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The impact of equilibrium helical flows on the stability properties in low-shear tokamak plasmas is assessed.
The corrections due to such helical flow to the equilibrium profiles (mass density, pressure, Shafranov shift,
magnetic fluxes) are computed rigourously by minimising order by order the generalised Grad-Shafranov equa-
tion. By applying the same minimisation procedure, a set of three coupled equations, suitable for the study of
magnetohydrodynamic perturbation localised within core or edge transport barriers is derived in circular toka-
mak geometry. These equations are then used to analyse the stability of infernal modes localised within the edge
pedestal transport barrier.

Tokamak H-mode configurations are characterised by an
enhanced energy confinement time which makes this opera-
tion regime the reference one for the next generation toka-
maks. H-mode tokamak plasmas are characterised by strong
edge pressure gradients (due to both temperature and density),
which favour the formation of short wavelength modes called
Edge Localised Modes (ELMs) [1]. These events are of ex-
treme concern because high energy and particle loads are de-
posited on the plasma facing components (in particular the di-
vertor target plate). Thus in the last decades an increasing in-
terest grew on the development of techniques able to mitigate
or entirely suppress ELMs. ELM control has been achieved
by acting on the plasma externally by applying, e.g. resonant
magnetic perturbations [2] or by injecting pellets [3]. Since
all these (active) techniques involve an external action, recent
studies focussed on the possibility of the existence of naturally
ELM free high performance scenarios (passive ELM control).

One of these intrinsically ELM-free operating scenarios is
the so called quiescent high confinement (QH) regime [4, 5].
QH plasmas operate at low edge collisionality (ν∗ < 0.3 [6])
and are characterised by large edge pressure gradients (edge
transport barrier, with also a discrete core transport barrier [7])
and high energy confinement time, features typical of the stan-
dard H-mode regime, but without the dangerous presence of
ELMs. Indeed it has been observed [6, 8, 9] that ELMs are
replaced by a new kind of instability called edge harmonic
oscillation (EHO). Interestingly EHOs are always observed
during the QH-mode operation [4, 6, 9, 10]. Such instabili-
ties are low-n (e.g. n = 1,m = 4, 5 while ELMs in contrast
are characterised by large n values) magnetohydrodynamic
(MHD) oscillations whose associated energy loads on the ma-
terials facing the plasma are much lower compared to regimes
where ELMs are present. Indeed the edge particle transport is
enhanced by EHOs, and this allows a steady density control
and ash removal without the impulsive energy bursts typical
of ELMs [6, 11].

A possible candidate for the explanation of the appearance
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of these perturbations could be kink-peeling (KP) modes. KP
modes are perturbations localised near the plasma edge driven
by the combined action of current gradients (kink part) and
edge pressure gradients (ballooning part) [12]. A mainly cur-
rent driven KP mode is dominated by a single Fourier har-
monic. If the edge pressure gradient is increased, due to
poloidal coupling a larger number of sideband harmonics ac-
companying the dominant mode can be excited. If the pres-
sure gradient is increased further eventually a ballooning-like
behaviour is expected. Linear and nonlinear simulations of
QH-mode DIII-D plasma discharges with ideal and resistive
wall boundary conditions showed that KP modes can develop,
allowing low-n modes (n = 1, 2) to saturate forming three di-
mensional stationary equilibria. Although moderately large-
n KP modes are the most unstable during the linear phase,
their nonlinear interplay allows low-n harmonics to be dom-
inant during the nonlinear stage [13]. It has also been re-
cently discovered that equilibrium E × B flows favour the
growth of low-n modes, while short wavelength harmonics
are damped [14, 15]. Three dimensional free boundary MHD
equilibria simulations of JET-like plasmas, with a locally flat
safety factor computed consistently with the associated pres-
sure gradients, recovered edge saturated ideal KP structures
(driven mainly by non axisymmetric components of the par-
allel current density) [16, 17] which lead to a dominant n = 1
corrugated boundary.

In the low collisionality regime, large bootstrap contribu-
tions may rise in the region of large pressure gradients. Hav-
ing large bootstrap contributions causes in turn a plateau in the
safety factor q profile (this in particular can occur in proxim-
ity of the plasma boundary if strong edge transport barriers are
present). In these conditions, i.e. large pressure gradients and
q flat over and extended region, it is likely that infernal-type
instabilities may develop. Infernal modes are characterised by
a toroidicity induced (due to pressure gradients) coupling be-
tween neighbouring Fourier harmonics, so that the fluid per-
turbation is characterised by a main mode of poloidal mode
number m accompanied by its m ± 1 sidebands. Indeed recent
numerical studies of low-n MHD modes in the QH-mode with
a plateau in q near the edge, corresponding to the peak of the
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bootstrap current, have been found to have infernal-like fea-
tures [18–20]. In addition, the linear and nonlinear stability
analysis of DIII-D QH-mode discharges affected by the pres-
ence of EHOs (low-n, with m = 3, 4, 5 located close to the
edge) showed resemblance to infernal type perturbations [21].
It is also interesting to note that in absence ofE×B flows, the
linear growth rate increases linearly with the toroidal number
n [13–15, 19], a feature which is typical of infernal modes.

Thus the main aim of this work is to extend the analysis pre-
sented in Refs. [22, 23], with the additional ingredient of an
equilibrium helical flow, investigating, in particular, the effect
of its equilibrium poloidal component on the stability proper-
ties of MHD modes. The key ingredient for our analysis is the
presence of a local flattening of the safety factor, in proxim-
ity of a rational surface. At this region, supposed sufficiently
narrow, the presence of sufficiently strong pressure gradients
allows mode coupling. Hence the first objective of our analy-
sis is derive a set of MHD equations in weak shear and strong
pressure gradients with the inclusion of equilibrium helical
flows, suitable for the analysis of transport barriers, either
internal (ITB) or at the edge (ETB) where strong density or
temperature (or both) gradients are expected. Thus the analy-
sis of the perturbation behaviour is split into two regions, one
in which the magnetic shear is large and the Fourier modes
behave independently and a weak shear region in which an
infernal-type coupling, i.e. only between neighbouring side-
bands, occurs. The resulting equations are then employed
for analysing the behaviour of low-n (n ∼ 1) pressure driven
MHD modes either in the core plasma (ITB) or at the edge
(ETB). Matching conditions for the fluid displacements at the
boundaries of the weak shear region (either at the edge for
ETBs or within the plasma for ITBs) determine the perturba-
tion behaviour, i.e. it is specified whether we are analysing
ETBs or ITBs. The procedure yields eventually a dispersion
relation which is then used to compute the growth rate, iden-
tifying stable (or unstable) parameters domain.

