = 1, we obtain vres
‖i ∕vT i = 1.25. This

magnitude leads to 
i∕! = 10−2 = 10−4 of the modes with l� = li + 1 = 4 − 5 (see Appendix
C). Thus, the ion damping can be favourable for the SC to the near-axis region.

The condition of small electron damping, ! > k
‖

(r)vT e, is
RvA∗k∗

r∗vT e(r)Δ�k#
> 1. (19)

The inequality in (19) is well satisfied near the plasma edge due to low electron temperature.
It can also be well satisfied in the core region. In order to see it, let us take again Δ� = 0.5,
R = 300 cm, and assume that r∗ = 50 cm and vT e∕vA∗ = 6 (for instance, Te = 10 keV and
vA∗ = 109 cm s−1), we obtain !∕|k

‖

|vT e = 2k∗∕|k#| ≫ 1. In this case the role of electron
damping is small.

3. Spatial energy transfer by FMM

A necessary condition of the effective SC of the fast ion energy is that the waves should receive
and radially transfer a large fraction of the energy of fast ions. Let us see whether this can be
the case.

The power density received by the waves due to an instability driven by the energetic ions
is Pw

� = 2
�W , where 
� is the fast ion drive (partial growth rate) andW is the wave energy
density. One can show thatW = B̃2∕(4�) (B̃ is the perturbed magnetic field) for FMM with



Analysis of possible improvement of the plasma performance in JET 8

!2 ≫ !2Bi when the longitudinal wave number is sufficiently small, k2
‖

∕k2⟂ ≪ !2Bi∕!
2. Taking

this into account and assuming ! ≈ l!Bi, it is convenient to write Pw
� as follows:

Pw
� = 2l!B�


�
!
B2

4�

(

B̃
B

)2

. (20)

For instance, taking B = 3.5 T, l = 5 (which corresponds to fw = 133 MHz when !B� is
the gyrofrequency of alpha particles), 
�∕! = 10−3, we obtain Pw

� = 1.63 × 107(B̃∕B)2 W
cm−3. On the other hand, the fusion alpha power is PDT

� = �nDnT ⟨�v⟩, with � = 3.5MeV.
For Ti = 10 keV (at r∕a ∼ 1∕2) and ni = nD + nT = 4 × 1013 cm−3, nD = nT we have
PDT
� = 2.5×10−2 W cm−3. It follows from these relations that rather low wave amplitudes are

sufficient for the wave to extract from alphas the power density as large as the fusion produced
power density. In the considered example, Pw

� = PDT
� when B̃∕B = 3.9 × 10−5. Because

in reality only a part of the alpha energy can be transferred to the waves, the required wave
amplitudes are considerably less.

It is clear that the total power received by the waves is w
� = ∫Vins d

3xPw
� , where the

integral is taken over the region where the instability is located, Vins is the volume of this
region.

For the required SC the FMM should provide the energy transfer from the periphery
region where the instability is located to the near-axis region. Therefore, below we consider
this issue.

Eigenmodes in toroidal systems are actually the waves standing in the radial direction.
Therefore, an eigenmode can be treated as a superposition of two traveling waves, one of them
moving outwards the plasma and another one moving inwards. In the absence of local sources
and sinks (s&s) the energy fluxes of the traveling waves in the steady state exactly compensate
each other, so that the eigenmode energy fluxSw = S++S− = 0, where the subscripts “+” and
“−” label the waves traveling outwards and inwards, respectively. The presence of local s&s
breaks the flux balance, leading to Sw ≠ 0 and affecting the radial profile of the wave energy
density. However, when s&s are weak, the radial structure of the mode changes weakly. One
can say that in this case the mode survives, although the energy is transferred from source
regions to sink regions.

In order to obtain restrictions providing the persistence of the mode in the presence of
s&s, we have to write an equation for the mode energy density. Assuming that S± = ±|vtg|W±
we can write it as follows:

)W
)t

+ 1
r
)
)r
rSw = 2
LW , (21)

where W = W+ + W−, Sw = |vtg|�W , �W = W+ − W−, vtg is the group velocity of the
traveling waves that produce the standing wave, the term proportional to 
 describes local
s&s, 
L = 
L� + 


L
d , with 


L
� > 0 representing the local drive of the instability by the fast

ions and 
Ld < 0 representing the mode local damping; the instability growth rate is given
by 
 = ∫ d3x
LW ∕ ∫ d3xW where the integral is taken over the plasma volume. Note that
the energy flux in equation (21) can be written in the form of the flux for the traveling wave
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(Sw = vgW ) with vg defined by

vg ≡ vtg
�W
W

. (22)

A steady state solution of equation (21) is Sw = 0 (which implies that �W = 0) in a
particular case when the driving region coincides with the region where the mode is damped
and 
�(r) = −
d(r). Then the SC is absent. In general, however, �W ≠ 0, even when the
system is in steady state:

Sw(r) ≡ |vtg|�W (r) = 2
r ∫

r

0
dr1r1


L(r1)W (r1). (23)

The integrand in this equation coincides with that in the numerator of 
 , and 
 = 0 in the
steady state. Therefore, the energy flux (23) vanishes when the region of integration includes
the whole region of the mode location (or r is less than radii where the mode is located, in
which case W = 0 in the integrand). On the other hand, Sw(r) ≠ 0, inside the mode and
depends of the distribution of sources and sinks. When sinks dominate at small radii, whereas
sources dominate at larger radii, Sw(r) < 0 within the mode location. This implies that the
energy flux is directed inwards.

Themode survives, i.e., its radial shape [W(r)] is approximately the same as in the absence
of the instability, when �W ≪ W . Using this inequality and equation (23), we can obtain a
simple condition of eigenmode persistence for the case when the region where fast ions drive
the instability does not overlap with the region of damping. Assuming that the alpha drive
dominates in the region with the widthΔ� and the wave damping dominates in the region with
the width Δd , we write the inequality �W ≪ W in the form:


dΔd = 
�Δ� ≪ vtg. (24)

When this condition is not satisfied, the eigenmode becomes an energetic-particle mode
(EPM).

