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Abstract A quadratic program (QP) with soft inequality constraints with both linear
and quadratic cost on constraint violation can be solved with the dual gradient method
(GM) or the dual fast gradient method (FGM). The way the constraint violation is
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Our novel contribution is obtaining the solution to the soft-constrained QP without
explicitly introducing slack variables. This approach is more efficient than solving
the extended QP with GM or FGM and results in an algorithm very similar to GM
or FGM for the QP in which the soft constraints are replaced with hard ones. The
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1 Introduction

Real-time linear model predictive control (MPC) typically requires solving a con-
vex quadratic program (QP) at every sample (Qin and Badgwell, 2003). In the recent
decade, a number of approaches to online solution of MPC-derived QPs were pro-
posed (Domahidi et al, 2012; Ferreau et al, 2008, 2014; Hartley et al, 2014; Mattin-
gley and Boyd, 2012; Mattingley et al, 2011; Wang and Boyd, 2010) with the aim
of making MPC useful for control of systems with fast dynamics. First-order meth-
ods (Giselsson, 2014a; Giselsson and Boyd, 2015; Kouzoupis, 2014; Patrinos et al,
2015; Richter, 2012) such as the fast gradient method (FGM) are a promising group
of methods for fast MPC. The necessary precision of the solution is low (Mattingley
and Boyd, 2012) so the efficiency of the algorithm is not determined by its conver-
gence rate and first-order methods are competitive. For faster computation, they are
implementable using field-programmable gate arrays (FPGA) (Gerksic et al, 2018),
since the iterations are relatively simple. Their complexity certification possibilities
are good (Richter, 2012). In the presence of state or output constraints, when the pri-
mal form of FGM would require inefficient projections on sets that are not simple,
the dual form of FGM can still be used (Borrelli et al, 2015).

QPs arising from MPC with a hard state or output constraints are not guaranteed
to be feasible (Wang and Boyd, 2010) and may not have an optimum. In this case, it
is still essential to provide acceptable control input (Maciejowski, 2002, Section 3.4;
Mattingley et al, 2011; Qin and Badgwell, 2003). One possibility is mitigating in-
feasibility by softening the state and/or output constraints with slack variables and
augmenting the cost function with penalties on the slack variables, and it is adequate
in many practical control applications (de Oliveira and Biegler, 1994; Zafiriou and
Chiou, 1993; Zheng and Morari, 1995). The augmented QP obtained in this way is
guaranteed to be feasible. By adjusting the penalties on the slack variables, it can be
designed in such a way that its optimum is equal or close to the optimum of the orig-
inal QP when it exists (Hovd and Stoican, 2014; Kerrigan and Maciejowski, 2000).
When the original QP is infeasible, the augmented one behaves in a sensible manner,
e.g. violating softened constraints to a reasonable degree while enforcing physical in-
put constraints that remain hard (Afonso and Galvo, 2012; Zafiriou and Chiou, 1993).
However, the softly constrained QP with slack variables has higher QP dimensions
and is computationally significantly more demanding to solve than the original QP.
Because the slack variables are highly correlated with the state or output variables, the
augmented QP is unsuitable for solving with first-order methods without adaptation
(Jerez et al, 2014).

A solver for the soft-constrained QP that does not use much more resources than
the dual gradient method (GM) or the dual FGM applied to the hard-constrained QP
can be constructed. The solver code generator QPgen (Giselsson, 2014b; Giselsson
and Boyd, 2014) solves the soft-constrained QP with an iteration scheme that is very
similar to dual GM or dual FGM applied to the hard-constrained QP with a modified
proximity operator. However, it is limited to the special case of only linear cost on
the soft constraint violation. Kouzoupis (2014) derives the required modification of
the proximity operator for a form of dual FGM with both linear and quadratic cost
on the soft constraint violation for a sparsely structured QP, where the optimization



Soft Inequality Constraints in Gradient Method 3

vector comprises the control input, the system state and the output with box inequal-
ity constraints, where Lagrange relaxation is used for both equality and inequality
constraints.

