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Second order Gyrokinetic theory for Particle-In-Cell codes.

Natalia Tronko', Alberto Bottino! and Eric Sonnendriicker!

! Maz-Planck-Institut fiir Plasmaphysik, 85748 Garching, Germany

The main idea of Gyrokinetic dynamical reduction consists in systematical removing of
fastest scale of motion (the gyro motion) from plasma’s dynamics, resulting in a considerable
model simplification and gain of computing time.

Gyrokinetic Maxwell-Vlasov system is broadly implemented in nowadays numerical ex-
periments for modeling strongly magnetized plasma (both laboratory and astrophysical).
Different versions of reduced set of equations exist depending on the construction of the
Gyrokinetic reduction procedure and approximations assumed while their derivation.

The purpose of this paper is to explicitly show the connection between the general sec-
ond order gyrokinetic Maxwell-Vlasov system issued from the Modern Gyrokinetic theory
derivation and the model currently implemented in global electromagnetic Particle in Cell
code ORB5.

Strictly necessary information about the Modern Gyrokinetic formalism is given together
with the consistent derivation of the gyrokinetic Maxwell-Vlasov equations from the first
principle of dynamics. Variational formulation of dynamics is also used for simultaneously
obtaining the corresponding exact energy conservation law. The result of that explicit deriva-
tion is used for verification of the energy conservation diagnostics currently implemented in
ORB?5 code.

This work subscribes into the context of codes verification project VeriGyro currently run

in IPP Max Planck Institut in collaboration with others European institutions.

I. INTRODUCTION

For more than five decades, magnetized plasmas have been investigated in order to achieve
self-sustained nuclear reaction process in fusion devices. The complexity of these systems urges
numerical simulations to understand the dynamical behavior of the plasma. However, numerical
simulations rely on theoretical models which have to reach a compromise between an accurate
description of the dynamics and a restrained number of numerical operations to keep simulations
tractable in current computing facilities.

Gyrokinetic theory aims at this compromise by taking advantage of the specific motion of the
plasma. More precisely, the presence of a strong background magnetic field in such devices makes

possible the separation of different scales of motion. The main idea is to separate the fast motion



of charged particles around magnetic field lines (referred to as gyromotion) from their slower drift
motion, in order to reduce the number of dynamical variables needed to describe the dynamics. The
cyclotron frequency Q2 = eB/mc, where e and m are respectively the charge and mass of particles,
B is the magnetic field amplitude and ¢ is the speed of light, sets the scale of the gyromotion.
Mathematical tools and approximations allowing for the splitting out of this fast scale define a
particular gyrokinetic dynamical reduction.

The gyromotion is described by a fast gyroangle variable 6, to which corresponds a canonically
conjugate slowly varying magnetic moment pu, called adiabatic invariant of the system. At the
lowest order of approximation pu = mvi /2B, where v, is the perpendicular velocity of particles
respective to background magnetic field lines. In early works [7], an iterative gyro-averaging proce-
dure has been used in order to remove the #-dependency directly from the Vlasov equation. Such a
procedure allowed for the derivation of non-linear gyrokinetic equations. However, the major issue
was the impossibility to obtain an energy-conserving model from this procedure.

The Modern Gyrokinetic theory [5, 13] makes use of differential geometry (perturbative Lie-
transformation techniques) to build up a new set of phase-space variables, such that the fast
gyroangle variable 8 becomes uncoupled from the description of particle’s motion and the corre-
sponding moment has trivial dynamics gt = 0. Therefore, the particle phase space is reduced from
6 dimensions to 441 dimensions, which already represents a significant simplification for numerical
simulations.

However, one of the main difficulties is then to find a rigorous way for coupling the reduced
particle dynamics to those of the dynamical electromagnetic fields induced by particles, in order
to obtain a self-consistent description of the reduced system.

Two variational formulations exist, Lagrangian [16] and Eulerian [3], both providing a common
framework for the description of Gyrokinetically reduced self-consistent field-particles dynamics
allowing for the derivation of energy and momentum conservation laws. In these formulations,
particles are described on the reduced phase space, while dynamical fields are still being evaluated
at the non reduced space positions. One of the main advantages of the variational formulation is
contained in the fact that polarization and magnetization effects arise naturally as a result of the
dynamical reduction from coupling with reduced particle’s dynamics.