For ! = kvA, we can evaluate the wave group velocity as vtg = krvA∕k = 2�vA∕(Lmk),
with k = !∕vA. Then, taking ! = l�!B�, we obtain from equation (24) the following
restriction on the damping rate:


d
!
≪ 2�

Lm
Δd

(

vA
l�!B�Lm

)2

. (25)

As an example, let us take l� = 5, Δd∕Lm = 1∕4, Lm = 40 cm. Then we obtain that the
eigenmode survives for 
d∕! ≪ 10−2.

It is of interest to see whether the energy flux of the mode (Sw) can exceed the thermal
flux of the bulk ion plasma (ST ). ForSw = vgW andST = �TniTi∕L, we obtain thatSw ≥ ST

provided that
W
neT

≥
�T
vgL

. (26)

In the steady state vg = 
�Δ�, as follows from equation (23). Taking this into account and that
W = 2(B̃∕B)2∕�i, we can write equation (26) as follows:

B̃
B
>
(

�i
2
!

�

�T
l�!B�Δ�Lm

)1∕2

. (27)
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In particular, when �i = 0.01, �T = 104 cm2 s−1, l = 4, 
�∕! = 10−3, Δ� = 10 cm, Lm = 40
cm, B = 3.5 T, we obtain B̃∕B > 4.2 × 10−4.

4. Inward spatial channelling in a one-fluid model

In section 2 we have shown that the waves with frequencies close to harmonics of the ion
gyrofrequency can simultaneously be in resonance with energetic ions at the plasma periphery
and with thermal ions in the plasma core. However, the analysis carried out does not give an
answer to the question whether this SC can improve the energy confinement time and increase
the plasma temperature considerably. Below we consider this issue by employing a simple
1-D model.

Assuming that the SC takes place, we proceed from the following steady state equation
of the energy balance in a fully ignited reactor (i.e., reactor without auxiliary heating):

1
r
d
dr
rdT

dr
+Qc +Qw = 0, (28)

where T is the plasma temperature (assume Ti = Te),  = �Tne is the plasma thermal
conduction coefficient, Qc describes the collisional plasma heating by alpha particles, Qw is
the plasma heating by the waves which transfer the alpha energy to the plasma near-axis region,
∫ d3rQw = �� and ∫ d3rQc = (1− �)�, the integral is taken over the plasma volume, � is
the total fusion power associated with alpha particles, � is the fraction of this power received
by the waves. The energy losses associated with the radiation are neglected.

A formal solution of equation (28) is

T (r) = T (a) + ∫

a

r

dr′

r′ ∫

r′

0
dr′′r′′(Qc +Qw). (29)

To calculate integrals in this equation, we assume that Qw = Qw
0 exp(−�wr

2∕a2), Qc =
Qc
0 exp(−�cr

2∕a2), �w and �c are profile peaking factors, and  = const. One can see that
Qw
0 = ��w�∕(JwVp) andQ

c
0 = (1−�)�c�∕(JcVp), where Jj = 1−exp(−�j)with j = (c, w),

Vp is the plasma volume. Taking this into account we obtain:

T (r) = T (a) +
a2�
4Vp

[

(1 − �)
Ic(�)
Jc

+ �
Iw(�)
Jw

]

, (30)

where � = r∕a, I(�) = ∫ �j
�j�2
(1 − e−t)t−1dt. At the magnetic axis (r = 0), I(�) reduces to the

Ein function Ein(�) = ∫ �
0 (1 − e

−t)t−1dt, which can be approximated as Ein(�) ≈ � for � ≪ 1
and Ein(�) ≈ ln � + 0.577 for � ≥ 2. In particular, when �c ≪ 1, equation (30) reads:

T0 =
a2�
4Vp

[

1 + �
(

Iw(0)
Jw

− 1
)]

, (31)

where T0 = T (0). Here the first term describes the temperature in the absence of SC. Hence,
the SC plays a considerable role when the second term is not small. It follows from (31) that
in the case of �w ≫ 1 the SC doubles the plasma temperature in the near-axis region when

�(ln�w − 0.42) = 1. (32)
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Figure 1. Dependence of the central plasma temperature in an ignited reactor on the profile
peaking factor for the wave power deposition, �w, for various magnitudes of the fraction of the
alpha energy (�) transferred to the waves: 1, � = 0; 2, � = 0.2; 3, � = 0.5; 4, � = 0.9.

For instance, equation (32) requires � = 0.53 for �w = 10. This satisfies the evident restriction
of � ≤ 1. The influence of the SC on the central temperature is demonstrated in figure 1.

Thus, a strong influence of the SC on the energy balance seems possible. The magnitudes
of �, Qc(x) and Qw(x) depend on experimental conditions. Therefore, in order to know
whether equation (32) is satisfied in a particular experiment, a dedicated analysis is required.

5. Conditions for a hot-ion mode

For given plasma density and �, the fusion reaction rate is maximumwhen the ion temperature,
Ti, exceeds the electron one, Te. Therefore, it is of interest to find the conditions that should
be satisfied to provide Ti > Te.