Hence the paper is organised as follows. Section I de-
scribes the geometry considered and the physical model em-
ployed. The profiles of the equilibrium quantities (i.e. mag-
netic fluxes, mass density, pressure etc.) are rigorously de-
rived by solving the force balance equation in presence of he-
lical flows. The resulting expressions for the plasma shaping
factors and the related metric tensor coefficients are then eval-
uated. Section II is devoted to the derivation of the equations
for the perturbation. The mode spectrum of the perturbation
assumes the presence of a main mode of helicity m/n accom-
panied by neighbouring sidebands m± 1 and m± 2. The anal-
ysis, carried out within the Frieman-Rotenberg framework,
consists in minimising order by order the appropriate projec-
tions of the momentum equation. This eventually yields a set
of three coupled differential equations with an infernal struc-
ture (i.e. inertia enters only in the equation for the dominant
mode over a fairly extended region). A discussion their valid-
ity on the applicability to our problem is given. In section III
the eigensolutions for three Fourier harmonics (i.e. the m and
m±1 modes) are solved for a particular choice of safety factor
and pressure profiles, focussing in particular to edge transport
barriers (i.e. pedestal relevant configurations). The boundary

conditions at the plasma frontier are left unspecified, so that
the treatment can be generalised to different configurations.
Nevertheless the crucial stabilising influence of the sheared
poloidal flow is well established in the two different regimes
of highly localised low-m and short wavelength (i.e. large m)
perturbations. Finally the findings of this work and future out-
look are summarised in section IV. The appendices provide
the exact expressions to higher orders of the metric tensor and
a detailed derivation of the dispersion relation when the ap-
proach described in the body of the paper is applied to assess
the MHD stability of internal transport barriers.

I. PHYSICAL MODEL AND EQUILIBRIUM

We analyse a large aspect ratio tokamak configuration of
major and minor radii R0 and a respectively (ε = a/R0 � 1)
with shifted circular toroidal surfaces. We use a coordinate
system (r, θ, ϕ) where r is a flux label with the dimensions
of length, θ and ϕ are the poloidal and toroidal angles re-
spectively (the parametrisation of the flux surfaces will be de-
scribed later). The contravariant and covariant basis vectors
are denoted respectively by (∇r,∇θ,∇ϕ) and (er, eθ, eϕ).
At the equilibrium a strong toroidal field (BT ) and a smaller
poloidal field (BP) with BP/BT ∼ O(ε) are assumed. The ratio
of the kinetic pressure over the magnetic pressure is assumed
small, i.e. β = p/B2

T = β ∼ O(ε2) where p is the pressure.
The stability analysis is based on the single fluid ideal MHD
equations [24, 25]:

ρ [∂tv + v ·∇v] = −∇p + J ×B, (1)
E + v ×B = 0, (2)

∂t p + v ·∇p + Γp∇ · v = 0, (3)
∂tρ + ∇ · (ρv) = 0, (4)
∂tS + v ·∇S = 0, (5)

p = S (r)ρΓ (6)

where v is the plasma MHD velocity, ρ the mass density, p the
plasma pressure, J = ∇×B (having normalised µ0 = 1), Γ is
the adiabatic index and E the electric field. The quantity S is
related to the specific entropy and the last expression of the set
above is the equation of state. In the following section, the ex-
pressions of the various equilibrium quantities are calculated,
providing a complete characterisation of the equilibrium.

A. Equilibrium profiles

Let us now set ourselves at the equilibrium and analyse the
set of the equations (1)-(6) in axisymmetric tokamak geome-
try. In addition to the shape of the zeroth orders of the total
helical MHD flow, the equilibrium is specified by imposing
two additional external functions: in our case the zeroth or-
ders plasma pressure and toroidal current. We denote equi-
librium quantities with the subscript eq. For a generic equi-
librium scalar quantity Geq we set ∂tGeq = 0 and because of
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Figure 1. Example of edge toroidal (Ω) and poloidal (Ωp) flow
profiles and the resulting equilibrium (covariant) radial electric field,
for a negative (a) and positive (b) Ωp with a flat q = 3.5 (the magnetic
field on the axis B0 has been normalised to unity). Note that in this
example the toroidal flow is taken with positive sign. If the sign of Ω

is flipped, we must swap Er between (a) and (b) changing its sign.

axisymmetry, we have also ∂ϕGeq = 0. The magnetic field in
the plasma is represented as [26]:

Beq = T∇ϕ −∇ψeq ×∇ϕ, (7)

where ψeq = ψeq(r) so that we immediately have that Br
eq = 0

(we use the notation B2
eq = BθeqBθeq + BϕeqBϕeq). By writing

Eeq = −∇Φ where Φ is the electrostatic potential, from the
projection of the Ohm’s law alongBeq we have that Φ is a flux
function. Assuming an equilibrium flow veq of order ε with
respect to the Alfvén frequency ωA(= B0/(R0

√
ρeq), where

B0 is the value of the magnetic field on the axis), the projec-
tion of (2) along the covariant poloidal and toroidal directions
gives vr

eq = 0 (i.e. no equilibrium flow across the magnetic
surfaces). Equation (4), which at equilibrium is written as
∇ · (ρeqveq) = 0, after introducing an appropriate generic flux
function A eventually yields:

vϑeq = Bθeq
A(r)
ρeq

.

Thus after inserting the equation above in the covariant radial
projection of (2) we get:

vϕeq = Ω(r) + Bϕeq
A(r)
ρeq

,

where Ω(r) is an arbitrary flux function. Hence the expression
for the equilibrium flow is given by [25]:

veq = R2Ω∇ϕ +Beq
A(r)
ρeq

. (8)

We shall introduce the quantity Ωp = A(r)B0/(ρ0R0), which
represents the poloidal rotation frequency (in our assumptions
Ω ∼ Ωp). Focussing on the edge region an example of the
equilibrium helical flow (both toroidal and poloidal compo-
nents) and the associated electric field computed by Eq. (2) is
shown in figure 1 (an example of the shape of the edge radial
electric field can be found in Refs. [6, 27]).

Using the expression above in equation (5) gives S eq =

S eq(r). From the covariant toroidal projection of (1) we ob-
tain:

T =
1

1 − A2/ρeq

[
F(r) + R2AΩ

]
, (9)

with F(r) being an arbitrary flux function of order 1/ε to be
determined. Finally the poloidal covariant projection of the
equilibrium momentum equation, by means of (6), provides
the equation for the density, i.e.:

1
2

(
BeqA
ρeq

)2

−
1
2

R2Ω2 +
Γ

Γ − 1
S eqρ

Γ−1
eq = H(r), (10)

where H(r) is an arbitrary function. From (9) and (10), it
is immediate to recognise that ρ (and thus p) and T are, in
general, functions both of the radial and poloidal variables.
In order to determine the expressions for the mass density
and the covariant toroidal field, we first parametrise in the
(r, θ, ϕ) coordinate system the flux surfaces by approximat-
ing R = R0 + r cos θ and Z = r sin θ: these are used to
compute the leading order expressions of the metric tensor,
which read grr = 1, gθθ = r2, grθ = 0 and

√
g = rR0. The

mass density profile is written as a power series in ε, viz.
ρeq = ρ0(r) + ερ1(r, ϑ) + . . .. By performing an ε expansion
of equation (9), it is easy to see that the first three ε-terms of
F are flux quantities, thus we write F = R0B0(1 +O(ε2)) (this
approximation will be checked a posteriori). Plugging these
quantities in the θ derivative of (10) and performing a series
expansion in ε (similarly to what has been done in Ref. [28]
though with slightly different results) we obtain the expression
for the first order correction to the mass density, namely:

ρ1

ρ0
=

r
R0

 Ω2 + Ω2
p

Γω2
Aβ0 −Ω2

p

 cos θ, (11)

where β0 = p0/B2
0 with p0 = S eqρ

Γ
0 which is an externally

imposed function which, among with the total current distri-
bution, determines the equilibrium profiles and plasma shap-
ing (we point out that the Alfvén frequency is function of
the minor radius through the equilibrium mass density). In-

troducing the Mach numbers M2
T = Ω2

Γω2
Aβ0

and M2
p =

ΓΩ2
p

ω2
Aβ0

,
the first order correction to the mass density becomes ρ1 =
ρ0r
R0

(
M2

T +M2
p

1−M2
p

)
cos θ. A singularity in the density profile (shock)

appears whenMp = 1 [25, 28], hence we assume in our anal-
ysis to operate always withMp < 1 (below the shock bound-
ary). For sake of clarity for the calculations presented in Sec.