In the Lagrangian formulation, dynamics of particles is represented via the characteristics, from
which the Vlasov equation is reconstructed a posteriori. It allows to choose a reduced model for
particle’s dynamics (i.e. linear polarization approach) and to systematically couple this reduced

model to the dynamical electromagnetic fields. However, additional calculation of moments is



required in order to reconstruct energy and momentum densities allowing for the derivation of
conservation laws through Noether’s theorem [15]. The Lagrangian formulation is the natural
framework for Particle-in-Cell (PIC) code discretization [12], [1].

Within the Eulerian approach, particles are represented via the Vlasov distribution function,
which is treated as one of the dynamical fields of the theory. This leads to direct derivation of
conservation laws via Noether’s method and does not require any external moments calculation [6].
This approach allows to proceed with systematic derivation of the reduced Maxwell-Vlasov model
by truncating the action functional corresponding to the Gyrokinetic system at the desirable order.
In the same time, the Eulerian formulation is well suited to handle the splitting between background
and fluctuating quantities. Such a manipulation on Vlasov distribution function is used for the
description of instabilities and could be particularly useful to keep ordering consistency within the
reduced Vlasov equation.

In this article we derive a second order Maxwell-Vlasov gyrokinetic model of reference from the
systematic variational approach, suitable for code verification. We compare the result with the
Gyrokinetic equations recently implemented in PIC code ORB5 [11], [2].

We start our derivation by writing an explicit second order expression for the Eulerian action
functional presented in [4]. From the first variation of the action functional, we derive the corre-
sponding Maxwell-Vlasov equations of motion. We then derive the energy conservation law thanks
to the Noether’s method. We finally get the Eulerian second order action principle corresponding
to the gyrokinetic model implemented in ORB5 [11] code.

This paper is organized as follows: in section II we explicit strictly necessary for the following
model’s equations derivation elements of the gyrokinetic reduction procedure for particle dynamics.
Section IIT begins with summarizing the main concepts of Eulerian variational principle for gy-
rokinetic Maxwell-Vlasov system. We then derive the expression for the full second order Eulerian
action and the corresponding reduced equations of motion.

Section IV starts with derivation of corresponding truncated Maxwell-Vlasov equations imple-
mented in ORB5 code from the corresponding Eulerian action functional. The obtained equations
are then compared to the result of the Eulerian variational principle implementation from the
section IV.

In section VI we are using Noether’s method to get the expression for conserved energy from the
second order Eulerian action. Then we compare the result of Noether’s derivation with quantity

implemented for energy conservation diagnostics into the ORB5.



II. GYROKINETIC DYNAMICAL REDUCTION ON PARTICLE’S PHASE SPACE:
SOURCES OF POLARISATION AND MAGNETISATION.

In that section we focus our attention on gyrokinetic dynamical reduction procedure for a
single particle dynamics in external electromagnetic fields. This is a preliminary step necessary
for self-consistently reduced Maxwell-Vlasov model derivation. The main goal consists in exporing
the intimate link between the reduced particle’s dynamics and polarization/magnetization effects,
which will appear lately into the Gyrokinetic Maxwell equations.

Clarifying effects of particle’s dynamical reduction constitute an important preliminary step
for correct coupling of reduced dynamics with fields and therefore for the gyrokinetic field theory
construction.

The idea of gyrokinetic dynamical reduction is tightly related to existence of adiabatic invariant,
magnetic moment y, which in the simplest case of slab magnetic geometry is given by u = mvi /2B.
Magnetic moment measures the area disclosed by particle motion while its rotation around magnetic
field line. From this geometrical meaning comes the idea of using u as an action variable canonically
conjugated to the fast gyromotion around magnetic field lines.

In a straight uniform magnetic field, p is an exact invariant due to the fact that while its
rotation, particle closes the loop exactly. Effects of magnetic field curvature as well as presence
of fluctuating electromagnetic field component destroy that exact conservation: particles do not
completely close the loop anymore. However, the averaged over long times magnetic moment is
still being conserved () = 0.