Our goal is to efficiently implement soft constraints with linear and quadratic
costs on the constraint violation in the dual GM and the dual FGM algorithm suitable
for use with the condensed formulation as used in QPgen. These algorithms were
found to be well-suited for the implementation of MPC for plasma magnetic control
in tokamak fusion reactors. Real-time MPC in those reactors is challenging because
of fast dynamics, moderately-sized QPs must be solved with relatively low precision
repetitively on a millisecond time-scale (Gerksi¢ and De Tommasi, 2016). While dual
FGM with linear cost on constraint violation is implemented in QPgen, a quadratic
cost term is regarded necessary for the intended application as well. This term allows
for added flexibility as it adds an extra degree of freedom for tuning the closed-
loop system response in the vicinity of the soft constraints (Rao and Rawlings, 1999;
Scokaert and Rawlings, 1999; Zeilinger et al, 2014). Control without the quadratic
term is possible, for example with linear cost, but leads to a different closed-loop
control response. We achieve this goal by modifying the proximity operator, prov-
ing that it gives the expected result, and illustrating it on the AFTI-16 aircraft MPC
benchmark example (Giselsson, 2014a).

The paper is organised as follows. The optimization problem of MPC is described
in Sect. 2. Lagrange duality is introduced and dual GM is defined in Sect. 3. A solu-
tion is proposed in Sect. 4 and the solution is proven in Sect. 5. Finally, the modifica-
tion is applied to dual FGM in Sect. 6 and demonstrated on the example in Sect. 7.

2 MPC Problem description
Consider a discrete time linear system with the dynamics described as
x(t+1)=Ax(r) +Bu(r), (1)

where ¢ is the time index, x € R/ is the system state, u € R/ is the system input, and
the matrices A € R/*/ and B € R/*/ model the dynamics. A quadratic cost function
J is introduced (Giselsson, 2014a) as

1 N—-1

(XN - Xref)T Q (XN - Xref) + 5 Z ((Xk - Xref)T Q (Xk - Xref)
k=0 (2

+ (g — tger) "R (0 — uref)) .

J (X, mg) =

N =

The expressions Xt € R/ and us € R’ are the system state and system input set-
points, x; € R/ and u; € R’ are the state and input values k time steps in the fu-
ture from the current time. The cost matrices Q € R/*/ and R € R*! are posi-
tive definite. The signals are constrained to non-empty polyhedra x € 2", u € %,
where the polyhedra are defined using the constraint matrices C,/ € R?*/, C,/ € R™!
and the constraint vectors b, € RY, b,/ € R" as 2" = {x e R/|C/x b/}, % =
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{ueR/|C/u=b,}. The question of finding the minimizer of the cost for a given
value of x(0) is the QP (Boyd and Vandenberghe, 2004)

minimize J (Xg,ug)
(X0,+- XN U0, UN—1)
subject to X1 = Axy + Bug, 3)
X € ﬁu‘”,uk EU,
x0 =x(0).
By substituting X1, ...,Xy via (1), (3) can be transformed into the condensed QP form
(Wright, 2019)
1
minimize EZTHZ +c'z (4a)
z
subject to Cz=<b (4b)

with the Hessian H € R"*" positive definite, n = IN, the gradient vector ¢ € R", the
constraint matrix C € R™*", m = (q+r)N, the constraint vector b € R”, and the
optimization variable z € R”. The vector z contains the system inputs ug,...,Uy—_1.
A way of transforming the QP from the form (3) into (4) inspired by Ullmann and
Richter (2012) is described in Appendix A.

