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Abstract

Toroidal torque generated by neoclassical viscosity caused by external non-resonant, non-

axisymmetric perturbations has a signi�cant in�uence on toroidal plasma rotation in tokamaks.

In this article, a derivation for the expressions of toroidal torque and radial transport in resonant

regimes is provided within quasilinear theory in canonical action-angle variables. The proposed ap-

proach treats all low-collisional quasilinear resonant NTV regimes including superbanana plateau

and drift-orbit resonances in a uni�ed way and allows for magnetic drift in all regimes. It is valid for

perturbations on toroidally symmetric �ux surfaces of the unperturbed equilibrium without speci�c

assumptions on geometry or aspect ratio. The resulting expressions are shown to match existing

analytical results in the large aspect ratio limit. Numerical results from the newly developed code

NEO-RT are compared to calculations by the quasilinear version of the code NEO-2 at low col-

lisionalities. The importance of the magnetic shear term in the magnetic drift frequency and a

signi�cant e�ect of the magnetic drift on drift-orbit resonances are demonstrated.
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I. INTRODUCTION

In tokamaks, non-axisymmetric magnetic �eld perturbations such as toroidal �eld rip-

ple, error �elds and perturbation �elds from Edge Localized Mode (ELM) mitigation coils

produce non-ambipolar radial transport at non-resonant �ux surfaces occupying most of the

plasma volume. The toroidal torque associated with this transport signi�cantly changes the

toroidal plasma rotation � an e�ect known as neoclassical toroidal viscosity1�6 (NTV). At low

collisionalities, resonant transport regimes7,8, namely superbanana plateau9,10, bounce and

bounce-transit (drift-orbit) resonance regimes2, have been found to play an important role

in modern tokamaks, in particular in ASDEX Upgrade11. In these regimes, which emerge if

perturbation �eld amplitudes are small enough, transport coe�cients become independent

of the collision frequency (form a plateau). The interaction of particles with the (quasi-

static) electromagnetic �eld in these plateau-like regimes is a particular case of collisionless

wave-particle interaction with time dependent �elds and can be described within quasilinear

theory. The most compact form of this theory in application to a tokamak geometry is

obtained in canonical action-angle variables 12�17. Here, this formalism is applied to ideal

quasi-static electromagnetic perturbations, which can be described in terms of �ux coordi-

nates. As a starting point, the Hamiltonian description of the guiding center motion in those

coordinates in general 3D magnetic con�gurations (see, e.g., Refs. 18�20) is used. For the

particular case of Boozer coordinates the perturbation theory is constructed with respect to

non-axisymmetric perturbations of the magnetic �eld module, which is the only function of

angles relevant for neoclassical transport.

The purpose of this paper is twofold: The �rst aim is to describe the NTV in all quasilinear

resonant regimes in a uni�ed form using the standard Hamiltonian formalism and to develop

a respective numerical code allowing for fast NTV evaluation in these regimes without any

simpli�cations to the magnetic �eld geometry. The second aim is to benchmark this approach

with the quasilinear version of the NEO-2 code5,11 which treats the general case of plasma

collisionality. Since particular resonant regimes described in literature basically agree with

the Hamiltonian approach within their applicability domains, such a benchmarking means

also the benchmarking of NEO-2 against those results. The structure of the paper is as

follows. In section II, basic de�nitions are given and two di�erent quasilinear expressions for

the toroidal torque density are derived for the general case of small amplitude quasi-static
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electromagnetic perturbations. In section III the perturbation theory for ideal perturbations

described by small corrugation of magnetic surfaces in �ux coordinates is outlined, and

expressions for the canonical action-angle variables are given. In section IV expressions

for non-axisymmetric transport coe�cients are derived, and in section V the numerical

implementation of the Hamiltonian formalism in the code NEO-RT is presented and its

results compared with the results of NEO-2 code for typical resonant transport regimes.

The results are summarized in section VI.

II. TRANSPORT EQUATIONS AND TOROIDAL TORQUE IN HAMILTONIAN

VARIABLES

In Hamiltonian variables the kinetic equation can be compactly written in the form

∂f

∂t
+ {f,H} = L̂cf, (1)

where L̂c is the collision operator and

{f, g} ≡ ∂f

∂r
· ∂g
∂p
− ∂f

∂p
· ∂g
∂r

=
∂f

∂θi
∂g

∂Ji
− ∂f

∂Ji

∂g

∂θi
=

∂

∂θi

(
f
∂g

∂Ji

)
− ∂

∂Ji

(
f
∂g

∂θi

)
(2)

is the Poisson bracket which is invariant with respect to the canonical variable choice. Here,

(r,p) are cartesian coordinates and canonical momentum components, (θ,J) are canonical

angles and actions speci�ed later, summation over repeated indices is assumed, and bold face

describes a whole set of three variables (e.g. θ = (θ1, θ2, θ3)). In the following derivations,

straight �eld line �ux coordinates x = (r, ϑ, ϕ) are used with a speci�c de�nition of the �ux

surface label (e�ective radius) such that 〈|∇r|〉 = 1, where the neoclassical magnetic �ux

surface average is given by

〈a〉 =
1

S

π∫
−π

dϑ

π∫
−π

dϕ
√
g a, S =

π∫
−π

dϑ

π∫
−π

dϕ
√
g, (3)

and
√
g is the metric determinant. Due to the above de�nition of r, quantity S has the

meaning of the �ux surface area.