The dynamical reduction can be organized in one or in two steps depending on the choice of
splitting or not contributions to the fast dynamics from the background and fluctuating fields.
Choosing the two step dynamical procedure is helpful for understanding contributions to the po-
larization and magnetization from the gyrokinetic reduction. To each step corresponds set of new
phase space coordinates such that the fast gyro motion is uncoupled from the description of slow
particle’s drifts; and the dynamics on the reduced phase space is restricted to the surface i = 0.

These new coordinates are constructed as perturbative series of near-identity phase space trans-
formations, i.e. the transformation can be inverted at each step of perturbative procedure.

Before we proceed with detailed description of reduction procedures, we need to discuss small

parameters associated with each change of coordinates.



A. Gyrokinetic orderings

At the first step, called the guiding-center transformation, only strong nonuniform background
magnetic field effects are taken into account. We relate to that step a small parameter ep =
pwn/ LB, representing ratio between the thermal ion Larmor radius and the scale Lp on which
background magnetic field exhibits important changes. Remark that in early works of Northtrop
and Littlejohn, small parameter associated with the guiding-center dynamical reduction appears
as a formal parameter, which scales like the inverse of the electric charge: € ~ e 1.

At the second step, called the gyrocenter transformation, the reduced guiding-center system is
perturbed by external fluctuating electromagnetic fields. That leads towards mixing of time scales
and therefore breaks down the magnetic moment conservation at the order of the amplitude of
perturbation. The goal of the gyrocenter transformation is to re-establish time scales separation and
conservation of y for the perturbed system. The small parameter related to that step of dynamical
reduction measures relative amplitude of fluctuating fields es = €, edp/T;, where €| = |k psp; ¢
here represents the amplitude of the fluctuating electrostatic potential and 7; is the ion temperature.

For the maximal gyrokinetic ordering consistency, one should consider contributions from each
dynamical reduction procedure at the same order: eg ~ €¢5. However, in most of nowadays numeri-
cal simulations, contributions from the background magnetic field curvature are pushed at the next
order, i.e. ep < €5, which can be relevant for example for a large aspect ratio simulations. As we
will see further on, the same approximation will allow to use the Bessel function Jy for calculation

of the gyro - averaging.

B. Gyrokinetic particle’s Lagrangian

Particle’s Lagrangian A is the central object of dynamical reduction procedure for uncoupled

single particle dynamics: it consists of a symplectic part I' and a Hamiltonian part H:
A=T-X-H. (1)

The symplectic part provides the information about the symplectic structure on the reduced
phase space. The components of the symplectic matrix w are related to the components of the

vector I as follows:
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where Z% represent reduced phase space coordinates, which we will explicitly define in the following
subsection.

Together the symplectic structure w and the Hamiltonian H provide necessary information for
derivation of the equations of motion on the reduced particle phase space. Defining the expression

for the Poisson matrix as the inverse of the symplectic matrix 1 = w;ﬂl, and the Poisson bracket

as {F,G} = 88; Ho‘ﬁaaTGB, we can write the reduced equations of motions Z¢ = {2®, H} = Ho‘ﬁ%.
In this work, we will specify the expression for the reduced Poisson bracket and the reduced

Hamiltonian H up to the second order of dynamical reduction.

1. Local particle’s coordinates

The dynamical reduction is performed in local particle’s coordinates z®. For this purpose,
one needs to define two vector basis: the static one, which remains its position while particle’s
rotation around magnetic field line; and the dynamical one, which rotates with particle around the
magnetic field line. As a static basis we take the natural Frenet triad, associated with unitary vector
b=B /B in a direction of background magnetic field. In the perpendicular to the background

and we

magnetic field plane we use then the normalized curvature vector bi=b- Vg/ ‘B . Vb
define third basis vector as: Bg — b x Bl. The dynamical triad is constructed from the static one

as follows: we take b as its first vector and we define
,5:61 COSQ—Bgsinﬁ (3)
and
1 = —bysind — by cosb. (4)

Where 0 is the gyrophase angle: tan = (,B . Bg) / <I . Bg), is now one of the coordinates into the
perpendicular plane.
We are now ready to define the local particle coordinates: 2% = (x,v|,v1) — (X, v, it,6) with

performing the following coordinate decomposition for particle velocity:
v:leA)—i—vl E’UHB-F(2MmB)1/2I, (5)

2
here p = % is the magnetic moment of the particle.