An optimization problem of the type (4) arising from MPC with hard state con-
straints may be infeasible, a solution may not exist (Wang and Boyd, 2010). In order
to obtain a reasonable controller output in case of infeasibility, the QP is modified in
such a way that its feasibility can be guaranteed. The state constraints are softened
(de Oliveira and Biegler, 1994; Zafiriou and Chiou, 1993; Zheng and Morari, 1995),
resulting in an augmented form

minzigﬁze %zTHz +cTz+ %STWS +w's (5a)
subject to C,z<b,+s, (5b)
Cuz <b,, (5¢)
s~ 0. (5d)

We have split the constraints (4b) into

Cx _ |bs
co[8]. >

so that (5b) describes the system state constraints that are softened and (5c) describes
the system input (actuator) constraints that are hard. The dimensions are C, € R”*",
C, e R(m*”)x”, b, € R?, b, € R"P, where p = gN. The vector s € R? is the vec-
tor of slack variables; the linear cost on the slack vector w € R” only has positive
components; the matrix W € RP*? is diagonal positive semi-definite. If the QP (4)
is feasible, (4) and (5) have the same optimum in z as long as the components of w
are sufficient. The concept is called exact penalty (Hovd and Stoican, 2014; Kerri-
gan and Maciejowski, 2000). If (4) is infeasible, the QP (5) violates the constraints
of (4) in a predictable way that is determined by the choice of w and W. The QP
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(5) is always feasible. Inequality (5c) follows from the definition of the polyhedron
% applied to all the system inputs throughout the prediction horizon uy, ...,uy_; as
parts of z. As % is not empty, (5c) has a solution. The system of inequalities (5b)
is fulfilled for every z if the components of s are big enough. The components of s
can be non-negative, solving (5d) and resulting in a solution to all the constraints of
the QP (5). Since a solution satisfying the constraints exists, and the cost function is
bounded below when the inequalities (5d) are taken into account, the QP (5) has an
optimum.

The conventional way of solving the QP (5) is to rewrite it to the general form of
QP (4) by augmentation of z, H, ¢, and C of (4) with s, w, W. The resulting form is

mngiee 3 [ (0w [+ 3] [}

C, -1 . b,
subject to C, 0 {} = |bu]
0 I 0

where the symbol I stands for an identity matrix of the appropriate size and each 0 is
a matrix of zeros of the appropriate size. However, using such augmentation with the
dual FGM solver tends to result in slow convergence (Giselsson, 2014a; Kouzoupis,
2014). In this work, we do not use the augmentation (7), except for comparison. The
solution proposed in Sect. 4, based on the approach of Giselsson (2014a), does not
involve such augmentation.

(7

3 Lagrange duality and dual methods

For input-constrainted MPC, the solutions of the inequality (4b) form a set that is
simple, meaning that a projection on it can be carried out efficiently. A GM can then
be used to solve the QP (4) in the primal domain as explained in Nesterov (2003);
Patrinos and Bemporad (2014); Richter (2012). In contrast, state constraints in the
MPC problem result in a set defined by (4b) that is not simple, necessitating the use
of a dual method.

We define the Lagrangian associated with (4) by relaxing the inequality con-
straints (4b) to obtain the expression

1
L(z,u)= EZTHZ—‘,-CTZ—I—‘LLT(CZ—b). (8)

The vector z comprises the primal variable, while ¢ € R™ is the dual variable or the
Lagrange multiplier.
One can define the Lagrange dual function as

g (1) =infL(z ). ©)
The problem
mameize g(u) (10a)

subject to u>=0 (10b)
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is called the dual problem to the quadratic program (4) and its optimum can be la-
belled p*. Since g (i) may not be strongly concave (Bemporad et al, 2002), the max-
imizer may not be unique and u* labels an arbitrary one. An important property of
the optimal Lagrange multiplier is that the unconstrained optimization

minimize  L(z,u") (11)
z

has the same optimum in z as the quadratic program (4) (Boyd and Vandenberghe,
2004).