Multiplying (1) by a factor a δ (r − rc) where a = a(θ,J) = a(r,p) is some function of

particle position in the phase space and rc = rc(θ,J) = r(rc(θ,J)) is the particle e�ective

radius expressed via phase space variables, integrating over the phase space and dividing
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the result by the �ux surface area S leads to a generalized conservation law

∂A

∂t
+

1

S

∂

∂r
SΓA = sA + s

(c)
A , (4)

where

A = A(t, r) ≡ 1

S

∫
d3θ

∫
d3J δ (r − rc) af =

1

S

∫
d3rδ (r − rc)

∫
d3p af

=
1

S

π∫
−π

dϑ

π∫
−π

dϕ
√
g

∫
d3p af =

〈∫
d3p af

〉
, (5)

where δ(. . . ) is the Dirac delta function. Generalized magnetic surface averaged �ux and

source densities in (4) are given, respectively, by

ΓA ≡
1

S

∫
d3θ

∫
d3J δ (r − rc) {rc, H} af, (6)

sA ≡
1

S

∫
d3θ

∫
d3J δ (r − rc) {a,H} f, (7)

where the second representation of the Poisson bracket (2) has been used for these expres-

sions, and the collisional source density is

s
(c)
A =

〈∫
d3p aL̂cf

〉
. (8)

For a = 1 the continuity equation is obtained with no sources, sn = s
(c)
n = 0 and surface

averaged particle �ux density ΓA = Γ given by

Γ =
1

S

∫
d3θ

∫
d3J δ (r − rc) {rc, H} f. (9)

For a = pϕ with

pϕ = p · ∂r
∂ϕ

= mαvϕ +
eα
c
Aϕ(r) (10)

being the canonical angular momentum, the equation for the canonical angular momentum

density is obtained with the source term sa = spϕ = TNA
ϕ being the toroidal torque density

acting on the given species from the electromagnetic �eld,

TNA
ϕ = − 1

S

∫
d3θ

∫
d3J δ (r − rc)

∂H

∂ϕ
f. (11)

In Eq. (10), vϕ = v · ∂r/∂ϕ and Aϕ = −ψpol are covariant toroidal velocity and vector

potential components, respectively and ψpol is the normalized poloidal �ux. In addition,

speed of light c, and charge eα and mass mα of species α appear in the expression.
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One can see that torque density is determined only by the non-axisymmetric part of the

distribution function while the particle �ux density contains also the axisymmetric contri-

bution. This property of the torque is rather helpful in the nonlinear transport theory which,

however, is not the topic of the present paper. A conservation law of the kinematic toroidal

momentum, a = mαvϕ, is obtained by subtraction of the continuity equation multiplied by

eαAϕ/c. The source term in this equation is

smαvϕ = TNA
ϕ + s(c)

pϕ +
eα
c

√
gBϑΓ, (12)

where Bϑ is the poloidal contravariant magnetic �eld component. Assuming a static mo-

mentum balance and estimating Γmαvϕ ∼ mαvϕΓ, which means that contribution of the

radial momentum transport term to this balance is negligible because it scales to the last

term in (12) as qρLR/r
2 � 1, this balance is reduced to smαvϕ = 0. Here q, ρL, R and

r are safety factor, Larmor radius, major and minor radius, respectively. The result is a

�ux-force relation21,22, which links particle �ux to the torques (a static density equilibrium

without particle sources where Γ = 0 demonstrates the fact that TNA
ϕ is indeed a torque

density because it balances collisional momentum source density s
(c)
pϕ alone). The presence

of the collisional force moment s
(c)
pϕ in the �ux force relation indicates that the calculation of

torque and radial �ux needs a certain caution when using a Krook collision model, which is

usually the case in quasilinear �collisionless� plateau transport regimes described here. Due

to momentum conservation by collisions, collisional torque s
(c)
pϕ provides no contribution to

the total torque that is of main interest here, which is not ensured by the simple Krook

model. This is the case, in particular, for the ion component in the simple plasma where

momentum is largely conserved within this component. Thus, when computing particle �ux

density in this case, one should keep in mind that direct computation of Γ from the quasi-

linear equation provides a di�erent result as compared to such computation through TNA
ϕ

via the �ux force relation with no collisional torque s
(c)
pϕ ,

TNA
ϕ = −eα

c

√
gBϑΓ = −eα

c

dψpol

dr
Γ. (13)

Since TNA
ϕ is not a�ected by details of the collision model, this more appropriate de�nition

of Γ is assumed below unless otherwise mentioned.