We restrict ourselves to an analysis based on 0-D equations for the energy balance of the
ions and electrons. For a steady state plasma we can write:

3
2
ni

(

Ti
�Ei

+ ΔT
�ei

)

= Qi, (33)

3
2
ni

(

Te
�Ee

)

+Qbr =
3
2
ni

(

ΔT
�ei

)

+Qe, (34)

where ΔT = Ti − Te ≥ 0, �E is the energy confinement time, �ei is the collisional time of
the energy exchange between the plasma components (ions and electrons), Qi and Qe are the
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heating terms,Qbr describes bremsstrahlung, and ne = ni was assumed. We consider a plasma
with Ti ≥ Te, Ti ≫ 4 keV, so that the fusion power well exceeds the power loss caused by
bremsstrahlung. The LHS of equations (33) and (34) represent the loss of the energy, whereas
the RHS are the energy gain. We can conclude that when Θ ≡ �ei∕�Ee ≪ 1 and �Ee ≤ �Ei,
there is no solution with ΔT ∼ Ti (i.e., Ti ≫ Te) of (33) and (34). To see it, we note that,
according to (33), niΔT ∼ Qi�ei for ΔT ∼ Ti, Θ ≪ 1; therefore, bremsstrahlung in equation
(34) is negligible. Then it follows from (34) that the energy exchange between the plasma
components is so strong that it makes Te ≈ Ti even when Qe = 0. This implies that even
an unrealistically strong energy channelling to the ions will lead to the ion temperature which
only sightly exceeds the electron temperature. The situation changes whenΘ is not small, then
Ti ≫ Te is possible. Thus, Θ is a key parameter which determines possible difference between
Te and Ti. Because �ei ∝ T 3∕2e ∕ne, one can expect that a hot-ion regime can be achieved
in experiments with high electron temperature and low plasma density. However, in a self-
sustained fusion reactor there is a requirement ni�E > 1020 m−3s; therefore, when �Ee ∼ �E , Θ
does not depend on the plasma density. In this case

Θ ≲ 10−2T 3∕2e , (35)

where Te in keV. We conclude that condition Θ ≥ 1, in which case Ti can, in principle, exceed
Te considerably due to the energy channelling, is satisfied for Te > 20 keV.

6. Effects of the SC in non-isothermic JET plasmas with NBI

The foregoing indicates that the SC can, in principle, affect the plasma energy balance and
provide considerable enlargement of the central temperature. However, the model used
in section 4 does not show the difference between the temperatures of electrons and ions.
Moreover, no specific JET parameters were included to the model. The presence of neutral
beam injection was not taken into account.

In this section, our analysis will be carried within a more realistic model describing both
Ti and Te, with prescribed other magnitudes (such as densities of electrons and ions, NBI
heating, etc.) taken from JET data base.

In order to observe effects of the SC, we will make calculations for three cases. First, for a
pure deuterium plasma with prescribed plasma density and NBI heating. This will enable us to
find thermal conductivity coefficients for the electrons and ions, which are required to provide
the desired electron temperature and ion temperature. Second, using these conductivity
coefficients we will make calculations for a DT plasma with the same NBI heating. Comparing
the results of calculations for the first and second cases, we will observe effects of the alpha
heating. The third case will differ from the second one only by adding the SC. The SC will be
modeled as in section 4, but with the additional assumption that the waves are damped due to
the interaction with bulk plasma ions.

The following equations will be used:
3
2
ne
)Te
)t

− 1
r
)
)r
rne�e

)Te
)r

= Qc
ei +Q

e
nbi +Q

c
e −Qbr, (36)
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3
2
ni
)Ti
)t

− 1
r
)
)r
rni�i

)Ti
)r

= Qc
ie +Q

i
nbi +Q

c
i +Q

w, (37)

where the terms Qc
ei = −Qc

ie describe the energy exchange between the electrons and ions
through Coulomb collisions,Qi

nbi andQ
e
nbi describe the NBI heating of the ions and electrons,

respectively, Qc
e and Qc

i represent the collisional alpha heating of the electrons and ions,
respectively, the subscript e∕i labels electrons / ions. As above, the term Qw describes the
SC. These equations are written on the assumption that the temperatures of deuterium and
tritium are equal.

The terms Qc
ei and Qbr are well know. We take them in the form:

Qc
ei = −

∑

i=D,T

3Me

Mi

ne(Te − Ti)
�e

, (38)

Qbr = const neni
√

Te, (39)

where �e ∝ T
3∕2
e ∕ni is the electron-ion collision time.

The NBI heating terms,Qe
nbi andQ

i
nbi, will be obtained from TRANSP calculations in the

JET data base.
As in section 4, we assume that the fraction of alpha power received by the waves is

characterized by the � parameter, ∫ d3rQw(r) = ��, and that the radial profile of the plasma
heating by the waves is given byQw(r) = Qw

0 exp(−�wr
2∕a2), withQw

0 defined in section 4. In
addition, we assume that waves are damped due to the interaction with the bulk plasma ions;
therefore, the wave term is attributed to equation (37).

The collisional plasma heating by alpha particles will be calculated in two ways. First, by
relying on the results of TRANSP calculations in JET database. Second, by using analytical
expressions. The first way depends on particular shots. That is why it is of interest to test simple
analytical formulas which clearly show dependence of Qc

e and Q
c
i on plasma parameters.

(i) Let us describe first a way based on TRANSP calculations.
We proceed from the following obvious relationship: (1−�)� = ∫ d3r[Qc

e+Q
c
i ], which

can be written as

(1 − �)� = 2VpQc
e0 ∫

1

0
d� �

[

Q̃c
i (�)qie + Q̃

c
e(�)

]

, (40)

where Q̃c
e(�) = Q

c
e∕Q

c
e0, Q̃

c
i (�) = Q

c
i∕Q

c
i0, qie = Qi0∕Qe0, and Qc

0 = Q
c(0). This equation will

enable us to find Qc
e0 provided that qie and the profile functions Q̃c

e(�), Q̃
c
i (�) are known. The

former is determined by the following equation:

qie = �ie
∫ 1
0 d� �Q̃

c
e(�)

∫ 1
0 d� �Q̃

c
i (�)

, (41)

where �ie is the ratio of the total fusion energy received by ions to that received by electrons
due to collisions, it describes collisional distribution of the alpha energy between electron and
ions.