The dual problem (10) is a QP (Dorn, 1960) as the dual function is g (i) =
—3(CTu —c)TH’l (CTu—c¢) — u"b. The non-negative orthant defined by (10b)
is a simple set so the QP (10) can be solved using a GM, and (11) can be used to
reconstruct the primal solution. Similarly, the dual GM solves a QP of the type (4)
through the iterations of (Giselsson and Boyd, 2014)

Z=-H"'(C"p+c),

. . . . . 12)
1 = By + Cy — prox;, (A, + Ciy)

The vector Z; € R" in (12) has the role of the approximate solution of (4) and f1;, € R™
is the dual variable. The proximity operator of a closed convex function f : R" —
R U {+-oo} that is not identical to {4eo}, is defined as (Giselsson, 2014a; Richter,
2012)

. 1
prox, (t) = argmin f (r) + = ||t —r|%. (13)
’ reR” 2
In (12), A (t) marks the indicator function

0ift<h
h(t):{ooiftﬁb. (14

It follows from (13) that prox,, (t), where % (t) is the indicator function, is the projec-
tion onto the cone t < b. Since the cone is a translated orthant and projection can be
done by component, the whole iteration cycle is straightforward to perform. The vari-
able 7 converges to the solution of the QP when k — oo, if all eigenvalues of CH='CT
are smaller than or equal to 1 (Giselsson and Boyd, 2014), and this condition can be
fulfilled by scaling the cost function.

4 Proposed solution

The main idea of the paper is as follows. We aim to use the method (12) for the prob-
lem (5) in a computationally efficient way. In particular, we avoid rewriting (5) into
(7) and applying (12) because of the higher dimensionality and slower convergence
that would result. Our goal is to derive a scheme that is similar to and nearly as effi-
cient as (12) applied to (4) and results in the solution of (5). We proceed in a similar
way as Giselsson (2014a); Kouzoupis (2014), modifying the proximity operator so it
is no longer a simple projection.
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We write the iteration scheme used to solve the QP (5) as

Z=-H"'(CTR, +c), (15a)
Qyyy = Ay 4 C —proxy, y , (A +Cx) (15b)

where we define prox,, yy,, (& 4 Cx) by components. The i-th component of prox;, y, ,, (£; + C2)
is

t; if t; < b;
_ b; if ; > b; and i hard
ProXy, ww (1); = b ifbi<t; < bi+w; and i soft (16)
% if t; > b; +w; and i soft.

We will see that Z; converges to the optimum of (5) as k — oo,

Lemma 1 The algorithm (15) converges if all the eigenvalues of CH™'CT are smaller
than or equal to 1.

Proof Define

m 0 ift; <b;
h(t):=Y" < wi(t; —b;)+ i (1;— b;)* if ; > b; and i soft (17)
i=1 o if t; > b; and i hard.

Calculating prox; (t) by the definition of proximity operator (13), it can easily be
shown that prox; (t) = prox,, y , (t). Because 1 (t) is a proper closed convex function,
the algorithm (15) converges if all the eigenvalues of CH™'CT are smaller than or

equal to 1 (Giselsson and Boyd, 2015). We name the limits for Z, fl, when k — oo as
VAR I O

5 Correctness of proposed solution

A Lagrangian associated with (5) is defined by relaxing the inequality constraints
(5b) and (5¢) to obtain the expression

1 1
L(z,s,1) = EzTHz +cTz+ ESTWS—FWTS—F uT (Cz —b— [Omsp} ) . (18)

The remaining set of constraints (5d) is not relaxed since it is straightforward to keep
fulfilled and can be treated separately. The vectors z and s together comprise the
primal variable, while 4 € R™ is the Lagrange multiplier.

Lemma 2 If 2%, i are limits of %, [i; in the algorithm (15) as k — o, and s* is
defined to be composed of components s*; = max (0, (Cy*), — b;), where i is a soft
constraint, then z = 2%, s = s* is the optimum of the QP (5).
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Proof We verify that Karush-Kuhn-Tucker (KKT) conditions for optimality (Boyd
and Vandenberghe, 2004; Karush, 2014; Kuhn and Tucker, 1951) for the Lagrangian
(18) are fulfilled atz = 2", s = s*, u = 1*.