II we write ρ1 =
ρ0r
R0

f cos θ with f =

(
M2

T +M2
p

1−M2
p

)
.

To next order the mass density correction is written as ρ2
ρ0

=

ε2
(
ga(r) + gb(r) cos2 θ

)
. Analogously, by employing (6) we

can express the equilibrium pressure as a powers series in ε,
i.e. peq = p0 + εp1 + . . ., where p0 has been defined above
and:

p1

p0
=

Γρ1

ρ0
, (12)

p2

p0
= ε2

(
fa(r) + fb(r) cos2 θ

)
. (13)

The exact expressions of the flux functions ga,b(r) and fa,b(r)
do not play any role in the following analysis, and therefore
they are not given.
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We shall refer to the covariant radial component of (1) as
the generalised Grad-Shafranov (GS) equation (in absence of
helical flows this corresponds to the GS equation given in,
e.g., Ref. [29]). We introduce the following parametrisation
of the flux surfaces [29, 30]:

R = R0 + r cos θ − ∆ − E cos θ − P cos θ, (14)
Z = r sin θ + E sin θ − P sin θ, (15)

where ∆(r) ∼ aε is the Shafranov shift, E is the elongation
function with E ∼ aε2 and P ∼ aε2 is a convenient flux re-
labelling function. Note that triangularity effects have been
neglected and the analysis is performed in a nearly circular
geometry (i.e. small elongation). The equilibrium poloidal
flux is expanded in an ε series according to ψeq = ψ0 + εψ1 +

ε2ψ2 . . ., while F = R0B0(1 + ε2F2 + . . .). The GS equation is
formally written as:

∞∑
n=0

εnUn = 0.

The parameters of the ε series expansion of the equilibrium
quantities (i.e. ψeq, ∆, etc.) are found by setting to zero order
by order the quantitiesUn. The first two orders are vanishing,
namelyU0 = U1 = 0. We introduce the safety factor function
q defined as:

q =
1

2π

∫ 2π

0
dθ

Bϕeq

Bθeq
.

This function, which is a supposed given parameter of the
equilibrium, is related to the total toroidal current density. The
rotational transform is defined as µ = 1/q. From the definition
above we immediately have ψ0 = rB0/q and ψ1 = 0. Choos-
ing the following form for P [29, 30]:

P =
r∆

2R0
+

r3

8R2
0

, (16)

the expression for ψ2 is then determined (although not used
afterwards). Minimising the next order (U2 = 0) we obtain
the leading order expression for F = R0B0(1 + F2):

F = R0B0

[
1 −

p0

B2
0

−
Ω2

p

ω2
A

−
ΩΩp

ω2
A

−

∫
dr

r
R2

0

(
2 − ŝ

q2

) ]
,

with ŝ = rq′/q. Proceeding further with the minimisation
it is possible to show that the next order correction to F is
vanishing (viz. F3 = 0). By minimising the cos θ component
ofU3 we obtain the equation for the Shafranov shift:

∆′′ +

(
3
r
−

2q′

q

)
∆′ −

1
R0

+
2rR0 p′

Ω

(ψ′0)2 = 0 (17)

with pΩ = p0[1 + ( Ω+Ωp

ωA
)2/(2p0)]. Note that the magnetic axis

shift is enhanced by the centrifugal effect of the total velocity
in the toroidal direction, which contains both Ω and Ωp con-
tributions. Finally U4 = 0 provides an expression for ψ3 and
E both of which do not play a role in the following analysis.

The flux surfaces parametrisation is completely determined
by Eqs. (16) and (17) and by the function E (although not
explicitly determined). Hence in the following section the ex-
pression for the metric tensor is derived.

B. Metric tensor

We introduce a straight field line coordinate system (r, ϑ, ϕ)
where r and ϕ are the flux label and toroidal angle already de-
fined in the previous section, while ϑ is the poloidal-like an-
gular variable which allows to ”straighten” the magnetic field.
In such a coordinate system the ratio Bϕeq/Bϑeq is a flux func-
tion. The straightened angle is related to the one given in the
parametrisation (14) and (15) by the following relation:

θ = ϑ − λ1(r, ϑ) − λ2(r, ϑ) + . . . ,

where λn(∼ εn) are periodic functions of their angular variable
which are determined by setting to zero the oscillating part of
Bϕeq/Bϑeq. Hence the first two orders give:

λ1 = −

(
r

R0
+ ∆′

)
sinϑ,

λ2 = −

 r2

2R2
0

+ (∆′)2 +
3r

2R0
∆′ + E′ −

E
r

 sin 2ϑ
2

.

Using the expressions above the metric tensor elements, de-
fined as gi j = ∂iR∂ jR + ∂iZ∂ jZ, are readily computed to or-
der ε2 (below we explicitly write only the first order contribu-
tions):

grr = 1 − 2∆′ cosϑ + g11,

grϑ = r
(

r
R0

+ ∆′ + r∆′′
)

sinϑ + g12,

gϑϑ = r2 + 2r2
(

r
R0

+ ∆′
)

cosϑ + g22,

gϕϕ = R2
0(1 + 2r

R0
cosϑ) + g33,

1
√

g
=

1
rR0

(1 − 2r
R0

cosϑ) + J2,

(18)

where g11, g12, g22, g33, J2 are order ε2 corrections whose ex-
pressions are reported in appendix A. Hence helical flow cor-
rections enter in the metric tensor through the enhance Shafra-
nov shift. We point out that the ε2 corrections to gi j, required
in the calculation of the Jacobian, are necessary to obtain the
right expressions in the following analysis (i.e. the Christoffel
symbols). This is discussed in the next section.

II. STABILITY ANALYSIS

In this section we show the derivation for low frequency
MHD modes, specifying afterwards the analysis to low-shear
configurations. A strict aspect ratio expansion is performed
similarly to previous works [31, 32], which are extended by
the inclusion of poloidal flow effects. The new difficulty in our
calculation arises due the presence of the poloidal flow which
is a function both of the radial and angular variables (cf. (8)).
A great deal of algebra is required for the following derivation,
in which the approach of a rigorous direct expansion in the
inverse aspect ratio is employed, thus we perform the analysis
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helped by computer-aided algebra tools. Eventually a rather
simple set of equation can be derived and simplified further
invoking robust physical arguments.