Equations (36)–(41) will be solved with neglecting the influence of the SC on qie, Q̃c
e(�),

Q̃c
i (�), and �ie. These magnitudes and some others will be taken from TRANSP calculations

in the absence of SC.
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(ii) Equations forQc
i andQ

c
e were derived in [22] for a plasma with one ion species. They

can be easily generalized for a DT plasma. As a result, we have:

Qc
i = (1 − �)S����i, (42)

Qc
e = (1 − �)S��(1 − ��i), (43)

where S� is the alpha source function (both its thermonuclear part, nDnT ⟨�v⟩, and the beam-
plasma contribution are important), � = 3.5MeV, and [22]

��i =
2
3
�2
[

√

3

(

arctg2 − �
√

3 �
+ �
6

)

− 1
2
ln
(1 + �)3

1 + �3

]

, (44)

� =

[

3
√

�
8

M�

MDT

(

M�

Me

)1∕2
]1∕3

(

Te
�

)1∕2

, (45)

MDT =MDMT∕(MD +MT ),M is the particle mass.
Using these equations, we analyzed the effect of the SC as follows.
We selected discharges #42856 and #42847 with DT plasmas, see Table A1. Taking into

account that the electron densities in these discharges and deuterium discharge #41069 were
rather similar, with the intermediate magnitude in discharge #42856, we used the particle
density of discharge #42856 in our calculations.

To begin with we found �e and �i required to get the central electron temperature and the
ion temperature close to those observed in the deuterium discharge #41069. This was done
by solving equations (36), (37) with prescribed particle densities ni(r) and ne(r), Qi

nbi and
Qe
nbi, which were taken from JET data base and shown in figures 2 and 3. In calculations

we took �i(r) = const and �e(r) = const. It was found that a satisfactory agreement
with the experimental data (shown in Table A1 in Appendix B) is reached for �i = 5000
cm2s−1 and �e = 2700 cm2s−1, which yielded Ti0 = 13.35 keV and Te0 = 9.90 keV. These
transport coefficients are actually some averages of the coefficients calculated by TRANSP.
The modelling thermal conductivity by �e∕i(r) = const was made not only for simplicity. This
choice enabled us to single out effects of the SC. We mean that plasma transport coefficients,
first of all, their radial structure, in DT plasmas may differ from those in deuterium plasma
because of isotope effects, alpha heating, dependence of the threshold of the ion temperature
gradient (ITG) instability on Ti∕Te, and the SC. In the presence of the SC, it is meaningless to
use transport coefficients �e∕i(r) calculated by TRANSP.

Therefore, our next step was to proceed to calculations for a DT plasma with the same
�i(r) = const and �e(r) = const and different �. The results are shown in figure 4 and Table
1. Comparing the first and second rows in Table 1 we see that proceeding from deuterium
plasma to a DT plasma with unchanged transport coefficients decreases the difference Ti − Te
by increasing mainly the electron temperature. This is a natural result because the alpha-
electron collisional time is less than the alpha-ion collisional time. The presence of the SC
changes the situation, as seen from the third and fourth lines in Table 1: The ion temperature
increases but the electron temperature decreases; the SC with � = 0.2 is sufficient to provide
a noticeable effect. This effect grows approximately linearly, as follows from figure 4.
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Figure 2. Profiles of ion and electron densities for the shot #42856, t = 54 s.

Figure 3. Sources Qinbi and Q
e
nbi for the shot #42856, t = 54 s.
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We remind that the alpha power in the considered experiments was much less than the
NBI power, being about 15% of NBI . This implies that the SC will have much stronger
influence on the central temperatures of ions and electrons and cause stronger improvement
of the plasma confinement in experiments with larger ratio �∕NBI . On the other hand, it
is clear that the predominant ion heating will not necessary take place because the electron
damping can be considerable, see Appendix C.

Table 1. Calculated steady-state central temperatures of the ions and electrons in the absence
of the SC (two first rows) and in the presence of the SC (two last rows) during NBI injection
with  = 10MW. The first row reproduces the temperatures in deuterium discharge # 41069.
Two last rows demonstrate possible effects of the SC in DT discharges #42856 and #42847.
In calculations we took �i = 5000 cm2 s−1, �e = 2700 cm2 s−1, �w = 10, and the particle
densities and NBI heating shown in figure 2 and figure 3. These discharges were described
in [1–3], see also our analysis in Appendix A.
Heating Ti0, keV Te0, keV Ti0 − Te0
NBI 13.35 9.90 3.45
NBI+� 15.71 12.96 2.75
NBI+�+SC(� = 0.2) 16.01 12.53 3.48
NBI+�+SC(� = 0.3) 16.15 12.32 3.83

The calculations with the use ofQc
e andQ

c
i determined by equations (40) and (41) (which

are relied on TRANSP) resulted in approximately the same results. This indicates that the
approximation of these magnitudes by simple analytical expressions (42) and (43) is justified.

According to references [1–3] and Table A1 in Appendix A, alpha heating in JET results
in the increase of both the electron temperature and ion temperature. Our calculations in the
absence and in the presence of the SC agree with this fact (Ti0 = 13.35 keV and Te0 = 9.9
keV in the first row of Table 1 are less than the ion and electron temperatures shown in other
rows of this Table and in figure 4. However, comparing the results shown in Table 1 and
Table A1 we observe that in the absence of the SC (� = 0) the ion heating is underestimated
but the electron heating is overestimated in our calculations based on the assumption that
transport coefficients are the same in deuterium plasma and deuterium-tritium plasma. This
overheating of electrons cannot be avoided without introducing additional degradation of the
electron energy confinement time in DT plasmas, whereas better confinement of the ion energy
is required to increase the ion temperature when � = 0. The SC in DT plasmas increases
the difference (Ti − Te) by providing an additional heating of the ions (which increases Ti)
and decreasing the electron heating (which decreases Te). Nevertheless, our calculations
with � = 0.2 and � = 0.3 still lead to smaller Ti and larger Te than those observed in the
experiments. Increasing �, we obtain a better agreement with experiment (Ti > 16.2 keV and
Te ≲ 12 keV), as follows from figure 4. However, it seems that � > 0.3 is not realistic.
In addition, some fraction of the FME energy is to be absorbed by electrons, which was
ignored in our calculations. Therefore, it seems probable that other factors, not only the
SC, may contribute to the increase of (Ti − Te), in particular, ion transport reduction due to
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Figure 4. Dependence of the central ion and electron temperatures on the fraction of alpha
energy (�) transferred to the waves, which was obtained by solving the system of equations
(36), (37) for �i = 5000 cm2 s−1, �e = 2700 cm2 s−1, �w = 10, and Qci , Q

c
e in the form of

(42) and (43).