We start by expressing f1*. In the limit, (15b) becomes

0 = @ +C* — proxy y,, (i1* + C2").

Taking the definition of prox,y, ,, (1" 4- CZ") into account, we find that

=0 if (C2°); < b;
. >0 if (C2*); = b; and i hard 19
Hi >0and <w;  if (C2"), = b; and i soft (19)
=W; ((Ci*)l — b,‘) +w; if (Ci*)l > b;.

The first part of the stationarity condition states that the gradient of the Lagrangian
(8) in z is 0 at optimal z when u is an optimal Lagrange multiplier. The gradient is

V,L=Hz+c+CTp. (20)

From (15a) we see that 2 = —H ' (CT1* +¢). When we take the expression into
account and substitute y = f1*, z = z*, it directly follows V,L = 0. The condition is
fulfilled.

The other part of the stationarity condition states that the gradient of the La-
grangian (8) in s is O for optimal s when u is an optimal Lagrange multiplier. The
gradient is

VL =Ws+w—U,, 21

where [, is the vector of the components of 1 corresponding to soft constraints. As
the set of inequality constraints (5d) is not relaxed, the condition in this form only
has to be fulfilled for the components s; > 0. These correspond to the last line in the
relation (19) that ensures (VL); = 0. For the other components, we want (VsL), > 0
as this warrants s; = 0 to be a minimizer under the condition s; > 0 that we decided to
treat separately. For these, it thus follows from (21) that it has to be Wj;s; > u; — w;.
The requirement is met because they all correspond to the first and third lines in (19),
u; —w; <0, and Ws; = 0. The stationarity condition is thus met in full for z = 2",
s=s*, u=["

The primal feasibility condition demands the inequalities (5b) and (5¢) be ful-
filled. It follows straight from the choice of s* that (5b) is fulfilled for z = 2*, s =
s*. Inequality (5¢) is fulfilled for z = 2* because hard constraints always result in
prox,, yy,, (" +C2") being calculated according to one of the first two lines in (16),
leading to (C2*); < b;.

Dual feasibility is the condition stating that the components of i are non-negative,
u = 0. It follows that v*;, > 0 for all cases of the relation (19), so the condition is met
for u ="

The complementary slackness condition demands 4T - (Cz—b —s) = 0. As both
factors are non-negative, the i-th component of either one has to be 0 for all i. It is
true forz =2, s =s*, u = i*.

— For the 1st case in (19), itis v*; = 0.



Soft Inequality Constraints in Gradient Method 9

— For the 2nd and 3rd case in (19), we know that (Cy*);, = b; and s*;, = 0, so the
second factor is 0.
— In the 4th case, it is s*; = (Cy*), — b;, so the second factor is 0.

All the KKT conditions are fulfilled for z = 2*, s = s*, . = [1*, so the limit of the
iteration scheme is an optimum. g

Theorem 1 The algorithm (15) converges to the optimum of the QP (5).

Proof Lemma 2 tells us that the limit of the algorithm is an optimum, and Lemma 1
tells us that the algorithm converges. a

6 Dual fast gradient method

The dual FGM solves the QP (4) through the iteration scheme (Giselsson and Boyd,
2014)

Vie= i+ B (B — 1) 5
Z=-H"(C'vi+c), (22)
Qi1 = Vi + C2 — prox,, (Vi +CZ),

where the sequence of scalar weights fB; is chosen in a way that accelerates conver-
gence. We will show that the modified scheme

Vie= e+ Be (i — Aur) (23a)
Z=-H"(Cvi+c), (23b)
.akJrl = Vi + Cik - ﬁgh,Wﬂm (Vk + Cik) ) (23C)

with prox,, y ., (f; +C2) as defined in (16), converges to a solution for the QP (5).