The goal of the dynamical reduction procedure is to define a near-identity change of coordinates

on particle’s phase space, such that the fast dynamics associated with gyromotion is uncoupled



FIG. 1: The Frenet triade, used for definition of local particle coordinates.

from the dynamical description. We define the coordinates on the reduced phase space as follows:
Z% = 1.2, where 7. is the near-identity operator defined from the general perturbative procedure.
We omit details of this general procedure here, they can be found in [17]. However, it is important
to notice that in general case, this operator 7, is gyrophase, i.e. 6-dependent. In the other words, it
means that in order to rewrite dynamics into the variables, which allow to uncouple fast dynamics,

one needs to perform a coordinate transformation, which itself depends on this fast variable.

2. Gyrogauge dependence

Before we proceed further on, we need to point out an important geometrical issue: the gyro-
gauge dependence of the static basis. Indeed, the static basis in the plane perpendicular to the
b direction is not defined in a unique way. On the Fig. 2 we explain this graphically. The
angle £ makes the difference between two basis vectors (Bl, Bg) and (A/l, 3/2) This angle depends
on space position, in which the static basis is defined. The following coordinate transformation
comes out from the change of the static basis origin: x — x’ , which changes the gyrophase angle
definition § = 0'4+£(x’). Tt is evident that the dynamics should be independent from the gyro-gauge
angle, because the dynamics is intrinsic with respect to the choice of the basis vectors. The gyro-
gauge vector, associated with derivation of static basis R = Vgl : Bg may appear into the phase
space Lagrangian expression, undergoing the following transformation with the coordinate change:
R’ = V'b, - b, = R + V¢, which breaks basis invariance of dynamics. However we remark that

some operations involving the gyro-gauge vector will not lead to the breaking of that invariance:

VxR =V x (R+V¢) =V xR, (6)
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therefore such a quantity is allowed to enter the dynamical description. In early works of Littlejohn
the gyrophase dependence invariance has not been taken into the account, that issue is corrected
in further works. We remark as well, that the norm of the gyrophase vector R is of the order of

€B.