Further steps are standard for quasilinear theory in action-angle variables12. One presents

the Hamiltonian and the distribution function as a sum of the unperturbed part depending
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on actions only and a perturbation with zero average over canonical angles, H(θ,J) =

H0(J)+δH(θ,J) and f(θ,J) = f0(J)+δf(θ,J), respectively and expands the perturbations

into a Fourier series over canonical angles,

δH(θ,J) =
∑
m

Hm(J)eimkθ
k

, δf(θ,J) =
∑
m

fm(J)eimkθ
k

, (14)

where sums exclude m = (0, 0, 0) term. By using a Krook collision term with in�nitesimal

collisionality, L̂cf = −νδf → 0, the amplitudes of the perturbed distribution function from

the linear order equation follow as

{δf,H0}+ {f0, δH}+ νδf =
∑
m

((
imkΩ

k + ν
)
fm − iHmmk

∂f0

∂Jk

)
eimkθ

k

= 0. (15)

Here, Ωk = ∂H/∂Jk are canonical frequencies, and the time derivative has been omitted as

small compared to all canonical frequencies in case of quasi-static perturbations of interest

here. A quasilinear equation is obtained by retaining only secular, angle-independent terms

in the second order equation,

∂f0

∂t
+ {δf, δH} =

∂f0

∂t
−
∑
m

mk
∂Qm

∂Jk
= 0, (16)

where the over-line stands for the average over the angles, and

Qm = Qm(J) =
π

2
|Hm|2δ(mjΩ

j)mk
∂f0

∂Jk
(17)

contains a resonance condition in the argument of a delta function that follows from the

limit ν → 0. The knowledge of fm is already su�cient for the evaluation of torque densities

from Eq. (11) where the derivative over ϕ is equivalent to a derivative over the canonical

toroidal phase θ3,

TNA
ϕ = −m3

S

∫
d3θ

∫
d3Jδ(r − rc)

∑
m

Qm, (18)

and of the particle �ux from (9)

ΓF = − 1

S

∫
d3θ

∫
d3Jδ(r − rc)

∑
m

mk
∂rc
∂Jk

Qm, (19)

which is distinguished here from (13) by subscript F . Alternatively the same expressions are

obtained computing the conservation laws using the quasilinear equation (16) as a starting

point13. If the collision model does not conserve the parallel momentum such as e.g. the
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Krook model, direct calculations of the torque in terms of viscosity2 and calculation of the

torque through particle �ux3 using the force-�ux relation (13) may lead to di�erent results.

This di�erence, however, is negligible in resonant transport regimes where details of the

collision model are not important, and collisionality can be treated as in�nitesimal.

III. TOKAMAK WITH IDEAL NON-AXISYMMETRIC QUASI-STATIC PER-

TURBATIONS

A. Canonical Hamiltonian variables for perturbed equilibria

Often in quasilinear theory in action-angle variables, both, the unperturbed and perturbed

Hamiltonian correspond to physically possible motion with separation of the unperturbed

electromagnetic �eld and its perturbation in real space. However, there is no mathematical

need to do so. In particular, if the perturbed equilibrium is ideal such that it can be described

in �ux coordinates, it is more convenient to restrict the perturbations only to those quantities

in the Hamiltonian which violate the axial symmetry. In case of Boozer coordinates and also

in many cases described in Hamada coordinates the only important quantity is the magnetic

�eld module which is generally adopted for the construction of perturbation theory for NTV

models2�5,10. Thus the guiding center Lagrangian23 is transformed here to �ux coordinates

x = (r, ϑ, ϕ) as a starting point,

L = mαv‖hrṙ + (mαv‖hϑ +
eα
c
Aϑ)ϑ̇+ (mαv‖hϕ +

eα
c
Aϕ)ϕ̇+ J⊥φ̇−H, (20)

where lower subscripts denote covariant components (in particular, Aϑ = Aϑ(r) = ψtor is

the covariant poloidal component of the vector potential, which is equal to the normalized

toroidal �ux and Ar = 0), h = B/B is the unit vector along the magnetic �eld, v‖ is the

parallel velocity, J⊥ = mαv
2
⊥/(2ωc) is the perpendicular adiabatic invariant with v⊥ and ωc

being the perpendicular velocity and cyclotron frequency, respectively, φ is the gyrophase and

the Hamiltonian is given explicitly below in Eq. (26). The canonical form of the Lagrangian

is obtained by transforming the toroidal angle ϕ to

ϕH = ϕ−
cmαv‖hr
eαA′ϕ

, (21)
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where the prime stands for a radial derivative. Omitting a total time derivative, the La-

grangian transforms to

L = pϑϑ̇+ pϕϕ̇H + J⊥φ̇−H +
cm2

αv‖hϕ
eα

d

dt

(
v‖hr
A′ϕ

)
, (22)

where

pϑ = mαv‖hϑ(x) +
eα
c
Aϑ(r), pϕ = mαv‖hϕ(x) +

eα
c
Aϕ(r) (23)

are canonical momenta in guiding center approximation, and the last term is of the next

order in ρ‖ = v‖/ωc and should therefore be neglected. Transformation (21) a�ects only a

small non-axisymmetric part of the �eld and is di�erent from the one of Refs.19,20 where

the poloidal angle ϑ is modi�ed instead. Alternatively, for collisionless transport regimes of

interest here, one can simply ignore the covariant magnetic �eld component Br because it

does not contribute to the radial guiding center velocity, and its contribution to the rotation

velocity vanishes on a time scale larger than bounce time.

Since the momenta are the independent variables, Eq. (23) should be regarded as a de�nition

of r and v‖. For the construction of perturbation theory in Boozer coordinates being the

main choice here, the last quantity is rede�ned via the unperturbed parallel velocity v0‖ as

follows,

v‖ = v0‖
B(x)

B0(r, ϑ)
(24)

where subscript 0 corresponds to the axisymmetric part of the respective quantity. Due

to such rede�nition, r and v0‖ do not depend on the toroidal angle ϕ because in Boozer

coordinates this dependence vanishes in both expressions in (23) due to hϑ,ϕ = Bϑ,ϕ(r)/B(x).