We name the limits for Z, I, Vi of (23) when k — 0 as Zrgn™s fram > VEGM' -
Noting that fIpgy™ = Vegm'> €quations (23b), (23¢) prescribe the same properties to
A% Ak

Zrom™s Bpgm™ as equations (15a), (15b) do to 2° 1. Since 2* 1™ are optimal, so are
A ~ *
Zrom' s Arom -

7 Example

We demonstrate the modified dual FGM on a QP resulting from the AFTI-16 bench-
mark model (Giselsson, 2014a). We examine the simulated control response of the
AFTI-16 system with the proposed method (23) and pay special attention to one sam-
ple operating point that has some non-zero components of s at the optimum.
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The model is described by the matrices

[ 0.9993 —3.0083 —0.1131 —1.6081
—0.0000 0.9862 0.0478 0.0000

A=1 00000 2.0833 1.0089 —0.0000|"
| 0.0000 0.0526 0.0498 1.0000
[—0.0804 —0.6347

B | 00291 -0.0143

—0.8679 —0.0917
| —0.0216 —0.0022

when presented in the form (1). The constraints on states and inputs are defined by
constraint matrices and vectors!

[ c,./ 0100
¢=l¢ /]’ Cxl,:{oom}’
, [c, , 1o
o=l G =lo)

b,/ 0.5
bx/ _ bx1,:| , bx1/ — |:100:| ,

b

b

The cost matrices are

Q = diag(107*,10%,1073,10?),
R = diag(1072,1072),

and the setpoints change throughout the simulation. 100 samples are simulated start-
ing from Xo = X,,°; the setpoints in the first 50 samples are X;er = xrefCl , Upef = urefc,
and in the following 50 samples Xyef = X ¢ Cz, Upef = U ¢ < respectively. The numerical

values of the parameters are

0 0 0
_ 0 cl 0 c2 0 c_ 0
Xp = ol° Xef = ol’ Xief = ol’ Uep = ol
0 0 0

1

The prediction horizon is chosen to be N = 10.

! The same system state and input components are bound from above and from below, as is often the
case. Some solvers, including QPgen and its version augmented with the quadratic cost on constraint
violation, assume upper and lower bounds on the same signals and substitute the constraints of the QP (5b)
with the form b; —s < Cx <b, +s and similar for (5¢). The QP modified in this way is mathematically
equivalent to (5) and more efficient in resource usage for QP structured this way.
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Fig. 1 Comparison of the control response in AFTI-16 MPC simulation using MATLAB Optimization
Toolbox function quadprog (solid black line) and QPgen (dashed green line) to solve the QPs. Two com-
ponents of the system state and two components of the system input are shown; it can be seen that guadprog
and QPgen results overlap. The setpoints for the components are 0 except where shown in the graphs. It
can be seen that the signal x,, angle of attack, violates the soft constraint in certain samples. In samples 3,
4,5 (between 0.1 and 0.25 s from the beginning of the simulation), it violates the upper constraint, while
in samples 53, 54 (between 2.6 and 2.7 s from the beginning), it violates the lower constraint.

The MPC problem is now fully defined by the preceding equations and a QP of
the form (3) can be derived. The parameters H, ¢, C, b of (4) are then derived as in
Appendix A. The state constraints are softened as in (5) or (7), W and w are given,

WQP
W= , Wop = diag(10%,10°,10%,10%), (24)
L Wop
"Wor 1300
_ 1300
e - WeP= 11300
[Wor 1300

7.1 Correctness of solution

In Fig. 1 we see that the simulated control response of the AFTI-16 system with the
proposed method (23) in 107 iterations is similar to the response obtained with the
reference approach with slack variables (7) using the MATLAB Optimization Tool-
box function quadprog solver with default parameters. In this and all the other dual
FGM calculations, restarting is used. As soon as the scalar product (Vi — fl;,) -
(,ﬁ bl — ,ﬂk) is positive, the acceleration step (23a) would oppose the gradient. This
is prevented by setting fl,,; = fi, instead of following (23c) in a single iteration
cycle.
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We inspect a sample point along the simulated state trajectory at