Hereafter for sake of simplicity the equilibrium flow, mass
density and magnetic fields are denoted by v, ρ and B re-
spectively. Following [33], we introduce the Lagrangian fluid
displacement ξ defined by:

ṽ = ∂tξ + v ·∇ξ − ξ ·∇v,

where v is the equilibrium helical flow given by equation (8).
The perturbation ξ is assumed to have a time dependence of
the type exp(−iωt) where in general ω is complex. Hence by
expressing ρ̃ and B̃ as function of ξ, the Frieman-Rotenberg
eigenvalue equation for the mode frequency ω is derived [31,
32]:

ρω2ξ+2iρωv ·∇ξ − ρv ·∇[v ·∇ξ] + ∇ · [ρξ(v ·∇)v]+
∇ (φ +B ·Q) +B ·∇Q +Q ·∇B = 0, (19)

where φ = ξ ·∇p + Γp∇ · ξ andQ = ∇ × (ξ ×B) represent
respectively the perturbed pressure and magnetic field contri-
butions. The term δp = Γp∇ · ξ represents the compressible
contribution to the perturbed pressure. Terms of the form ∇A
are evaluated by using the Christoffel symbols, namely (here
x = r, ϑ, ϕ) [26]: (

∂A

∂xk

)
j
=
∂A j

∂xk − Γi
jkAi,

Γi
jk =

gim

2

[
∂gm j

∂xk +
∂gmk

∂x j −
∂g jk

∂xm

]
,

where the Einstein summation rule has been implicitly used.
We may formally rewrite equation (19) conveniently nor-
malised with respect to the Alfvén frequency as:

K(ξ) = 0. (20)

We point out that the advantage of the Frieman-Rotenberg ap-
proach to the stability is the fact that all the perturbed quanti-
ties are written explicitly as function of the Lagrangian fluid
displacement, thus allowing a direct expansion in terms of ξ
(contrarily to the Eulerian approach in which, e.g., the per-
turbed magnetic field has implicit dependencies). This is par-
ticularly useful when equilibrium quantities depend upon the
angular variable.

We assume that ω ∼ Ω ∼ Ωp ∼ εωA and q ∼ 1. In addition
we suppose that the perturbations analysed have poloidal and
toroidal wave numbers of order unity. Applying the infernal
model, a dominant mode of helicity m/n is assumed accom-
panied by its neighbouring m ± 1 and m ± 2 sidebands. Thus
according to Ref. [31] the Lagrangian fluid displacement ξ is
expanded as follows:

ξr =(ξr
m + ε2ξ̂r

m)ei(mϑ−nϕ) + ε
∑

m′=±1

ξr
m+m′e

i[(m+m′)ϑ−nϕ]+

ε2
∑

m′=±2

ξr
m+m′e

i[(m+m′)ϑ−nϕ].

Analogous expressions are employed for the ϑ and ϕ compo-
nents of ξ. The procedure to obtain the eigemode equation for
the radial displacement ξr

m is described by the following steps:
(i) first the eϑ and eϕ projections of (19) are employed to spec-
ify ξϑ,ϕ

`
and ξ̂r

m in terms of ξr
` , (ii) the m± 1 components of the

projection along
√

gB of (19) [34] provide an expression for
the compressible-like contribution of the perturbed pressure
(viz. the term Γp∇ · ξ) which in turn yields the 2q2 Glasser-
Greene-Johnson inertia enhancement factor [35], (iii) finally
by applying the operator [34, 36]

L̂ =
√

g∇ϕ ·∇ × 1
Bϕ

on (19) and selecting the m and m± 1 components we eventu-
ally obtain the complete set of coupled eigenvalue equations
which will be used for the derivation of the dispersion relation.

The two leading orders (viz. ε0 and ε) of the covariant ϕ
projection of (20) (Kϕ = 0), regardless the strength of the
magnetic shear, yield:

ξϑ` =
i

r`
(rξr

`)
′ + µξ

ϕ
`
, ` = m,m ± 1. (21)

A similar expression to the equation above is obtained for the
m ± 2 Lagrangian displacement by expanding further in ε the
equation Kϕ = 0 and selecting the m ± 2 Fourier mode. By
taking the ε2 order of the mth component of Kϑ and Kϕ we
obtain two equations involving ξr,ϑ

m and ξ̂r,ϑ,ϕ
m . It is possible to

show that by combining these two expressions, a single equa-
tion for ξϕm as function of ξr

m can be obtained. This leads to:

ξ
ϕ
m = 0, (22)

which together with (21) yields the usual perpendicular in-
compressibility condition. Hence inserting the expressions
for the leading orders of the perturbed Lagrangian fluid dis-
placement into the contravariant toroidal component of the
perturbed magnetic field we obtain (B0 denotes the valued of
the magnetic field on the axis):

Qϕ =
rB0

R3
0

ei(mϑ−nϕ)
[

n
m (µ − n

m )r
dξr

m

dr
+

ξr
m(2µ2 − n2

m2 −
n
mµ +

R2
0

r
β′0 − µ

2 ŝ)
]

+ O(ε4). (23)

We stress the point that to this order no assumptions on the
weakness (or strength) of the magnetic shear have been intro-
duced, apart the usual condition that it does not exceed the ε0

order.
Thus now we shall divide the analysis of Eq. (19) into two

regions, one which is characterised by a magnetic shear of or-
der of unity (sheared region), and the other in which rq′ ∼ ε
(weak-shear region). We point out that the equilibrium flow,
with the ordering adopted in our analysis, has an apprecia-
ble effect only where the field line bending contribution is
small. Therefore before proceeding further with the deriva-
tion of the stability equations in the weak shear region which
turn out to require a great deal of algebra we shall focus for
the moment on the high shear region, in which the derivation
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of the eigenmode equations is simpler. Indeed if rq′ ∼ 1 (i.e.
in the sheared region), due to the large magnetic shear and
sufficiently weak pressure gradients (which are supposed to
be localised within the low-shear region), mode coupling is
prevented so that different Fourier harmonics behave indepen-
dently. Moreover equilibrium flows effects are negligible, en-
tering only in the definition of the Lagrangian displacement.
Thus it is immediate to see that the leading contribution in
(19) is due to the field line bending (J ×B) term, so that we
write:

∇(B ·Q) +B ·∇Q +Q ·∇B = 0.

By applying the operator L̂ on the equation above and se-
lecting a generic Fourier mode `, after some straightforward
algebra the perturbation behaves according to the following
expression [37]:

d
dr

[
r3(`µ − n)2 dξr

`

dr

]
− r(m2 − 1)(`µ − n)2ξr

` = 0. (24)

We now focus our analysis in the region where the safety
factor is constant close to a rational number, i.e. q = m

n − δq
with δq/q ∼ ε. It will be shown later that the derivation of the
eigenmode equation for ξr

m requires the calculation of the m±1
component of the compressible part of the perturbed pressure,
namely δpm±1. First we note that equation (23) reduces to:

Qϕ
m =

B0

R0
β′0ξ

r
m,

while higher order harmonics to the perturbed toroidal mag-
netic field are negligible. By means of (11) and (12) it fol-
lows that (p∇ · ξ)m±1 = p0(∇ · ξ)m±1, having used (21) for
the main harmonic m. Hence using again the perpendicular
incompressibility condition , i.e. Eq. (21) but this time speci-
fied for the m±1 modes, and exploiting the angular oscillation
of the Jacobian (cf. (18)) the following expression is straight-
forwardly derived:

(p∇ · ξ)m±1 = ±p0

[
i

n
m
ξ
ϕ
m±1 −

1
mR0

(
r

dξr
m

dr
+ (1 ∓ m)ξr

m

)]
.