For the comparison with the results obtained in Hamada coordinates for the superbanana-

plateau regime, which is a resonant regime described by the bounce-averaged equation, the

de�nition of the unperturbed parallel velocity is opposite to (24), v‖ = v0‖B0/B. With this

rede�nition, angular covariant components of h in (24) are transformed within linear order

in the perturbation �eld as follows,

Bhk = B0h0k +
∂δχ

∂xk
− h0kh

j
0

∂δχ

∂xj
, k = 2, 3, (25)

where δχ is the non-axisymmetric perturbation of a function χ which enters the de�nition

of co-variant magnetic �eld components in Hamada coordinates Bk via their �ux surface

averages B̄k = B̄k(r), with Bk = B̄k + ∂χ/∂xk. Terms with δχ, whose contribution in (25)
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is orthogonal to the unperturbed magnetic �eld, can be simply ignored in bounce-averaged

regimes because they do not contribute to bounce averaged velocity components.

Thus, the Hamiltonian is expanded in Boozer coordinates up to a linear order in the per-

turbation �eld amplitude as follows,

H = ωcJ⊥ +
mαv

2
‖

2
+ eαΦ =

B

B0

ωc0J⊥ +
B2

B2
0

mαv
2
0‖

2
+ eαΦ ≈ H0 + δH, (26)

where Φ = Φ(r) is the electrostatic potential,

H0 = ωc0J⊥ +
mαv

2
0‖

2
+ eαΦ, δH =

(
ωc0J⊥ +mαv

2
0‖
) δB
B0

. (27)

The Hamiltonian perturbation δH in Hamada coordinates di�ers from (27) by the opposite

sign of the second term in the parentheses, mαv
2
0‖. This term is usually ignored in tokamaks

with large aspect ratio A because for trapped and barely trapped particles which are mainly

contributing to NTV at small Mach numbers (at sub-sonic toroidal rotation velocities) it

scales to the �rst term as 1/A.

B. Action-angle variables in the axisymmetric tokamak

Since this subsection deals only with unperturbed motion corresponding to H = H0, the

subscript 0 is dropped on all quantities here which are strictly axisymmetric. Here it is

convenient to replace the toroidal momentum pϕ, which is now a conserved quantity, by

another invariant of motion rϕ which describes the banana tip radius for trapped particles13

and is implicitly de�ned via
eα
c
Aϕ(rϕ) = pϕ. (28)

Expanding the vector potential components in (23) over r − rϕ up to the linear order and

using A′ϑ/A
′
ϕ = −dψtor/dψpol = −q, the poloidal momentum is approximated by

pϑ =
eα
c
Aϑ +

mαv‖
hϑ

. (29)

In the above formula and in the remaining derivation, all quantities are evaluated at r = rϕ if

not noted otherwise. In this approximation it is possible to express derivatives with respect

to pϕ by radial derivatives. The poloidal action is de�ned for trapped (δt−p = 0) and passing

(δt−p = 1) particles by

Jϑ =
1

2π

∮
dϑpϑ =

eα
c
Aϑδt−p + J‖. (30)
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The �rst term cancels when integrating back and forth between the turning points of a

trapped orbit. The parallel adiabatic invariant may be written as a bounce average,

J‖ =
mατb
2π

〈
v2
‖
〉
b
, (31)

with bounce time τb, orbit time τ and bounce averaging 〈a(ϑ)〉b de�ned by

τb =

∮
dl

v‖
=

∮
dϑ

v‖hϑ
, (32)

τ(ϑ0, ϑorb) =

∫ ϑorb

ϑ0

dϑ

v‖hϑ
, (33)

〈a(ϑ)〉b =
1

τb

∮
dϑ

v‖hϑ
a(ϑ) =

1

τb

∫ τb

0

dτ a(ϑorb(ϑ0, τ)). (34)

Here a(ϑ) is any function of the poloidal angle and integrals of motion (J⊥, H0, sϕ) and

ϑorb(ϑ0, τ) is the (periodic) solution of the unperturbed guiding center equations (the orbit)

starting at the magnetic �eld minimum point ϑ0. Finally, we arrive at the expressions for

the three canonical actions in a tokamak12,

J1 = J⊥ =
mαc

e
µ,

J2 = Jϑ =
eα
c
Aϑδt−p +

mατb
2π

〈
v2
‖
〉
b
,

J3 = pϕ = mαv‖hϕ +
eα
c
Aϕ, (35)

where µ denotes the magnetic moment. Canonical frequencies Ωk = ∂H/∂Jk are

Ω1 = 〈ωc〉b , Ω2 = ωb, Ω3 = qωbδt−p +
〈
vϕg
〉
b
, (36)

where the bounce frequency ωb = 2π/τb is strictly positive for trapped particles, whereas for

passing particles it can take both, positive and negative values. The bounce average of the

toroidal precession frequency vϕg due to the cross-�eld drift is separated in two parts,

〈
vϕg
〉
b
≡ Ωt =

〈
v‖

ωc
√
g

∂

∂r

( v‖
hϑ

)〉
b

= 〈ΩtE〉b + 〈ΩtB〉b . (37)

Here, bounce averages of electric drift frequency ΩtE and magnetic drift frequency ΩtB are