0 —13.8575
0 0.37
Xref - 0 ) XO - 19405 9 (25)
10 0.485

where a soft constraint is violated. The solution of the QP for this sample point,
obtained with either the proposed algorithm (23) or the reference approach, is

11.2934]
25.0000
3.96299
25.0000
—5.51605
25.0000
—0.25038
25.0000
—1.83887
. 25.0000
—1.17691
25.0000
—1.45277
25.0000
—1.33781
25.0000
—1.38572
25.0000
—1.36575
25.0000

The solution obtained after 10* iterations of the algorithm (23) has the value of
the quadratic norm equal to 80.2259. The quadratic norm of the difference between
it and the reference approach solution is equal to 1.52484 - 10~°. This shows that the
algorithm with the modified proximity operator is giving correct results.

The constraint violation is verified to be strong enough that the quadratic cost on
the constraint violation has an influence. The quadratic norm of the slack vector in
the reference solution is 0.1081. The quadratic norm of the difference between the
solution obtained with the scheme (23) and the one obtained with the same method
but with W = 0 in (5a) is 25.0892. The original hard-constrained QP is feasible at
this system state, and the norm of the difference between our solution and hard-
constrained QP solution is 10.529.

For comparison, the simulated control response of the AFTI-16 system with W =
0 in (5a) is shown in Fig. 2. As expected, the response is different from the one with
W as defined in (24) that is presented in Fig. 1. The reference is followed better in
terms of root-mean-square error, the elevator angle input signal is more aggressive,
and the soft constraints are violated more.
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Fig. 2 Same as Fig. 1 but with W = 0 in (5a) instead of W as defined in (24).

7.2 Performance improvement

The performance of the algorithm (23) is compared to solving the augmented prob-
lem with slack variables constructed as in (7) using algorithm (22) and the same
restarting scheme. The difference between the solution as a function of the number of
iterations and the reference quadprog solution is calculated and the results in terms
of the quadratic norm of the relative error are given in Fig. 3. The quadratic norm
of the relative error is obtained by dividing each component of the error vector by
the difference between the maximum and the minimum value, which in our case is
50 for all of the components, and calculating the quadratic norm of the vector. We
see that the results of the proposed algorithm (23) are better than the results of the
standard dual FGM algorithm (22). Algorithm (23) requires 41 % fewer iterations
for the relative error norm to stabilise below 10~* than (22), 4041 versus 6899. In
addition, the system matrices are of different sizes in the two algorithms, resulting
in different computational complexities of a single iteration. The dimensions of the
matrix C are 40 by 20 in the algorithm (23) and 80 by 60 (though sparsely populated)
after augmentation into form (7) for solving with the algorithm (22).

7.3 Practical implications

On a computer running MATLAB R2015a, OS Ubuntu 16.04 LTS with Linux kernel
4.4.0-83-generic, 15.1 GiB of RAM and Intel Core i7-3770K CPU @ 3.50GHz, the
proposed algorithm (23) with 10* iterations takes 24.9 ms on average in QPgen-
generated code for the sample point (25). For comparison, the standard dual FGM
algorithm (22) with slack variables requires 35.1 ms under the same conditions.
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Fig. 3 Relative error norm of the difference between the solution after a certain number of iterations
and the reference quadprog solution in the sample point described in (25). The black line represents the
solution of the QP in the form (5) obtained by algorithm (23), while the green line is the equivalent QP (7)
solved by algorithm (22).