ITG turbulence stabilisation [24–26]. We also wish to point out that the interpretation of the
experiments was hampered by the non-stationary nature of the plasma discharges [27] (this
issue is discussed in Appendix A).

Amore definite conclusion on the role of different physical mechanisms, in particular, the
SC, in the improvement of the plasma performance should rely on a quantitative consideration.
At present, this is not possible because the available theory and experimental database are not
sufficient.

7. Summary and conclusions

Our analysis suggests that the SC may have played a role in the improved confinement and
increased ion temperature in JET experiments with alpha particle heating. This conclusion is
supported by the following:

(i) The fraction of the 3.5-MeV alpha particles born in the peripheral region, r∕a ≥ 0.5,
is considerable. In the discharge #42856 it is ∼ 30%. Due to orbital motion, the fraction of
alphas in the periphery increases. In particular, the fraction of trapped alphas having rmax at
r∕a ≥ 0.5 reaches 50% for � = 1 in the mentioned discharge.

(ii) A necessary condition for the SC – the resonance interaction between FMM
destabilized in the peripheral region and the bulk plasma in the near-axis region (ri ≪ r�) –
can be satisfied for FMMwith the frequencies close to cyclotron harmonics of alpha particles.
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(iii) The wave damping rate in the plasma central region can be in the range 
d =
(10−2 − 10−4)!. This is comparable to the magnitude of the instability growth rate expected
due to velocity anisotropy of the distribution function of peripheral alpha particles. Note that
the ICE observed in JET and other tokamaks was associated with peripheral FMM instabilities
having 
�∕! in this range.

(iv) The wave damping in the near-axis region is associated with both ions and electrons.
This means that the SC can deliver the alpha energy not only to bulk plasma ions but also to
electrons. Conditions providing dominant ion damping are found.

(v) Reasonably small wave amplitudes are sufficient to provide receiving by the waves
and transferring by them across the flux surfaces a large fraction of the fusion power density
associated with alpha particles.

(vi) There is a qualitative agreement between the experimentally measured electron and
ion temperatures in JET DT discharges and the temperatures calculated numerically with
the assumptions that, first, transport coefficients in DT plasmas are the same as those in a
deuterium discharge and, second, the inward SC leading to the heating of the ions in the plasma
core takes place in DT discharges.

When points (i) - (iii) are true, the plasma energy confinement time increases. When the
ion damping dominates over the electron one, the SC leads mainly to the increase of the ion
temperature in the plasma core.

An analysis of JET experimental data was carried out, which confirmed the conclusion of
references [1–4] that the energy content in DT discharges exceeds that in deuterium discharges
with alpha power substituted by ICRH power. In addition, it was shown that the plasma energy
confinement time in the considered ICRH discharges is minimum at the highest ICRH power.

A number of issues are to be clarified in order to make a reliable conclusion on the role of
the SC in JET. First of all, experimental and theoretical studies are required to investigate the
existence of FMM with a considerable radial extent, as well as the destabilization of multiple
FMM by alpha particles and other energetic ions. At present, to our knowledge, the radial
structure of FMM was measured only in NSTX experiments, which supports our assumption
on the mode structure. However, in NSTX the FMM were driven by NBI with the beam
particle energies well below the fusion alpha energy and the wave frequencies were below the
ion gyrofrequency.

A necessary condition of the efficient SC is transferring of a large fraction of the fast-ion
energy to the waves, i.e., anomalous slowing down of fast ions. This issue was considered
in [23] for GAE modes. It was found that five GAE modes with the frequencies of ∼ !Bi∕3
and the amplitudes about B̃r∕B = 5 × 10−3 are sufficient to make the motion of injected ions
in NSTX stochastic in the energy range from 50 keV to 90 keV. This meant that these GAEs
were capable to extract about a half of the energy of the 90-keV ions driving the instability.
The fraction of the energy transfer from energetic ions to FMM with ! > !Bi is to be studied.

We should also not forget that the improved confinement in the JET DT plasmas may
be due to other effects, such as ITG stabilisation by fast ions [25] and to a favourable scaling
of confinement with ion mass, as seen in JET [28, 29] and JT60-U [30]. Additionally, the
interpretation of these discharges is difficult due to their transient nature and due to changes
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Table A1. Plasma parameters in deuterium discharges and deuterium-tritium discharges at the
moments of time when temperatures of ions and electrons were maximum (before a sawtooth
crash), c.f. Refs. [1, 2].
Discharge Heating Ti0, keV Te0, keV Ti0 − Te0 ne0, m−3 t, sec
#41069
deuterium

10MW NBI 13.3 9.9 3.4 3.8 × 1019 53.5

#41067
deuterium

10MW NBI
0.9MW ICRH

14.5 10.4 4.1 3.6 × 1019 53.5

#41068
deuterium

10MW NBI
2.0MW ICRH

14.5 10.3 4.2 3.6 × 1019 53.5

#42856
deuterium (50%)
+ tritium (50%)

10MW NBI
1.34MW P�

16.5 11.5 5.0 3.9 × 1019 54.0

#42847
deuterium (25%)
+ tritium (75%)

10MW NBI
1.4MW P�

17.5 12.0 5.5 4.1 × 1019 54.0

in sawtooth behavior with the isotope mass [27]. To conclude, our analysis shows that the SC
of alpha particle power can play an important role in fusion plasmas. Although it may not
be possible to ascertain that the SC played a role in the JET experiments described here, the
inward SC has the potential of significantly enhancing the performance of a fusion reactor, by
channeling alpha power from the periphery to the core.