〈ΩtE〉b = ΩtE = − c

ψ′pol

∂Φ

∂r
,

〈ΩtB〉b =
v2

ψ′pol

〈
−2− ηB

2ωc

∂B

∂r
+

1− ηB
ωc

hϑ
(
∂Bϑ

∂r
+ q

∂Bϕ

∂r
+Bϕ

dq

dr

)〉
b

, (38)
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with equilibrium potential Φ, and velocity space parameterized by velocity module v and

the parameter η = v2
⊥/(v

2B) = 2eαJ⊥/(cm
2
αv

2). Comparison of magnetic rotation frequency

〈ΩtB〉b given by Eq. (38) with the expression obtained by bounce averaging of Eq. (67) of

Ref. 5 one can notice the absence in the latter expression of a term Bϕq
′(r) describing the

magnetic shear. This results from using the local neoclassical ansatz as a starting point in the

linearized equation for the non-Maxwellian perturbation of the distribution function where

the radial derivative of this perturbation is ignored. This local ansatz is the standard method

in drift kinetic equation solvers in general 3D toroidal geometries24,25 and is justi�ed in most

transport regimes, but not in resonant regimes, where magnetic drift plays a signi�cant role.

As shown in the example below, the shear term may lead to a signi�cant modi�cation of

the superbanana resonance condition. This term is retained if linearization is applied after

bounce-averaging the kinetic equation10.

The canonical angles in the leading order follow as

θ1 = φ−∆φ(θ2,J), θ2 = Ω2τ, θ3 = ϕH + qθ2δt−p − qϑorb(ϑ0, τ), (39)

where ∆φ is a periodic function of the canonical poloidal variable θ2. Since according to (39)

φ and ϕH di�er from the respective canonical angles θ1 and θ3 by additional terms depending

on θ2 only and ϑ depends only on θ2, the spectrum am in canonical angles of a function

given by a single harmonic (l,n) of the original angles φ, ϕ,

a(φ, ϑ, ϕ) = aln(ϑ)ei(lφ+nϕ) =
∑
m

ame
imkθ

k

, (40)

contains non-zero contributions only from canonical modes with m1 = l and m3 = n. In

particular, for the gyroaverage 〈a〉g described by the harmonic l = 0 of function a, one

obtains to the leading order in ρ‖

am =
〈
a0n(ϑ)einqϑ−i(m2+nqδt−p)ωbτ

〉
b
, (41)

where m = (0,m2, n).

IV. NEOCLASSICAL TOROIDAL VISCOUS TORQUE AND RELATED RADIAL

TRANSPORT

For NTV applications, where the perturbed Hamiltonian (27) is independent of gyrophase,

only harmonics with �rst canonical mode number m1 = 0 can contribute to ful�ll the
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resonance condition inside the δ distribution of Eq. (17), and the latter is reduced to

mjΩ
j = 0 → (m2 + nqδt−p)ωb + nΩt = 0. (42)

This equation includes all regimes of interest here: The superbanana-plateau resonance is

described by the condition m2 = 0 for trapped particles. For passing particles, m2 = 0

corresponds to a transit resonance. This is the only resonance remaining in the in�nite

aspect ratio limit, where it reduces to the usual Cherenkov (TTMP) resonance. Finite mode

numbers m2 correspond to bounce and bounce-transit resonances for trapped and passing

particles, respectively. Resonances where both, parallel motion and cross-�eld drift deter-

mine the resonance condition, i.e. all resonances except the superbanana-plateau resonance

are mentioned below as �drift-orbit� resonances.

Due to the properties of the spectrum (40), which follow from the axial symmetry of the

unperturbed �eld, separate toroidal harmonics of perturbation Hamiltonian produce inde-

pendent contributions to the torque and particle �ux density. Therefore it is su�cient to

assume the perturbation �eld δB in (27) in the form of a single toroidal harmonic,

δB = Re(Bn(ϑ)einϕ). (43)

Making use of Eq. (41), the associated modes of the Hamiltonian perturbation result in

Hm =

〈(
mαv

2
0‖(ϑ) +

eα
mαc

J⊥B0(ϑ)

)
Bn(ϑ)

B0(ϑ)
einqϑ−i(m2+nqδt−p)ωbτ

〉
b

. (44)

For small enough perturbations, which are considered here, quasilinear e�ects are weak and

thus f0 is close to a drifting Maxwellian,

f0 =
nα

(2πmαTα)3/2
e(eαΦ−H0)/Tα , (45)

with parameters depending on rϕ but not r. This Maxwellian di�ers from a local Maxwellian

by linear terms in ρ‖, which, as shown below, provide negligible contributions in resonant

regimes with quasi-static perturbations. When substituting (45) in (17) one can notice that

only derivatives of the parameters over rϕ provide non-zero contributions in presence of

resonance condition,

δ(mjΩ
j)mk

∂f0

∂Jk
= −δ(mjΩ

j)
nc(A1 + A2u

2)

eα

dr

dψpol

f0, (46)

12



where u = v/vT is the velocity module v normalized by the thermal velocity vT =
√