‘‘‘‘‘‘
- -

g Sy l ) !.

~~~~~~~

FIG. 2: Gyrophase angle £ dependence of stationary basis vectors.

C. Dynamical reduction, first step: guiding-center dynamics

We are now proceeding with detailed description of the dynamical reduction procedure. The
first step considers the effects of the background magnetic field only on the guiding-center dynamics.
The guiding-center dynamical reduction is time-independent. This is why it is performed on 6
dimensional phase space, consisting of the parallel kinetic momentum p| = muv, reduced (guiding-
center) position X (the effective radius of particle rotation above the magnetic field line), magnetic

moment p and the gyroangle 8. The corresponding particle’s Lagrangian writes as follows:
c . .
AgC:gA*-X+,u9—ch, (7)

where the symplectic part contains modified magnetic potential. In that sense, one can say that

the guiding-center change of coordinates generates mixing between space and kinetic parts of the

phase space.
A"=A+ g <pHB - muR) , (8)

with b the normalized direction of background magnetic field B; the gyro-gauge vector R and the
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guiding-center Hamiltonian is given by:

I
Hye = 34 B, )

where B is the modulus of the background magnetic field.

We remark that the gyro-gauge vector R appears into the definition of the magnetic vector
A*, which is defined up to the gauge transformation in any cases. This dependence is fixed with
definition of the modified magnetic field B* = V x A* which is invariant under the gyro-gauge
transformation accordingly to (6).

By inverting the symplectic matrix, which corresponds to particle’s Lagrangian (7) we obtain

the following guiding-center Poisson bracket:

00 O Op 00

dp  Opy

{F’ G}gC - B* - eB*
I

mc I

Remark that the condition V - B* = 0 guarantees the Liouville theorem (i.e. conservation of the
phase space volume) on the reduced phase space, see for details [5].

The characteristics of the guiding-center dynamics are derived from the Hamiltonian equations

as follows:

) p| B* cb
X = {X,Hg},.=— =+ x uVB (11)

gc * *

m BH eB”

) B*
| = {p), Hae},, = —1nVB- B (12)

. eB

g = — 13
- (13)
no= 0. (14)

One can immediately conclude that the fastest scale of motion (13) is totally uncoupled from
the reduced position (11) and kinetic momentum dynamics (12). In the same time, the magnetic

moment y has trivial dynamics on the reduced phase space.

D. Dynamical reduction, second step: gyrocenter dynamics

In the framework of two-step gyrokinetic reduction procedure, external time-dependent elec-
tromagnetic fields are introduced into the system at the second step of dynamical reduction: the
gyrocenter step.

In this case, time becomes a dynamical variable of the system. Therefore, one needs to expand

the guiding-center phase space by introducing a couple of canonically conjugated variables (w,t).
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The latter leads to natural extension of particle’s phase space up to 8 dimensions. On the extended
phase space, the extended non-perturbed Hamiltonian is Hge = Hge — w and the Poisson bracket

(10) has an additional canonical term:

e (OFO0G OF0G\ B* oG OF
{F.Cleu = — <893M - a,mw) B <VF8M| - %VG>
i OF 0G  OF 0G

In this work, we choose to keep the latter expression for the Poisson bracket free from introducing
any fluctuating fields. This is the common choice, which has been already adopted while derivation
of the model for the code ORB5. Therefore, all the effects from the dynamical reduction must be
accounted inside the expression for the reduced gyrocenter Hamiltonian Hgy .

The expression for Hgy, which we are using further on for constructing coupled model with
electromagnetic fields is derived in the following section up to the second order in 4.

Before we proceed with that derivation, here we discuss the relationship between using new
reduced particle position (the gyrocenter position), obtained via the reduction procedure and the

polarization corrections, it induces into the reduced gyrocenter Hamiltonian Hyy.

1. Polarization effects: relationship between coordinate transformation and reduced Hamiltonian dynamics

As we have already mentioned above, the systematic reduction procedure applied to the particle
phase space Lagrangian provides us a set of new coordinates, in which we describe the reduced
particle dynamics. Following that general reduction procedure which involves the Lie derivatives
techniques [5], we discover that the definition of new coordinates and identification of polarization
corrections due to the dynamical reduction into the reduced Hamiltonian are intimately related to
each other. We do not aim to expose the general Lie-transforms reduction procedure here, it can
be found in compact form in [5], detailed derivation or the guiding- center part of the reduction
can be found in [17].

Here we adopt the general attitude for code models derivation: we push the curvature effects of
magnetic field at the next order with respect to the amplitude of the electromagnetic fluctuations:
€p = € €5, where € < 1 is a free small parameter, which can also depend on ¢5. Of course, from the
point of view of transition to the limit different choices of € will lead to a different model from the
general point of view. Here we will drop our series decompositions at the second order in €5 and
the first order in ep, which lead to the same result while eg = eg or eg = € €5. Remark that the

norm of the pg is O(e%) and those of pg - Vg is O(ep).
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In this subsection we are concentrating on the explicit derivation of the reduced Hamiltonian, by
assuming that we have performed the dynamical reduction at the lowest order of the guiding-center
and the gyrocenter transformations.

In the other words, it means that the transition between the initial non-reduced particle position

x and the reduced particle position X is defined as follows:
XEX+p0(X7M79)+p1(X7M70)7 (16)

with pg corresponding to the lowest order guiding-center displacement and p; the lowest order of
the gyrocenter displacement. Let us now define each of them explicitly.

The lowest order guiding-center displacement is given by:

me | 2u ~
="\/=E p=pop. 17
po= -\ P=pop (17)

This displacement takes into account the background magnetic field B, which is locally uniform.
We emphasize that the amplitude of background magnetic field B is evaluated at the reduced
guiding-center position X and p, is one of the dynamical basis vectors, defined in (3). All the
following corrections to the guiding-center displacement are related to the magnetic curvature.

The expression for the first order gyrocenter displacement is given by:

e
m§2

p1L=—2 (pp - V1 (X)), (18)

here ¢1 = ¢1 — ;== p. Ay represents linear electromagnetic potential, it means that p; contains
both gyroaveraged and fluctuating parts.

Deriving the reduced expression for the Hamiltonian is the key point in derivation of the reduced
Maxwell-Vlasov model. Namely, it will allow us to define the polarization effects (i.e. effects due
to the dynamical reduction) into the reduced Maxwell equations later on from the variational
principle.

We will show that for identification of the second order corrections in €5 to the Hamiltonian
requires coordinate transformation of the first order in ¢s.

First, we proceed with explicit derivation of the first order gyrocenter displacement p; in the

following section.

2. Second order reduced Hamiltonian

We will show the effects of two coordinate transformations (16) into the reduced Hamiltonian.
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We start with constructing the perturbed electromagnetic Hamiltonian Hyg, of the second order
in €5.
We perform the following transformation of the guiding-center Hamiltonian Hg. (9): first, we

introduce the definition of new perturbed canonical momentum coordinate:

e
p: =p| + -Ay (X + po + p1), (19)
C ——

=p.
second, we also add a perturbed electrostatic potential ¢1(X + po + p1). Remark that this change
of coordinates will not affect the definition of the Poisson bracket (15) because 0p, = 0. In
the other words, we decide here to add the perturbed part of the magnetic potential Ay into
the Hamiltonian and not into the Poisson bracket. This is the Hamiltonian representation of the
gyrocenter dynamics. We discuss other possible representations of the gyrocenter dynamics below.

The perturbed gyrocenter Hamiltonian is:

pz

Hgy 2m

1 e
+ uB + (e X +po+p1) = — —p: Al(X+Po+P1)> (20)
1 /e
o (*) Ay (X + po + p1)%,
2m \c

where the linear perturbed gyrocenter potential :

1
Yigy = H1(X+po+p1) — . 2 Ay (X A po + p1)- (21)

Here, pg represents the lowest order guiding-center contribution and p; the gyrocenter contribution

correspondingly. We are performing expansion of p; corrections:

Vrgy = V1 (X + po+ p1) = Y1 (X + po) + p1(X + po) - Vb (X + po) + O(e3) (22)

= Yige + p1 - Vhige + O(€5) (23)

In what concerns the purely electromagnetic quadratic contribution Ay (X + po + p1)?, here only
corrections related to the guiding-center transformation are taken into the account, because all
the polarization effects related to p; are at least of the order O(e}), i.e. Ay (X + po + p1)? ~
Ay (X + po)*.

The gyro-averaged gyrocenter Hamiltonian, corresponding to the change of coordinates from
the full particle position x to the reduced position X with taking into account highest order
displacements pg and p; is given by:

2

2
(Hgy) = sz + uB + €5 (1ge) + 65 (p1- Vihige) + 267(; (g) <A%||gc> (24)



15

Here the gyro averaging operations are performed with respect to the lowest order guiding-

center displacement pg. It means that the gyro averaging is performed on uniform circles of radius
Po:
2m
<¢1gc> = <1/]1 (X + pO(X7 M, 6)> = / do ¢1 (X + pO(X7 My 0)) ) (25)
0

Let us now explicitly evaluate the expression, which contains only highest order guiding-center
FLR contributions to the mixed electromagnetic term (p1 - V¢p14.). Such a derivation will lead us
to the model, which is currently implemented into the ORB5 code. Such a model is valid within
the long wave lenght approximation, i.e. for the case with k p < 1.