Appendix A. Experimental data base

Analysis of experimental data obtained during the DTE1 campaign on JET indicates the
improvement of the plasma confinement time in discharges with DT plasmas in comparison
to those with deuterium plasmas where the plasma heating by alpha particles was substituted
with ICRH heating. Figure A1 employing the parameters given in Table A1 demonstrates
this. It shows that maximum Wdia in a DT plasma with P� = 1.3 − 1.4 MW exceeds that
in deuterium plasma with the ICRH heating power in the range (0 − 2.1) MW by a factor of
∼ 1.6. All the considered discharges contained fast ions produced by NBI. In addition, DT
discharges contained fusion produced alpha particles, and deuterium discharges #41067 and
#41068 contained ions accelerated by ICRH. This implies that thermal energy in both DT and
D discharges was less than the magnitudes shown in figure A1. However, the magnitude of the
W DT

dia ∕W
D
dia ratio for thermal plasma is hardly less considerably then that determined by figure

A1. Note that [ne0(Ti0 + Te0)]DT∕[ne0(Ti0 + Te0)]ICRH ≈ 1.3, where the subscript “0” labels
magnitudes at the magnetic axis. This ratio is in a qualitative agreement with the magnitude
ofW DT

dia ∕W
D
dia.

It also follows from figure A1 that the plasma heating by ICRH with up to PICRH =
2.1MWonly slightly increasesWdia. This implies that the ICRH leads to the degradation of the
plasma confinement time (�E), which confirms the known fact that the auxiliary heating tends
to deteriorate the plasma energy confinement time. To evaluate the rate of degradation of �E ,
we have to take into account that the NBI with PNBI = 10MW took place in all the considered
discharges, which means that the ICRH increased the heating power by ≤ 21%, while Wdia

increased by ≲ 10% only (as follows from Fig. A1). One can see that the degradation of �E
agrees with the law �E ∝ 1∕

√

Ptotal: �E∕�E0 =
√

PNBI∕PNBI+ICRH = 0.9.
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Figure A1. Measured diamagnetic energy in three discharges with DD-plasmas (#41069,
#41067, #41068) and two discharges with DT-plasma (#42847, #42856): the upper curves,
discharge #42847 (50% D and 50% T) with P� = 1.4MW, PICRH = 0 and discharge #42856
(50% D and 50% T) with P� = 1.34MW, PICRH = 0; the lowest curve, discharge #41069 with
PICRH = 0; two curves above the lowest one correspond to discharges #41067 with PICRH =
0.9MW and #41068 with PICRH = 2.5MW. In all these discharges PNBI = 10MW.

Other observations documented in Table A1: First, the ion temperature always exceeds
the electron one, whichwas expected because bothNBI and ICRH heatedmainly ions. Second,
substituting the ICRH power with the fusion alpha power increases the difference between the
central ion temperature and electron temperature (Ti0 − Te0). This means that, in addition
to Coulomb collisions leading to preferable electron heating by alphas, there exist another
heating mechanism which, in contrast to Coulomb collisions, heats the ions. Moreover, this
mechanism is more powerful, as follows from the fact that the ion temperature in DT plasmas
exceeds the temperature in deuterium discharges with ICRH. Note that in the considered
discharges sawtooth oscillations took place. Therefore, a question arises whether they affect
the conclusions drawn. Below we discuss relevant issues.

(i) Time between sawtooth crashes (�saw) is quite considerable, �saw = 1 − 1.5 s, which
exceeds the crash time by several orders. The maximum temperature takes place before the
crash. Just these magnitudes are shown in Table 1.

(ii) �saw before maximum of Ti0 is reached in DT discharges is smaller than that in
deuterium discharges. Therefore, one can expect that the effect of the ion heating in DT
plasmas would be even stronger if crashes were absent.

(iii) Collisional slowing down time of alphas is �� ∼ 0.6 s [(0.4 − 0.8) s for Te =
(10 − 15) keV, ne = 4 × 1019 m−3]. This time is less than �saw, but not negligible. Therefore,
effects of finite �� on the plasma heating can be noticeable. However, the orbit width of near-
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axis alphas is comparable to the q = 1 radius, which minimizes the influence of sawteeth on
alpha heating.

(iv) The sawtoothmixing radius in the considered discharges can be evaluated as 1∕4−1∕3
of the plasma radius, so that only ∼ 1∕10 part of the plasma volume is affected. As plasma
pressure profiles are decreasing (mainly, due to the temperature profiles because the particle
density profiles are flat or even slightly hollow), the fraction of the plasma energy in this
region is higher, but it hardly can considerably exceed 10%. The sawtooth crashes change the
plasma central temperature by 30% and, therefore, not more than 3% of the plasma energy is
redistributed. For this reason, the influence of sawtooth crashes on the ratio W DT

dia ∕W
D
dia for

thermal particles is rather small.

Appendix B. Fraction of alpha particles with the birth energy at the plasma periphery

The SC providing the transfer of the alpha energy from the periphery to the near-axis region
can be efficient provided that the number of alpha particles with the energy about 3.5 MeV
is considerable at the periphery. Therefore, we have to evaluate the number of alphas in this
region. First of all, let us consider the radial dependence of the rate of the production of
alpha particles due to both thermonuclear reaction and beam-plasma reaction, S�(r). This
magnitude and the function rS�(r) are shown for discharges #42856 and #42847 in figure B1.
The function rS�(r) enables us to see directly the rate of production of 3.5MeV alpha particles
on each flux surface. We observe that a maximum of rS�(r) is located close to the flux surface
r∕a ≈ 0.3 in the discharge # 42856 and r∕a ≈ 0.4 in the discharge # 42847, most of alphas
are born in the region 0.1 < r∕a < 0.6. So, the number of alpha particles born at r∕a > 1∕2
is considerable.

For a more definite conclusion we have to calculate the function  (r) describing the
fraction of alpha particles with � = 3.5 MeV born in the region outside a certain radius
r. This function is given by

 (0)(r) ≡
∫ a
r dr0r0S�(r0)

∫ a
0 dr0r0S�(r0)

, (B.1)

where r < a, the superscript “0”means that no orbit effects are included, the integrand contains
alpha birth profile. Calculating integrals in (B.1), we obtain the result shown in figure B2.
It follows from this figure that about 30% of alphas are born outside the flux surface with
r∕a ≥ 0.5.