(25)
Thus from the equation above it is clear that an expression
for the perturbed sideband toroidal displacement is needed.
This is computed by projecting (20) along the equilibrium
magnetic field and multiplying the result by

√
g [34] (mul-

tiplying by the Jacobian is convenient because of the relation
(
√

gB ·∇)` = irB0(`µ − n)). Eventually we obtain:

r(nΩp ∓ mωD)2ξ
ϕ
m±1

ω2
Am2

± iΓ
nr
m

( p
B2

0
∇ · ξ)m±1 =

±
ir(Ω + Ωp)[2mωD ± n(Ω −Ωp)]

2R0ω
2
Am2

[
r

dξr
m

dr
+ (1 ∓ m)ξr

m

]
,

(26)

where ωD = ω + nΩ. Thus by combining (25) and (26) we
finally obtain an expression for the parallel (i.e. in the ∇ϕ

direction) Lagrangian fluid displacement of the sideband har-
monics:

ξ
ϕ
m±1 = −

i
R0

nΓp0 ± (Ω + Ωp)[mωD ± n(Ω −Ωp)/2]
n2Γp0 − (nΩp ∓ mωD)2 ×

×

(
r

dξr
m

dr
+ (1 ∓ m)ξr

m

)
. (27)

We point out that setting Ωp = 0, the expression above re-
covers the result for ξϕm ± 1 obtained in Ref. [32]. We now
proceed with the derivation of the eigenmode equations for
ξr

m,m±1.
By applying the operator L̂ on (20) we explicitly obtain:

−
√

g∇ϕ ·∇ ×
(
W

Bϕ

)
= [1/Bϕ, φ]

+
√

g
(
B ·∇ J̃ϕ

Bϕ
+Q ·∇ Jϕ

Bϕ
− J ·∇Qϕ

Bϕ

)
, (28)

having introduced the notation [a, b] = ∂ra∂ϑb − ∂ϑa∂rb and
J̃ϕ = 1

√
g (∂rQϑ − ∂ϑQr) with (cf. (19)):

W = ρω2ξ+ 2iρωv ·∇ξ−ρv ·∇[v ·∇ξ] +∇ · [ρξ(v ·∇)v].

Equation (28) is the standard vorticity equation (see e.g. [34])
augmented by the helical flow terms. By selecting respec-
tively the m and m±1 components, the corresponding coupled
equations for the fluid displacements are obtained. These are
derived in the next two subsections.

A. Harmonic m

Focussing on the mth harmonic of Eq. (28), a surprisingly
long but straightforward manipulation gives (for sake of sim-
plicity we assume that all the frequencies are normalised wrt
ωA, i.e. (ω,Ω,ΩA)→ (ω,Ω,ΩA)/ωA):

d
dr

[
r
(
A+ξ

ϕ
m+1 − A−ξ

ϕ
m−1

)]
+ m(A+ξ

ϕ
m+1 + A−ξ

ϕ
m−1)

− {
√

g[1/Bϕ0 ,Γp∇ · ξ]}m =
i

mR0

{
1
r

d
dr

(
r3A0

dξr
m

dr

)
+ [(1 − m2)(A0 + rΞ′) + r{ω2 + 2nω(Ω + Ωp)}′

+ 2rp′Ω(n2 − m2) +
2m4R2

0

n2 (p′Ω)2]ξr
m

+ m2R0 p′Ω

 r−m−1(rm+2ξr
m+1)′

1 + m
+

rm−1(r−m+2ξr
m−1)′

1 − m

 }, (29)

with Ξ = (1 +
f
2 )(Ω2

p −Ω2) − Γp0 f , where we defined:

A0 = ω2
D + Ξ − n2

(
δq
q

)2

,

A± =
(
Ω + Ωp

) [
ωD ∓

n
2m

(
Ωp −Ω

)]
.

Note that the lhs of (29) depends on the contravariant ϕ projec-
tion of the sidebands displacements which can be eliminated
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by employing Eq. (27). Eventually we obtain the following
equation for the main harmonic perturbation:

1
r

(
r3Q

dξr
m

dr

)
− (m2 − 1)Qξr

m + r
[

i
mR0
{Ξ + ω2 + 2nω(Ω + Ωp)

+ 2Γp0} +
nΓp0

m {g+(1 − m) + g−(1 + m)} + {B+(1 − m)

− B−(1 + m)}
]′
ξr

m +

(
2ir

mR0
p′Ω(n2 − m2) +

2im3R0

n
(p′Ω)2

)
ξr

m

+ imp′Ω

 r−m−1(rm+2ξr
m+1)′

1 + m
+

rm−1(r−m+2ξr
m−1)′

1 − m

 = 0, (30)

where we defined the following quantities:

Q =
iA0
mR0
−

Γp0
m

[
2i/R0 + n(g+ + g−) − (B+ − B−)

]
,

g± = −
i(nΓp0 ± mA±)/R0

[n2Γp0 − (mωD ∓Ωp)2]
,

B± = g±A±.

Equation (30) is the general eigenmode equation for the har-
monic m, comprising coupling with the neighbouring side-
bands, with the effects of helical flows. Note that to this order,
both the toroidal and poloidal Mach numbers are assumed to
be of the order of unity (with the constraint that Mp < 1 to
avoid shocks in the equilibrium density).

in order to have a simple analytic tractable model, the equa-
tion above can be further simplified by assuming that the fre-
quencies associated with the equilibrium flow are sufficiently
small compared to the sound speed (low-frequency limit), i.e.
we let the Mach numbers to be small which is in accordance
with experimental measurements. This is achieved by taking
the limit Γ→ ∞. We may also assume that the flow enhance-
ment of the pressure term can be neglected so that we shall
approximate pΩ → p0. Thus by introducing the poloidal and
toroidal rotation frequencies VP = Ωp and VT = Ω + Ωp and
restoring the Alfvén frequency ωA = B0/(R0

√
ρ) (we stress

the point that the equilibrium mass density profile ρ depends
upon r), in the limit the large sound speed to leading order in
1/Γ we obtain:

d
dr

(
r3Q̂1

dξr
m

dr

)
− r

[
(m2 − 1)Q̂1 + rQ̂′2 +

r
R0
α(1 − 1

q2 )

+
α2

2

]
ξr

m +
α

2

 r−m(r2+mξr
m+1)′

1 + m
+

rm(r2−mξr
m−1)′

1 − m

 = 0,

(31)

where Q̂1 =
(
δq
q

)2
−

(ω+nVT−mVP)2(1+2q2)
n2ω2

A
, Q̂2 = [ω2(1 + 2q2) +

2nωVT ]/(n2ω2
A) and α = 2q2R0 p′0. In the next subsection we

will derive the equations for ξr
m±1 which are required to close

the expression above.

B. Harmonics m ± 1

The derivation of the sideband equations is simpler, because
of the large parallel wave vector (i.e. (m ± 1)µ − n ∼ 1) which

dominates over the inertial contribution. The helical flow ef-
fects in the m ± 1 components of (28) enter only through a
pressure enhancement factor which however can be dropped
in the limit of large sound speed (viz. small Mach numbers).
Hence the structure of the sideband equations is exactly the
same as the one in Ref. [38]:[

r−1∓2m
(
r2±mξr

m±1

)′]′
=

1 ± m
2

[
r∓mαξr

m
]′
. (32)

In case of stronger flows, the equation for the sideband har-
monics maintains the same structure of the expression above,
where we only have to operate the substitution α→ αΩ.

Eventually the set of equations (24), (31) and (32) will
be used in following section for the study of the stability of
infernal-like perturbations in the edge pedestal (transport bar-
rier) region. Although these are rather simplified (in particu-
lar concerning the strength of the helical flow) they are suffi-
ciently general to provide a dispersion relation which can be
used in a rather broad region in the parameters space. These
equation are also suitable for the analysis of core transport
barriers and this is reported in appendix B.