The gyro averaging of the full expression for the gyrocenter potential gives :

<w1gy> = <¢1gc>+<pl'v¢lgc>+~'a (26)
in case, when only the lowest order contribution to 14, is taken into the account:

(PL(X+ po) - VY1 (X)) = (p1(X + po)) - Vh1(X).
The gyro averaged part of the gyrocenter displacement (18) is calculated with using that

P =5 11, (27)

where 1, = 11+ pp=1-— bb is the perpendicular dyadic tensor. Therefore,

(&

=— v X). 28

(p1) = = (—g5) Vatu(X) (28)
The following expression accounts only highest order contributions to the nonlinear mixed elec-

tromagnetic term (p; - V1) . This is the second order Hamiltonian, which will be later compared

to the one implemented into the ORB5 code.

2 e
(o) = 2B s (e0a(X - po)) = -5 e (Ay(X + ) ) (29)

2

+ o (2) (o) - 3 T

This expression for the gyrocenter Hamiltonian contains gyrocenter corrections of orders O(es)

‘VL¢I(X) - % szJ_A1||(X)’2
and O(eg). The gyro averaging here is realized with respect to the lowest order guiding-center
displacement pg accordingly to (25) . It means that the gyro averaged quantities contain the FLR
corrections related to the lowest order guiding-center displacement pg at all orders. It takes into
account the long wave lenght approximation for the last nonlinear electromagnetic term.

The first order term represents linear gyro averaged electromagnetic potential (114,). The sec-
ond order term has two parts: the purely magnetic one <A%H> and the electromagnetic contribution
evaluated into the gyrocenter position X, which does not contain any other FLR corrections with

respect to the guiding-center displacement py.
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3. Symplectic and Hamiltonian representations of gyrocenter reduction

The electrostatic part of fields perturbation ¢ is usually accounted as a part of a perturbed
gyrocenter Hamiltonian. However, there exist several possibilities for organizing the dynamical
reduction procedure depending on where the magnetic potential perturbation Ay is taken into
account: into the Symplectic or into the Hamiltonian part of the phase space Lagrangian (1).

The Hamiltonian representation includes parallel magnetic perturbation A;) inside the expres-
sion for the perturbed Hamiltonian and leaves the guiding-center Poisson bracket (15) invariant.
As we have seen into the previous section, it uses parallel canonical gyrocenter momentum p, as
one of the phase space variables, it is therefore sometimes called ”p, representation”.

The Symplectic representation accounts the perturbed parallel magnetic moment inside the
Symplectic part of the phase-space Lagrangian, which leads to perturbation of guiding-center
Poisson bracket (15). In that case, parallel kinetic momentum is unperturbed p; = muv). The
latter facilitates identification of various physical terms and makes possible to avoid the cancellation
problem [9], related to presence of terms with several orders of difference inside the corresponding
Ampere’s equation.

In what concerns PIC codes, Hamiltonian representation is preferable, since in the symplectic
one the inductive electric field (i.e. explicit time-derivative of perturbative magnetic potential)
appears into the characteristics. It therefore requiers additional implicit time integrator. When
the Hamiltonian representation is chosen, the explicit time derivatives of perturbed potentials
are only contained into the dynamics of w-variable and therefore completely uncoupled from the
dynamics of the physical reduced phase space. Symplectic representation is used for derivation of
particles characteristics and Vlasov equation implemented in Eulerian , i.e. GENE code [10], [8].

a. First order gyrocenter characteristics First order particle characteristics in p, representa-

tion are derived from the first order in €5 gyrocenter Hamiltonian:

€5 €
/Hg/) = ch +e €5 <¢1gc> - Eg Dz <A1||gc> —w, (30)

and the non-perturbed guiding-center Poisson bracket on extended 8-dimensional phase space (15):

. B* 87—[(1) cb
1 _ (1) _ 2 Yitgy , P (1)
Ky {X’Hgy }ext B‘T Op. + eB"‘k X Vg (31)
B*
.(1 1 1
p; 2gy = {pmHéy)}ext - T VHéy)' (32)
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We give detailed derivation of characteristics equations in Hamiltonian representation as it is
implemented in ORB5 code in the Appendix B; together with ORB5 code diagnostics.

In Symplectic representation only the electrostatic part of the perturbation is included inside

s

ay» While the magnetic part of the

the expression for the gyrocenter perturbed Hamiltonian H
perturbation is accounted into the symplectic part of the Lagrangian (1) through the symplectic
potential (8) and therefore into the Poisson bracket, which we name here with indice gy. The latter
makes appear explicit time derivatives of magnetic potential into the expressions for reduced phase

space characteristics (X, p):

B*OMs, b

y}gy B|>||< 9 || eB'T

B* 68<A1” >
- (1,s s s gc
p”éy ) {pII’Hgy}gy _7B|>||< ) VHgy - 27 Ot

v (1,8) __ s
X = {X.#;

x VHgy (33)

We also remark that the symplectic magnetic field B* now contains a part of perturbed magnetic