It is known that for the poorly conditioned AFTI-16 benchmark problem, the
convergence can be improved dramatically by preconditioning (Giselsson, 2014a).>
Performance of the proposed algorithm (23) with the default QPgen preconditioning
method is presented in Fig. 4 together with algorithm (22) with preconditioning. We
investigate the convergence of the preconditioned algorithms in all 100 sample points
of the simulation, one of which is the sample point (25). We find that 95 iterations of
the algorithm (23) with preconditioning are needed to get the relative error norm less
than 10~* in all points of the simulation. The chosen relative error is small enough for
a reasonable control response; when using this QP solver, the system output relative
error norm, compared to the full-precision simulation using quadprog, stays within
1.3-107°. The performance of the algorithm (22) with preconditioning is worse; the
result after 95 iterations has a relative error norm of up to 5.6- 104, and 109 iterations,
15 % more, are needed to reach a relative error norm under 10~%.

We also measure the time required by the preconditioned algorithms on the same
computer. Solving the QP and obtaining the control input using 95 iterations of (23)
with preconditioning requires 0.50 ms in the slowest one of the 100 samples. For the
same number of iterations of (22) with preconditioning, 0.55 ms are needed. For the
purpose, the algorithms are superior to the interior point algorithm of quadprog: when
quadprog tolerance is increased enough that the relative error norm of its solution
increases to 1.01-10~* in the sample point (25), it requires 6.0 ms for the computation.
On another similar computer, /BM ILOG CPLEX, the QP solver required around
60% of the time needed by quadprog on average, which is still much slower than the
algorithm (23) with preconditioning.

2 The comparison above is made without preconditioning because the results of the two approaches are
no longer directly comparable when preconditioning is used.



Soft Inequality Constraints in Gradient Method 15

T : T
—algorithm (23) with preconditioning
- -algorithm (22) with preconditioning

wl e

relative error norm

0 20 40 60 80 100 120 140 160 180 200
number of iterations

Fig. 4 Maximum relative error norm of the difference between the solution after a certain number of
iterations and the reference quadprog solution over all 100 sample points of the MPC simulation. The
black line represents the solutions of the QPs in the form (5) obtained by algorithm (23), while the green
line is the equivalent QPs (7) solved by algorithm (22).

8 Conclusion

We derive and implement a method for efficient handling of linear and quadratic cost
on inequality constraint violation in a QP. It is applied to the dual GM and dual FGM
for the condensed form of the MPC-derived quadratic program as used in (Gisels-
son, 2014b). The convergence of the algorithm is proved and Karush-Kuhn-Tucker
conditions are used to prove the optimality of the solution.

The method for efficient handling of soft constraints results in smaller system
matrices and faster convergence of the algorithm than augmenting the QP with slack
variables. Fewer iterations are needed to reach the required accuracy and each itera-
tion requires fewer arithmetic operations due to smaller system dimensions, both of
which lead to faster computation. In the presented example, 41 % fewer iterations
are needed to get the required relative error norm under 10~ in direct comparison
without preconditioning, and 13 % fewer when preconditioning is applied. This is
an important advantage in the construction of a MPC controller for a multivariable
system with fast dynamics. The method can be combined with techniques for com-
plexity reduction of the MPC problem and for preconditioning of the QP for faster
convergence. It enables the use of proven MPC features with fast processes.

The presented dual FGM with efficient handling of soft constraints is about one
order of magnitude faster than commercial interior point QP solvers on a standard
laptop computer when maximum sample computation times for the chosen MPC
problem are compared. While interior point methods are faster than first-order meth-
ods in the limit of infinite precision because of their higher order of convergence, the
precision required for MPC is low enough that first-order methods are competitive.
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Appendix A Condensing a quadratic program

A QP is to be transformed from the structured form (3) with the cost function (2) into
the condensed QP form (4).

Following Ullmann and Richter (2012), we express the system matrices and vec-
tors of (4) as
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The optimization variable of the QP (4) is then expressed as

Up

Uy-—1

with the optimization variables of the QP (3).
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