III. EDGE INFERNAL MODE ANALYSIS (ETB) WITH A
SHEARED HELICAL FLOW

In this section we analyse the stability properties against in-
fernal modes of a configuration which presents a flattening of
the safety factor near the plasma edge (viz. occurring in the
region r∗ < r < a where r∗ is near the plasma boundary). We
refer to the flat q region as the weak shear region. We also
assume in this region the presence of strong pressure gradi-
ents. For sake of simplicity the pressure profile is chosen to
be step-like, decreasing abruptly to zero at the middle point
of the weak shear region (i.e. at rp = r∗+a

2 ). Note that al-
though we consider a case for which α ∼ 1, we nevertheless
assume that the strong pressure gradient region is sufficiently
narrow so that we can employ the expression of the metric
tensor computed in the low β case (cf. (18)), and hence we
can use Eqs. (31) and (32).

A similar configuration has been extensively analysed in
Refs. [22, 23], here however the new ingredient entering in
the following analysis is the presence of a sheared poloidal
flow. We shall start the analysis by writing the eigenmode
equations of the fluid displacement ξ for the main and side-
band harmonics. Focussing first on the sidebands, integration
of equation (32) yields:

L± = r−1∓2m
(
r2±mX±

)′
−

1 ± m
2

αr∓mξr
m. (33)

This equation is then plugged into (31) which yields [38–40]:

d
dr

(
r3Q̂1

dξr
m

dr

)
− r

[
(m2 − 1)Q̂1 + rQ̂′2 +

rα
R0

]
ξr

m

+
α

2

[
r1+mL+

1 + m
+

r1−mL−
1 − m

]
= 0, (34)
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where we have assumed that q2 � 1. The dependence upon
the sideband displacements appears implicitly through the two
constants L±. These are computed by first evaluating (33) at
r∗ and a providing the expression for ξr

m±1 at these two points
respectively, and then integrating (33) from r∗ to a [22]. Even-
tually we obtain:

L±
1 ± m

= r−2∓2m
∗ Λ(±) ×

∫ a

r∗
αr1±mξr

mdr, (35)

where the explicit expression of Λ(±) reads [22]:

Λ(±) =
[2 ± m + C±][2 ± m + B±]

(C± ∓ m)[2 ± m + B±] − (B± ∓ m)[2 ± m + C±]
(

a
r∗

)2±2m ,

with C± =
rdξr

m±1/dr
ξr

m±1

∣∣∣
r∗

and B± =
rdξr

m±1/dr
ξr

m±1

∣∣∣
a.

Therefore in order to compute Λ(±) we have to impose ap-
propriate boundary conditions at r∗ and a for the logarithmic
derivatives of the sidebands displacements. In order to deter-
mine C± we first solve ξr

m±1 in the region 0 < r < r∗ (i.e.
employing (24)) and then we impose smooth matching across
r∗. Boundary conditions at the plasma edge depend on the
plasma/outer world interface, e.g. the position of the wall of
the vessel (including whether it is ideal or resistive), the sep-
aratrix and so on. Once the matching condition at a is given,
the constants L± are completely determined. Since the main
focus of this work is the effect on the stability of the sheared
MHD poloidal flow, which enters only through the inertia of
the main mode in the weak shear region, we may leave the
boundary conditions of the sideband harmonics at the plasma
boundary unspecified letting the analysis to be general. The
expressions for C± and B± in the case of a limited plasma with
an ideal or resistive wall at distance b from the plasma edge
can be found in Refs. [22, 23]. Finally, the solution of (24) for
the mth mode provides the appropriate boundary conditions at
r∗ and a, which read [22]:

ξr
m(r∗) = ξr

m(a) = 0. (36)

The analysis is greatly simplified by choosing step profiles
for equilibrium the mass density, pressure and toroidal flow
which read:

p0(r)/p0(r∗) ∼ ρ(r)/ρ(r∗) ∼ VT (r)/VT (r∗) ∼ θ(rp − r),

where θ(r) is the Heaviside step function of argument r. It is
assumed that the mass density profile is constant all the way
from the magnetic axis to rp. Thus we denote with ω̂A the
value (constant) of the Alfvén frequency on the magnetic axis.

Thus having determined the boundary conditions of the
sideband harmonics at the boundary points of the weak-shear
region, by means of the equilibrium profiles given above
the dispersion relation is found by integrating equation (34)
across rp exploiting singularity in α due to the step in the pres-
sure profile [22]. This procedure yields the following expres-
sion:

rp~Q̂1dξr
m/dr�rp

ξr
m(rp)

+

ω2(1 + 2q2) + 2nωVT

n2ω̂2
A

− β̂


+

β̂2

2ε2
p

(
rp

r∗

)2±2m [
Λ(+) + Λ(−)

]
= 0,

with β̂ = 2p0(r∗)q2/B2
0 and ~(·)�rp = [(·)]rp+δ

rp−δ
with δ → 0

where continuity of ξr
m across rp has been required (this is

easily proved by a double integration firstly generic and then
definite of (34) across rp, i.e. in a neighbourhood of the pres-
sure gradient). It can be shown that within the approximations
employed in solving the dispersion relation, the second term
in the left hand side of the equation above is negligible and
thus it can be neglected. Thus the expression above can be
recast as:

rp~Q̂1dξr
m/dr�rp

ξr
m(rp)

+ Λ = 0, (37)

where Λ =
β̂2

2ε2
p

( rp

r∗

)2±2m [
Λ(+) + Λ(−)

]
measures the strength of

the instability drive.
Hence in order to obtain the dispersion relation it remains

to compute the radial derivatives of the main harmonic on the
left and right of rp. These quantities are obtained by solv-
ing equation (34) separately on the left and on the right of rp
with the requirement of ξr

m being continuous across this point.
In general the factor Q̂1 has a complicated dependence upon
the radial variable through the flow profile, hence a general
exact expression for ξr

m cannot be found. There are however
two cases in which a simple approximated solution for main
harmonic can be found. In the first limit we assume that ra-
dial derivatives of the perturbed fluid displacement are much
larger than m (strong gradient limit). In the second case we
perform a WKB expansion for ξr

m regarding the number 1/m
as a smallness parameter. These two limits are discussed in
the next subsections.

A. Strong gradient limit

In the first case we assume that radial derivative of the per-
turbation are much larger than m, so that exploiting the step-
like behaviour of the pressure profile, from Eq. (34), the re-
sulting equation for ξr

m is:

d
dr

(
Q̂1

dξr
m

dr

)
= 0,

which holds both for r∗ < r < rp and for rp < r < a where
Q̂ has a radial dependence through the poloidal flow VP. We
point out that because of the step-like shape of the mass den-
sity entering in ωA, inertial effects in the equation above en-
ter only for r < rp. We conveniently introduce the variable
x = (r − r∗)/(rp − r∗) − 1, and we choose a poloidal velocity
profile in the region r < rp of the form VP = (1 + x)V̄ (note
that x = −1 for r = rp and x = 1 for r = a). The shape of the
profiles employed in this work are shown in figure 2.

Thus the solution of the equation above with vanishing
boundary conditions at the edge of the weak-shear region
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0 r∗ rp a

V P

ρ, p0, V
T

Figure 2. Example of the shape of the profiles used for the deriva-
tion of the dispersion relation (units are arbitrary). The grey shaded
region is the high shear region.

reads:

ξr
m =C

{
tanh−1

 √
1 + 2q2

nω̂Aδq/q

(
ωD − mV̄(1 + x)

)
− tanh−1

ωD
√

1 + 2q2

nω̂Aδq/q

 }, (38)

for r∗ < r < rp where C is a generic constant, and

ξr
m = C

{
tanh−1

 √
1 + 2q2

nω̂Aδq/q

(
mV̄ − ωD

)
+ tanh−1

ωD
√

1 + 2q2

nω̂Aδq/q

 } (x − 1) , (39)

for rp < r < a. Note that continuity across rp has been de-
manded.