After the birth, alpha particles move along various orbits. During this motion, they deflect
outwards and inwards from flux surfaces. Because S�(r) is a monotonic decreasing function,
the main effect of the orbital motion on the 3.5 MeV alpha density is the broadening of its
radial profile. This implies that the number of peripheral alphas increases, although some of
them are lost to the wall. One more factor increasing the number of peripheral 3.5MeV alpha
particles is the stochastic (collisionless and weakly collisional) diffusion, see, e.g., [31, 32].
Below we consider the profile broadening by taking into account the orbital motion only.

Because the alpha particle transit/bounce time (�b) is much less than the slowing down
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Figure B1. Fusion reaction rate, S�(r), versus r and its distribution over flux surfaces, rS�(r),
in JET discharges #42847 and #42856.
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Figure B2. Fraction of alpha particles with the birth energy outside a certain flux surface with
the radius r in the discharge #42856, calculated neglecting the orbit width.
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time (�s), we can introduce the bounce/transit averaged distribution function of the population
of the alphas with  ∼ 3.5MeV:

F� =
Δt
4�v2�

�(v − v�)⟨S�⟩, (B.2)

where ⟨S�⟩ = ∮ dtS�[r(t)]∕�b, Δt is a characteristic life time of alphas with the energy �,
�b ≪ Δt ≪ �s, v� =

√

2�∕M�, the integral is taken along particle orbits, so that F� is
determined by the drift constants of motion (COM). Usually one uses the particle canonical
angular momentum (P�), the energy (), the magnetic moment (�p), and direction of the
longitudinal motion of passing particles (� = sgn v∥) in order to describe the motion of particle
guiding center. It is more convenient, however, to use another set of COMs for the description
of distribution of confined particles. Namely, the maximum radial displacement during the
orbital motion (rmax) instead of P� and the pitch parameter � = �pB̄∕ (B̄ is the magnetic
field at the magnetic axis). It is clear that confined are those particles which have rmax < a,
toroidally trapped are the particles with b−1max < � < b−1min (b ≡ B(r, #)∕B̄, bmax and bmin are
maximum and minimum b on the orbit) and passing are the particles with 0 ≤ � < b−1max.

With these COMs, we can write:

⟨S�⟩ =
{

∮
d#S�[r(#)]

v∥

}

×
{

∮
d#
v∥

}−1

, (B.3)

r(#) = r[rmax, �, v�, #], v∥ = ±v
√

1 − �b(r, #). Here the integrals are taken over the whole #
region, (0, 2�), for passing particles and between the turning points for trapped particles (with
taking into account that the sign of v∥ changes after passing the turning points).

In the peripheral region, which we are interested in, the approximation of narrow orbit
width (Δ ≪ r, with Δ the orbit half width) is justified. The corresponding condition reads:
r > R(q�∕�ER)2∕3 (�E is the plasma elongation, � = v�∕!B�), which for alphas in JET yields
r > 20 cm.

The majority of passing particles have v
‖

≈ const. Due to this, we can describe their
orbits as follows:

rpas(#) = rmax − Δp + �Δp cos #, (B.4)

Δp = q(r0)�
√

1 − �∕�E , the subscript “p” labels passing orbits. In this approximation, when
calculating integrals in equation (B.3), we have to put b(r, #) = 1 and 0 ≤ # ≤ 2�.

The orbits of trapped particles are given by

rtr1,2(#) = r0 +
q�

�E
√

�0

[

−�0

√

1 − �
�0

+ � cos #0

±

√

1 − �
�0

+ � cos #

]

, (B.5)

where � = r∕R, the subscript “0” labels a point on the orbit, the particle turning points (#t) are
determined by cos #t = (1−�−1)∕�0. When calculating integrals in (B.3), both branches given
by (B.5) should be taken into account. It is convenient to proceed to the angle � defined by
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sin2(#∕2) = �2p sin
2 �, with �2p = [0.5+ (�

−1−1)∕(2�0)] > 0 is the particle trapping parameter
[�2p < 1 for trapped particles, which implies � > (1 + �)−1], sin �0 = �−1p sin(#0∕2). Then

rtr1,2(�) = rmax − Δt + �Δt cos �, (B.6)

Δt = q(r̄)�(�p∕�E)
√

2�∕�̄, r̄ = rmax − Δt. In these variables

⟨S�⟩
tr = 1

2

⎧

⎪

⎨

⎪

⎩

∑

j=1,2
∫

�∕2

0

d�S�[rtrj (�)]
√

1 − �2p sin
2 �

⎫

⎪

⎬

⎪

⎭

×

⎧

⎪

⎨

⎪

⎩

∫

�∕2

0

d�
√

1 − �2p sin
2 �

⎫

⎪

⎬

⎪

⎭

−1

, (B.7)

If the alpha source function is approximated as S�[r(#)] = Sm + S ′m(r − rmax) [Sm ≡
S�(rmax), S ′m ≡ S ′�(rmax), and prime denotes the radial derivative] we obtain for passing
particles:

⟨S�⟩(rmax) = Sm − S ′mΔp. (B.8)

A similar equation is true for deeply trapped particles (particles with �p ≪ 1). Equation (B.8)
shows that ⟨S�⟩(rmax = a) ≠ 0 evenwhen the birth source vanishes at the plasma edge,Sm = 0.
On the other hand, ⟨S�⟩ = 0 in the near-axis region [r ≲ R(q�∕�ER)2∕3 for � ∼ 1 and r < 2q�
for well passing particles] because there are no particles with smaller rmax. This implies that
the distribution of ⟨S�⟩(rmax) is shifted outwards with respect to S�(r), increasing the number
of alpha particles which can interact with the waves in the peripheral region.

To be more specific, we carried out numerical calculations for trapped and passing alphas
in discharge #42856. The results obtained with using the safety factor q(r) given by figure B3
are shown in figure B4.