2Tα/mα

and

A1 =
1

nα

∂nα
∂r

+
eα
Tα

∂Φ

∂r
− 3

2Tα

∂Tα
∂r

, A2 =
1

Tα

∂Tα
∂r

, (47)

are the thermodynamic forces which are evaluated at r = rϕ. For any function F of actions

expressed in the form F = F (H0, J⊥, pϕ), only the derivative over pϕ remains in expressions

such as (46) because the derivative over J1 enters with factor m1 = 0 only, and the derivative

overH0 enters with factormkΩ
k which is zero due to the resonance condition (42) (the energy

is preserved for static perturbations). Therefore the contribution of the linear correction in

ρ‖ to the unperturbed distribution function which depends also on J⊥ would contribute

in (46) only in the form of its derivative over rϕ which is of higher order in ρ‖ than such a

derivative of the Maxwellian retained in (46). In the expression for the torque density (18)

one can ignore �nite Larmor radius e�ects together with �nite orbit width e�ects in rc in

the argument of the δ-function by setting rc ≈ rϕ. Then an integration over J3 = pϕ results

in a replacement of rϕ by r in the subintegrand, and the integration over canonical angles is

simply replaced by a factor 8π3. Changing the integration variables of the remaining integral

over J1 and J2 to v and η and transforming the resulting TNA
ϕ to a particle �ux density using

the �ux-force relation (13) results in

Γ =
2π2nm3

αc

eαS

∫ ∞
0

dv v3

∫ 1/Bmin

0

dητb
∑
m2

Qm. (48)

Substituting Qm in (48) explicitly and using the representation of Γ in terms of thermody-

namic forces (47), Γ = −nα(D11A1 +D12A2), resonant transport coe�cients follow as

D1k =
π3/2n2c2vT

e2
αS

dr

dψpol

∫ ∞
0

du u3e−u
2
∑
m2

∑
res

(
τb|Hm|2

∣∣∣∣m2
∂ωb
∂η

+ n
∂Ω3

∂η

∣∣∣∣−1
)
η=ηres

wk,

(49)

where w1 = 1 for D11 and w2 = u2 for D12, respectively. In this expression the δ term inside

Qm has been evaluated with respect to η, and ηres are (generally multiple) roots of Eq. (42).

In the direct de�nition of the �ux (19) one can, again, replace rc by rϕ in the argument of

the δ-function. Using the same arguments as in (46) for ignoring the linear order term in

ρ‖ inside f0, one can ignore the di�erence between rc and rϕ in the derivative mk∂rc/∂Jk.

Then ΓF given by (19) leads to a result identical to (48).

As mentioned above, the Hamiltonian approach includes all quasilinear resonant transport

regimes in a uni�ed form where these regimes correspond to di�erent resonances (42). In
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particular the expression for the contribution of the m2 = 0 resonance for trapped particles

corresponds to the superbanana-plateau regime and di�ers from such a result of Ref. 10

only in notation. The results for drift-orbit resonances m2 6= 0 mostly agree with Ref. 2 up

to simpli�cations of the magnetic �eld geometry and the neglected magnetic drift in this

reference. Di�erences appear only in resonant contribution of passing particles on irrational

�ux surfaces arising from the representation in Eqs. (37) and (38) of Ref. 2 of an aperiodic

function by a Fourier series.

V. NUMERICAL IMPLEMENTATION AND RESULTS

In the scope of this work the coe�cients (49) are computed numerically in the newly devel-

oped code NEO-RT for the general case of a perturbed tokamak magnetic �eld speci�ed in

Boozer coordinates. Bounce averages are performed via numerical time integration of zero

order guiding center orbits as speci�ed in (41). An e�cient numerical procedure for �nding

the roots in Eq. (42) is realized using the scalings

ωb = uω̄b(η), (50)

〈ΩtB〉b = u2Ω̄tB(η). (51)

Normalized frequencies ω̄b and Ω̄tB (relatively smooth functions) are precomputed on an

adaptive η-grid and interpolated via cubic splines in later calculations.

For testing and benchmarking, a tokamak con�guration with circular concentric �ux surfaces

and safety factor shown in Fig. 1 is used (the same as in Ref. 5) and results are compared

to calculations from the NEO-2 code. The perturbation �eld amplitude in Eq. (44) is taken

in the form of Boozer harmonics

Bn(ϑ) = εMB0(ϑ)eimϑ. (52)

Two kinds of perturbations are considered here: a large scale perturbation with (m,n) =

(0, 3) referred below as �RMP-like case� because of the toroidal wavenumber typical for per-

turbations produced by ELM mitigation coils, and a short scale perturbation with (m,n) =

(0, 18) typical for the toroidal �eld (TF) ripple. The remaining parameters are chosen to

be representative for a realistic medium-sized tokamak con�guration. In the plots, trans-

port coe�cients D1k are normalized by (formally in�nitesimal) ε2
M times the mono-energetic
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plateau value

Dp =
πqv3

T

16R ω̄2
c

, (53)

where R is the major radius, and the reference gyrofrequency ω̄c is given by the (0, 0)

harmonic of ωc. Radial dependencies are represented by the �ux surface aspect ratio A =

(ψator/ψtor)
1/2R/a of the current �ux surface where a is the minor radius of the outermost

�ux surface and ψator the toroidal magnetic �ux at this surface. The radial electric �eld

magnitude is given in terms of the toroidal Mach number Mt ≡ RΩtE/vT . In all plots there

are at least 4 data points between subsequent markers.