Hence inserting the two expressions above into equation
(37), the dispersion relation can be cast in the following form:

[Z(a1, a2)−1]− [a1−a2]2Z(a1, a2)+
Λ(rp − r∗)/rp

(δq/q)2 = 0 (40)

where a1 =
ωD

√
1+2q2

nω̂Aδq/q
and a2 =

mV̄
√

1+2q2

nω̂Aδq/q
with:

Z(a1, a2) =
a2

[1 − (a1 − a2)2][tanh−1(a1 − a2) − tanh−1(a1)]
.

Generally speaking, equation (40) must be solved numeri-
cally. Nonetheless a rather simple explicit expression for
the growth rate can be obtained by expanding the expression
above to first order in V̄ . Hence we obtain (γD = −iωD):

γ2
D(1 + 2q2)

2n2ω̂2
A

+

(
δq
q

)2

−
(rp − r∗)Λ

2rp
+

imγDV̄(1 + 2q2)
2n2ω̂2

A

= 0,

whose solution reads:

γD

ω̂A
= −imV̄/2 +

√√
2n2

1 + 2q2

 (rp − r∗)Λ
2rp

−

(
δq
q

)2 − (
mV̄
2ω̂A

)2

.

(41)

n
1 2 3 4 5

R
e(

γ
D

ω̂
A
),

I
m
(
γ
D

ω̂
A
)

-0.1

-0.05

0

0.05

0.1

V̄ /ω̂A ≈ 0

n
1 2 3 4 5

R
e(

γ
D

ω̂
A
),

I
m
(
γ
D

ω̂
A
)

-0.1

-0.05

0

0.05

0.1

V̄ /ω̂A = 10−2

(b)(a)

Figure 3. Plot of the growth rates Re(γD) (squares from (40) and
dashed line from (41)) and frequencies Im(γD) (diamonds from (40)
and dot-dashed line from (41)) with q = 4, δq = 0.1 and Λ(rp −

r∗)/rp = 0.015 (supposed constant) for (a) V̄ ≈ 0 and (b) V̄ = 0.01.

The last term in the square root of the expression above pro-
vides the stabilising effect due to the poloidal flow. Since both
the instability drive and the poloidal flow stabilising terms are
increasing increases quadratically in n (and equivalently in m),
we immediately recognise that the stabilisation is ”uniform”
in n, i.e. the stabilising effect enters only through a reduction
of the slope of the growth rate when plotted against n. This
is indeed well shown in Fig. 3, where the growth rates (and
relative frequencies) computed by means of (40) and (41) are
shown.

B. WKB (large m) limit

Analogously to the analysis of the previous section, we
drop in equation (34) the terms proportional to α and Q̂2 (the
latter because is proven to be negligible for localised modes).
For sake of simplicity we rename Q̂1 → Q. Hence the result-
ing equation reads [37]:

1
r

d
dr

[
r3Q

dξr
m

dr

]
− (m2 − 1)Qξr

m = 0. (42)

As before, we point out that inertial effects (i.e. Q) enter only
for r < rp due to the step nature of the density profile. Thus
introducing the smallness parameter δ = 1/m [41], the mode
perturbation is then expanded within the WKB framework as:

ξr
m = exp

1
δ

∞∑
k=0

δkS k(r)

 .
For sake of simplicity we assume that rQ′/Q � 1/δ (a WKB
solution can be obtained for rQ′/Q ∼ 1/δ which however
contains integrals that must be evaluated numerically). Thus
to leading order we have the WKB solution of (42) reads
ξr

m ∝ r±m−1/
√

Q, so that imposing the boundary conditions
given by Eq. (36) the perturbed fluid displacement of the main
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harmonic m is:

ξr
m =



√
Q(r−p )

Q(r)


(

r
r∗

)m−1
−

(
r

r∗

)−m−1( rp

r∗

)m−1
−

( rp

r∗

)−m−1

 , r < rp,


(

r
a

)m−1
−

(
r
a

)−m−1( rp

a

)m−1
−

( rp

a

)−m−1

 , r > rp,

(43)

having normalised ξr
m(rp) = 1.

Choosing a poloidal MHD flow profile of the form VP =(
r∗−r
r∗−rp

)
V̄ (similar to the one used in the previous analysis, see

Fig. 2), we plug (43) into (37) which eventually gives:(
ωD − mV̄

)
ω̂2

A

[(
ωD − mV̄

)
+

mrpV̄
(rp − r∗)G

]
+

n2

(1 + 2q2)

 Λ

2G
−

(
δq
q

)2 = 0, (44)

where we defined [22]:

G = −
rdξr

m/dr
ξr

m

∣∣∣∣
r+

p
=

m − 1 + (m + 1)(r∗/rp)2m

1 − (r∗/rp)2m > 0.

If the weak-shear region width is sufficiently narrow and
m not dramatically large, we may approximate G ≈ 1/(rp −

r∗), hence the growth rate is eventually given by (41) and so
regarding the growth behaviour and the stabilising effect of
the sheared poloidal flow we arrive to the same conclusions
drawn in the previous section (cf. figure 3). If m is increased
and becomes sufficiently large compared to the weak-shear
region width, we may approximate G ∼ m. An immediate
consequence is that for short wavelength modes (i.e. m �
(rp − r∗)/a) the sheared poloidal flow stabilisation effect is
lost as clearly shown in Fig. 4. This is because the mode tends
to become narrower and more localised when m is increased
(cf. (43)), and in doing so the radial perturbation does not
experience anymore the shearing of the poloidal flow, picking
only the flow value at rp.

IV. CONCLUSIONS

The impact of a subsonic helical MHD flow on the linear
stability properties of a tokamak configuration against low-n
perturbations radially localised over an extended weak-shear
region has been assessed. First a Grad-Shafranov like equa-
tion, comprising poloidal and toroidal flow effects, has been
solved by performing an ε expansion of the various equilib-
rium quantities. These have been used to compute the metric
tensor up to order ε2 under the assumption of small magnetic
shear. By employing the infernal model, in which a dominant
Fourier harmonic nearly resonant with the safety factor in the
weak-shear region is coupled with its neighbouring sidebands,
a set of three coupled differential equation has been derived.
These have been obtained by performing a rigorous minimi-
sation in the smallness parameter ε.

n
0 5 10 15 20

ℜ
(γ

D
/ω

A
)

0

0.1

0.2

0.3

0.4

0.5

V̄ /ωA = 0
V̄ /ωA = 2× 10−2

Figure 4. Plot of the growth rates Re(γD) computed from (44) with
q = 4, δq = 0.1, r∗ = 0.9 and Λ/2G = 0.015 (assumed constant)
for two different values of the poloidal flow strength. Note that mod-
ifying the amplitude of V̄ we tune the shearing rate of the poloidal
flow.