The fraction of 3.5 MeV alpha particles with given � and rmax outside a certain radius r
is described by

�(r) ≡
∫ a
r drmaxrmax⟨S�⟩(rmax, �)

∫ a
0 drmaxrmax⟨S�⟩(rmax, �)

(B.9)

and presented in figure B5. We observe that at the periphery � exceeds  (0) given by (B.2),
the effect being considerable even for passing particles.

Appendix C. Damping of high-frequency fast magnetoacoustic waves

In this Appendix we study the electron and ion damping of the high-frequency fast
magnetoacoustic waves (FMW) for which both the electrons and thermal ions can be treated as
cold particles. The purpose of this consideration is to see whether the bulk plasma particles can
lead to the damping rate which is comparable to the FMW drive produced by alpha particles.
This implies that we are interested in the FMW which satisfy the following conditions:

! ≈ l!Bi ≫ !Bi, (C.1)
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Figure B3. The safety factor in discharge #42856.
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Figure B4. Bounce/transit averaged source function ⟨S�⟩(rmax, �, �) versus r for various �
in discharge # 42856. This picture demonstrates that the radial distribution of the density of
alpha particles with given rmax [n�(rmax) ∝ ⟨S�⟩(rmax)] is considerably shifted outwards in
comparison with the alpha birth profile (shown by dashed line).
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Figure B5. Fraction of passing alpha particles (� = 0.2, � = 1 or � = −1) and trapped
particles (� = 1) that have rmax outside a certain radius r in discharge # 42856.

(! − l!Bi)2 ≫ (k
‖

vT i)2, !2 ≫ (k
‖

vT e)2, k⟂�i < 1, (C.2)

where �i = vT i∕!Bi, k⟂ is the wavenumber across the magnetic field.
Assuming that the perturbations of the electromagnetic field are proportional to

exp(−i!t + ikxx + ikzz), with the z-axis directed along the magnetic field, we proceed from
the Maxwell equations B = (c∕!)k × E and k × B = −(!∕c)"⃡ ⋅ E, with "⃡ ≡ "ij the dielectric
tensor. Then, taking into account equation (C.2), we can obtain the following equations:

(

"1 −
N2
∥

1 −N2
x∕�

)

Ex + igEy = 0. (C.3)

−igEx +
(

"2 −N2)Ey = 0, (C.4)

where "1 = "xx, "2 = "yy, � = "zz, and g is defined by "xy = ig,N2 = c2k2∕!2,N2
∥ = c

2k2∥∕!
2,

andN2
x = c

2k2x∕!
2. These equations lead to the dispersion relation given by

Λ(!) ≡

(

"1 −
N2
∥

1 −N2
x∕�

)

(

"2 −N2) − g2 = 0. (C.5)

When Im "ij ≪ Re "ij , equation (C.5) can be solved perturbatively. Taking ! = !0 + i
 , with
!0 mode frequency and 
 ≪ !0 the damping rate, we can writeΛ(!) = Λ0(!0)+ i
dΛ∕d!0+
i�(!0) = 0. Then !0 is a solution of the equation Λ0 = 0 and the damping rate is given by


 = − �
dΛ∕d!

|

|

|

|!0

. (C.6)

To calculate 
 bymeans of this equation we have to specify components of the dielectric tensor.
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Proceeding from the well-known general expressions for the dielectric tensor of a
Maxwellian plasma and using (C.2) with ! ≪ !Be, we obtain:

"1 = −
!2pi
!2

+ i
√

�
!2pi

!k
‖

vT i

∑

n
e−x2n n

2

z
e−zIn. (C.7)

"2 = "1 + i
√

�
!2pi

!k
‖

vT i

∑

n
e−x2n2ze−z(In − I ′n)

+i
√

�
!2pe
!2
k2⟂�

2
exee

−x2e , (C.8)

g = −
!2pi
!!Bi

+ i
√

�
!2pi

!k
‖

vT i

∑

n
e−x2ne−zn(In − I ′n). (C.9)

� = −
!2pe
!2

+ 2i
√

�

(

!2pi
!k

‖

vT i

∑

n
x2ne

−x2n−z +
!2pe
k2
‖

v2T e
xee

−x2e

)

, (C.10)

where !2pe,i = 4�n2e,i∕Me,i, In = In(z) is the modified Bessel function on the n-th order,
z = k2⟂�

2
i ∕2, xn = (! − n!Bi)∕(k∥vT i), xe = !∕(k∥vT e).

As a result, we have !2 = k2v2A(1 + k
2
‖

v2
‖

∕!2Bi) and


i
!
= −

√

�
2

kvA
|k

‖

vT i

∑

n
e−x2n n

2

z
e−zIn, (C.11)


e
!
= −

√

�xee
−x2e
Me

Mi

(

k2⟂k
2v4A

!4Bi

v2A
v2T e

+
k2⟂
2k2

v2T e
v2A

)

. (C.12)

Here the subscript “0” at ! is omitted.
The ion damping rate and the electron damping rate are shown in figures C1, C2, and C3

for the following parameters: Ti = 15 keV, Te = 10 keV, ne = 4 × 1013 cm−3, B = 3.5 T.

Acknowledgments

This work was carried out within the framework of the EUROfusion Consortium and received
funding from the EURATOM research and training programme 2014–2018 under grant
agreement No. 633053. The views and opinions expressed herein do not necessarily reflect
those of the European Commission. The work was also supported by the Project No. PL15/17
“Phenomena associated with energetic ions in tokamaks and stellarators” of NASU. The
authors thank L. Garzotti, V. Kiptily, and K.G. McClements for their comments made during
presentation of this work at the JET seminar, October 18, 2017.



Analysis of possible improvement of the plasma performance in JET 28

Figure C1. Ion damping rate. The hatched region is of main interest because the instability
drive is expected to be 
�∕! = 10−4 − 10−2. li = l� − 1.

Figure C2. Electron damping rate. The hatched region is of main interest because the
instability drive is expected to be 
�∕! = 10−4 − 10−2.
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Figure C3. Ratio of the ion damping rate to the electron damping rate. Hatched is the region
with dominant electron damping.
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