Fig. 1 shows the radial dependence of the transport coe�cient D11 in the superbanana

plateau regime for the RMP-like perturbation for both positive and negative radial electric

�eld. For this benchmarking case the relation between toroidal precession frequencies due

to the E × B drift, ΩtE, and due to the magnetic drift ΩtB, has been �xed by setting the

reference toroidal magnetic drift frequency Ωref
tB ≡ cTα/(eαψ

a
tor) (not the actual ΩtB) equal

to ΩtE. Additional curves are shown for calculations where the magnetic shear term (dq/dr)

in Eq. (38) has been neglected. The results are compared to the analytical formula for the

large aspect ratio limit by Shaing9. Resonance lines in velocity space are plotted below

the radial pro�les for a �ux surface relatively close to the axis (A = 10) and one further

outwards (A = 5). Here ∆η̄ = (η − ηtp)/(ηdt − ηtp) is the distance to the trapped passing

boundary ηtp normalized to the trapped region between trapped-passing boundary ηtp and

deeply trapped ηdt. For �ux surfaces with A > 10 magnetic shear plays a small role due

to the �at safety factor pro�le in the present �eld con�guration: The di�usion coe�cient

D11 is nearly identical to the result without shear and stays close to the analytical result

for the large aspect ratio limit. For aspect ratio A = 10, the agreement between NEO-2

calculations and large aspect ratio limit of Ref. 9 has been demonstrated earlier in Ref. 5.

At larger radii, where the q pro�le becomes steep, a signi�cant deviation between the cases

with and without magnetic shear term is visible. This can be explained by the strong shift

of the resonance lines due to the shear term in the rotation frequency ΩtB that is visible in

lower plots. For both signs of the electric �eld, the resonant ηres is closer to the trapped

passing boundary when shear is included.

In Figs. 2-3 the radial electric �eld dependence of non-ambipolar transport induced by drift-

orbit resonances with magnetic drift neglected (ΩtB set to zero) is pictured. Here, several
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Figure 1. Radial dependence of superbanana plateau D11 in the RMP case for Mach number

Mt = 0.036 (left) and −0.036 (right). Comparison of Hamiltonian approach (NEO-RT) to analytical

formula by Shaing9 (solid line). Results with (�) and without magnetic shear (�) in the magnetic

drift frequency (38). A safety factor pro�le (dash-dotted) is shown on the second axis of the upper

right plot. The lower plots show resonance lines ranging from deeply trapped (∆η̄ = 0) to trapped

passing boundary (∆η̄ = 1) at �ux surfaces of aspect ratio A = 5 (solid) and A = 10 (dashed).

canonical modes m2 contribute for both, trapped and passing particles.

In Fig. 2 the Mach number dependence of transport coe�cient D11 and the ratio D12/D11 is

plotted for this regime for an RMP-like perturbation (n = 3). NEO-2 calculations shown for

the comparison have been performed at rather low collisionality (see the caption) character-

ized by the parameter ν∗ = 2νqR/vT where ν is the collision frequency. In addition, also the

curves with the sum of di�usion coe�cients in the collisional ν −
√
ν regime from the joint

formula of Shaing4 and resonant contributions from the Hamiltonian approach are shown.
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Figure 2. Drift-orbit resonances with neglected magnetic drift: Mach number dependence of D11

(left) and the ratio D12/D11 (right) for an RMP-like perturbation at A = 10. Comparison of

Hamiltonian approach (�), sum of Hamiltonian results and ν −
√
ν regime by Shaing4 (�), and

results from NEO-2 at collisionality ν? = 3 · 10−4 (solid line).

ForMt < 0.02, in contrast to the superbanana plateau regime, collisionless transport is small

compared to collisional e�ects. Between Mt = 0.02 and 0.04 the sum of Hamiltonian and

ν −
√
ν results for D11 is clearly below NEO-2 values. The reason for this are contributions

near the trapped passing boundary, which are illustrated in Fig. 3 at Mt = 0.028. There

the integrand in Eq. (49) for the mode m2 with the strongest contribution is shown together

with the resonance line in velocity space. For Mt > 0.04 there is a close match between the

results with slightly lower D11 values from NEO-2 due to remaining collisionality e�ects.

Fig. 4 shows the Mach number dependence of D11 as well as D12/D11 for a toroidal �eld

ripple (n = 18) together with the analytical ripple plateau value26 and results for �nite

collisionality from NEO-2. At low Mach numbers Mt < 0.01 collisional e�ects are again

dominant. A resonance peak of passing particles is visible for D12/D11 at Mt = 2.8 · 10−3.

In the intermediate region between Mt = 0.01 and 0.05 oscillations due to trapped particle

resonances are shifted and reduced in the collisional case. ForMt > 0.05 Hamiltonian results

converge towards the ripple plateau. A small deviation of NEO-2 values for D11, which is of

the order of Mach number is caused by the low Mach number approximation used in NEO-2.