These equations have been consequently employed to de-
rive analytically a dispersion relation which is function of
plasma engineering parameters (e.g. q, β, etc.). Although
such a dispersion relation has an implicit dependence upon
the growth rate, a simple expression of the latter can be found
in the limit of either large radial perturbation gradients or suf-
ficiently large poloidal mode numbers. Boundary condition
of the fluid perturbation between plasma and vacuum region
have been left unspecified, so that the analysis can be gener-
alised to various configurations (e.g. plasmas either limited or
with separatrix, etc.). Assuming a constant instability drive,
the results show that in both cases a reduction of the growth
rate (i.e. stabilisation) is expected, although such a stabilis-
ing effect is uniform in n (or equivalently in m), viz. with
a growth rate increasing with n the stabilising contribution
increases with n as well. Moreover for sufficiently large m
(i.e. for short wavelength modes) the stabilising effect of the
sheared poloidal flow is lost and the perturbation experiences
only a Doppler shift in its eigenfrequency. This suggests that
a sheared poloidal alone is not sufficient, with the choice of
the equilibrium profiles used in our analysis, to explain the
complete stabilisation of short wavelength modes found ex-
perimentally.

Hence we infer that an additional physics ingredient which
could have an important role in the determination of the stabil-
ity properties should be the inclusion of finite Larmor radius
effects in the pedestal region. Indeed large pressure gradients
drive strong diamagnetic flows which could compete, in terms
of order of magnitude, with the poloidal MHD flows. Current
research is ongoing and new results will be presented in future
papers.

We also point out that additional shaping effects, such as
plasma elongation, which seems to favour the access to QH-
regimes with edge mild MHD oscillations (namely EHOs),
have been discarded in our analysis. Furthermore we stress
that our model is extremely simplified. Indeed we account
for a coupling of a reduced number of poloidal harmonics (in
the infernal model actually three), whereas multiple poloidal
modes all coupled together should be retained (analogously to
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the ballooning theory). It is however envisaged that this prob-
lem can be tackled only numerically due to the complexity of
the resulting equations. We finally point out that nonlinear dy-
namics may be crucial for the explanation of the appearance
and evolution of such low-n modes, and this could stimulate
the development of a quasi-interchange-like saturation model
based on the work given in [42].
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Appendix A: Second order ε corrections to the metric tensor

In this appendix we report the higher order (to ε2) correc-
tions to the covariant metric tensor (18). We stress the point
that the ε2 expansion of the metric tensor is required to com-
pute correctly the Christoffel symbols which enter in the pro-
jections of the momentum equation used for the eigenmode
analysis. Hence the higher order (∼ ε2) corrections to Eqs.
(18) read:

g11 = − r2

4R2
0
− ∆

R0
+ r∆′

R0
+ 2(∆′)2

−

(
r2

2R2
0

+ 2E′ + 2r
R0

∆′ + (∆′)2
)

cos 2ϑ

+
(

2r2∆′′

R0
+ 2r∆′∆′′ + r2(∆′′)2

)
sin2 ϑ,

g12 =

(
r3

R2
0

+ 9r2

4R0
∆′ + r(∆′)2 + 5r3

4R0
∆′′ + 3

2 r2∆′∆′′

+ 3
2 E + r

2 E′ + r2

2 E′′
)

sin 2ϑ,

g22 = r4

4R2
0
− r2∆

R0
+ r3∆′

R0
+ r2

2 (∆′)2

+

(
3r4

2R2
0

+ 2r2E′ + 4r3

R0
∆′ + 5

2 r2(∆′)2
)

cos 2ϑ,

g33 = − r2

2 − 2R0∆ + 3
2 r2 cos 2ϑ − 2rR0∆′ sin2 ϑ,

J2 = 5r
2R3

0
+ 2∆

rR2
0

+ r
2R3

0
cos 2ϑ + 2∆′

R2
0

sin2 ϑ.

Note that the contravariant coefficients of the metric tensor can
be easily derived to second order from the expressions above.

Appendix B: Core infernal mode analysis (ITB) with constant
flow

In this section we focus on a configuration which presents a
strong pressure gradient in the core plasma within the region
of the safety factor flattening which occurs for r1 < r < r2.

In addition in this region equilibrium mass density, poloidal
and toroidal rotations are assumed constant. This allows to
treat Q as a constant and thus it can be moved outside the
sign of derivation. Note also that no assumptions on the nar-
rowness of the weak shear region are made, so that we may
take the radial derivatives of the perturbation to be of order
of unity. We point out that our analysis is similar to the one
presented in Ref. [39] although in this reference the safety fac-
tor is taken non monotonic while in our analysis q increases
with the minor radius (apart in the weak shear region in which
it is assumed flat). We also allow the displacement for the
main mode to be non top-hat (generally speaking a constant
displacement would be more appropriate if a non monotonic
safety factor drop well below the resonance which is crossed).

The equations that we are employ are (31) and (33) having
set Q̂′2 = 0 and renaming Q̂1 → Q [38–40]. By means of
(33) we can reduce (31) to a form similar to (34) in which
the Mercier contribution is given by rα

R0
(1 − 1/q2). We assume

that α is almost constant in the low shear region, viz. p′0 ∼
const. Defining D(±) = α

2Q
L±

1±m , equation (34) can be cast in
the following form:

d
dr

[
r3 dξr

m

dr

]
+ r

[
(1 − m2) − Ar

]
ξr

m

+D(+)r1+m + D(−)r1−m = 0, (B1)

where A = α/(R0Q)(1 − 1/q2). The solution of the equation
above is:

ξr
m =C1

K2m(%)
r

+ C2
I2m(%)

r
+

1
A [D(+)r−1+m + D(−)r−1−m], (B2)

where K and I are the modified Bessel functions ([43] p. 355)
and % = 2

√
Ar.

The constants L± are given by (35) substituting r∗ → r1 and
a→ r2. Hence the quantities D(±) are conveniently written as

D(±) = Z(±)
∫ r2

r1

r1±mξr
mdr, with Z(±) = r−2∓2m

1

(
α2

2Q

)
Λ(±).

Following the approach adopted in Ref. [40], from the expres-
sions above we can see that D(±) are linear in ξr

m, in particular
we have cD(−)(ξr

m) = D(−)(cξr
m). Therefore we can rescale ξr

m
dividing it by D(+). This leads to:

ξr
m/D

(+) = C1
K2m(%)

r
+ C2

I2m(%)
r

+

1
A [r−1+m + D(−)(ξr

m/D
(+))r−1−m], (B3)

where we operated the substitution C1/D(+) → C1 and
C2/D(+) → C2. Thus we immediately see that (B3) is equiva-
lent to (B2) imposing the integral condition:

D(+) = 1. (B4)

There are four constants to be determined in expression
(B2). The constants of integration C1 and C2 are found by
imposing the boundary conditions for ξr

m at r1 and r2 (viz.
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ξr
m(r1) = ξr

m(r2) = 0). The quantity D(−) is determined by
multiplying (B3) by Z(−) × r1−m and integrating from r1 to r2
(having set D(+) = 1), so that:

D(−) =
Z(−)

∫ r2

r1
(H− + 1/A)dr

1 − Z(−)
∫ r2

r1
r−2mdr

, (B5)

where we introduced the function:

H± = C1r±mK2m(%) + C2r±mI2m(%).

Note that the integrals in the expression above can be easily
evaluated by exploiting the properties of the Bessel functions
(see [43] p. 355) Using again (B2), the dispersion relation
(B4) can be eventually written as:

Z(+)
∫ r2

r1

[
H+ + 1

A (r2m + D(−))
]

dr = 1.

Since the dependence upon the growth rate, contained in Q, is
embedded in the arguments of the Bessel functions, generally
speaking this dispersion relation has to be solved numerically
though some particular cases in which the dependence upon
the growth rate becomes explicit may be identified.
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