Finally, in Fig. 5 the Mach number dependence of D11 for the RMP case is plotted for

both, positive and negative Mach numbers for �nite toroidal precession frequency due to

the magnetic drift ΩtB. To set the scaling with respect to ΩtE, the reference magnetic drift
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Figure 3. Drift-orbit resonances, RMP at A = 10 with Mt = 0.028. Dependence of the subinte-

grands in Eq. (49) on the normalized velocity u for the dominant mode (solid line) of passing (left,

m2 = −3) and trapped particles (right, m2 = −1) and resonance lines for these modes (�, right

axis). Signi�cant contributions are visible where the resonance is close to the trapped passing

boundary ηtp = 4.6 · 10−5.
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Figure 4. Mach number dependence of transport coe�cients of drift-orbit resonances for a toroidal

�eld ripple at A = 10. Comparison between Hamiltonian approach (�), ripple plateau (dashed) and

NEO-2 at collisionality ν? = 10−3 (solid line).

frequency de�ned above is �xed by RΩref
tB/vT = 3.6 · 10−2. In this case all resonance types

contribute to transport coe�cients. Due to the �nite magnetic drift, the Mach number

dependence is not symmetric anymore. If shear is neglected in Eq. (38), the superbanana

plateau is centered around slightly negative values of the electric �eld, and magnetic drift
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Figure 5. Mach number dependence of D11 for RMP at A = 5 with shear term included (left)

and neglected (right) in Eq. (38). Total resonant transport (�) and contributions by drift-orbit

resonances with �nite magnetic drift and excluding superbanana plateau (�). Comparison to drift-

orbit resonances with ΩtB set to zero (solid line).

induces some deviation from the idealized case without magnetic drift. In the case with

included shear superbanana plateau, contributions for positive Mach numbers vanish and a

large deviation from the case without magnetic drift is visible also for drift-orbit resonances.

VI. CONCLUSION

In this article, a method for the calculation of the toroidal torque in low-collisional resonant

transport regimes due to non-axisymmetric perturbations in tokamaks based on a quasilin-

ear Hamiltonian approach has been presented. This approach leads to a uni�ed description

of all those regimes including superbanana plateau and drift-orbit resonances without sim-

pli�cations of the device geometry. Magnetic drift e�ects including non-local magnetic shear

contributions are consistently taken into account. An e�cient numerical treatment is possi-

ble by pre-computation of frequencies appearing in the resonance condition.

The analytical expressions for the transport coe�cients obtained within the Hamiltonian

formalism agree with the corresponding expressions obtained earlier for particular resonant

regimes within the validity domains of those results. In particular, the agreement with

formulas for the superbanana plateau regime, which have been updated recently for a general

tokamak geometry in Ref. 10, is exact. Minor inconsistencies in the treatment of passing
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particles have been found (see section IV) in comparison to the analytical formulas for

bounce-transit resonances of Ref. 2.

Results from the newly developed code NEO-RT based on the presented Hamiltonian ap-

proach agree well with the results from the NEO-2 code at relatively high Mach numbers

where �nite collisionality e�ects are small (Mt > 0.04 in the examples here). At these

Mach numbers, both approaches also reproduce the analytical result for the ripple plateau

regime26 well. At intermediate Mach numbers 0.02 < Mt < 0.04 which correspond to the

transition between the ν −
√
ν regime and resonant di�usion regime, the combined torque

of ν −
√
ν regime and resonant di�usion regime does not reach the numerical values cal-

culated by NEO-2 even at very low collisionalities due to the contribution of the resonant

phase space region very close to the trapped-passing boundary. Collisional boundary layer

analysis is required in addition to obtain more accurate results in these regions.

Within the Hamiltonian approach, which is non-local by its nature, i.e. it does not use

truncated �local� orbits which stay on magnetic �ux surfaces, an additional term describing

the in�uence of magnetic shear that is absent in the standard local neoclassical ansatz

naturally arises in the resonance condition. This term signi�cantly increases the asymmetry

of the superbanana plateau resonance with respect to the toroidal Mach numbers of E×B

rotation and may even eliminate this resonance for a given Mach number sign (at positive

Mach numbers in the examples here). This shear term has been included into analytical

treatment recently10 but was absent in earlier approximate formulas4,9. This could be a

possible reason for the discrepancy with the non-local δf Monte Carlo approach observed

in Ref. 27.

Magnetic shear can also have a strong in�uence on drift-orbit (bounce and bounce-transit)

resonances. A comparison between the results in this regime with neglected magnetic drift

and results including magnetic drift shows a strong discrepancy, especially if magnetic shear

is considered. Therefore, for an accurate evaluation of NTV torque in low-collisional resonant

transport regimes it is necessary to consider magnetic drift including magnetic shear in

the resonance condition. This is especially important for modern tokamaks with poloidal

divertors where magnetic shear is high at the plasma edge where the main part of the NTV

torque is produced.

It should be noted that benchmarking with NEO-2 performed in this work resulted in im-

provement of the analytical quasilinear approach5 used in NEO-2 as well as in the numerical
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treatment. In particular, the use of compactly supported basis functions28 for the discretiza-

tion of the energy dependence of the distribution function instead of global Laguerre poly-

nomials used in earlier NEO-2 versions allowed to obtain correct results also at high Mach

numbers with rather low collisionality where the global basis resulted in arti�cial oscillations

of the di�usion coe�cients with Mach number. In addition, the standard local neoclassical

approach used in Ref. 5 for the derivation of quasilinear equations has been generalized to

a non-local approach where the e�ect of magnetic shear is treated appropriately. Details of

the derivation will be published in a separate paper. NEO-2 results for NTV in an ASDEX

Upgrade equilibrium from both, local and non-local approach are shown and compared in

Ref. 11.
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