field and therefore it enters into the Liouville condition for the phase space volume conservation

V- -B*=0.

4. Field-particles coupling on the reduced phase space

Gyrokinetic coordinate transformation introduces a difference between positions of fields and
particles: fields are evaluated into the non-reduced spatial position r, while particles are now
replaced by gyrocentres X, whose position differs on the distance of the polarization displacement
Pe = po + p1- In order to correctly account field-particles interaction on the reduced phase space,
one should include contributions from all gyrocenters X located at the distance p. from the field
position r. On the figure 6 we represent this statement graphically. As we could see in the previous
section, all effects from the lowest order gyrocenter displacement p; are explicitly accounted into
the reduced Hamiltonian Hyy, and all the averaging operators contain contributions only from the
guiding-center displacement pg. Therefore, the polarization effects associated with the gyrocenter
displacement will appear into the reduced characteristics, while the polarization effects coming
from the guiding-center displacement are included into the averaged electromagnetic potentials
( (D1gc) <A1H gc>). To compactify our formulas in further calculations we use the following notation

to account the guiding-center polarization effects:

53, = 0% (X + po(X, p1,0) — ). (34)
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We remark that this operator is not symmetric in general with respect to the transitions between
the reduced and non-reduced coordinates: i.e. pg can be seen as a function of X or x.
A point that should be clarified here is about the transitions between the reduced guiding-center

coordinate and the original particle’s position. At the lowest order of transformation, we have:
po((x — X) +X) ~ po(X) + (x = X) - Vpo + ...

The distance between the gyrocenter position X and the non-reduced particle position x is supposed
to be small (let name it €), after all we just perform near-identinty transformations. In the same
time, the second rank tensor V py contains O(ep) contributions. Then, the first correction in that
series decomposition is at least of order O(ege) and therefore can be therefore neglected in our
further calculations. Finally, we see that at the lowest order of coordinate transformation, the 5;’(:

operator is symmetric. This will be important for further calculation of functional derivatives.

FIG. 3: Gyrokinetic polarization: contributions of reduced particles positions X, situated at the distance of

polarization displacement p. from the field position r.

III. EULERIAN SECOND ORDER VARIATIONAL PRINCIPLE: GENERAL METHOD

As it has been already mentioned in the introduction, there exist two types of variational
formulation for plasma dynamics. The main difference consists in treatment of particles dynamics.
While the Eulerian formulation allows to consider Vlasov field as a dynamical field, the Lagrangian

formulation treats particles dynamics through their characteristics.
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In this section we introduce an implicit expression of the second order Eulerian action functional,
i.e. containing corrections up to the O(e?) and up to the second order in guiding-center FLR
effects related to the lowest order displacement pg. The implicit expression of this Eulerian action
functional has been obtained in [4] via systematic truncation of full Eulerian gyrokinetic action [3].

The second order Maxwell-Vlasov action functional writes:

dv dt

to
I[p1, A F] = | A%[¢1, Ay, F dt = /

t1

—/ dSZ}"Hl—/dGZthOHg

<e§ IE|> — [Bg +€5B1|2) (35)

The first term here represents the Maxwellian part of the action with electrostatic field E; =
—V¢1—c10;A1. The magnetic field is separated into background By and fluctuating (dynamical)
part B; =V x Aj.

The second and third terms are contributions to the Vlasov part of the action. The first Vlasov
term contains dynamical part of the distribution function and it is defined on the extended 8-
dimensional phase space with d®Z = B|’|‘dV dp, dp df dt dw,where dV represents space volume
element; while the second Vlasov term is defined on the n-dimensional reduced gyrocenter phase
space with d®Z = Bi‘dV dp, du df. This manipulation is necessary to get the Vlasov equation
from the variational principle. This is also mandatory for derivation of the conservation laws via
the Noether’s method.

The second term of the action functional contains the truncated first order Vlasov distribution

on the extended phase space:
F=(Fo+es F1)6 (w— Hy — esHy), (36)

while the third term keeps only a non-dynamical part of the Vlasov distribution Fy. Therefore, in
our action functional the second order reduced gyrocenter dynamics, generated by the Hamiltonian
Hj is associated with background distribution function only.

In this work we aim to compare results of our derivation (i.e. equations of motion and conserva-
tion laws) for the Eulerian action functional (35) with the action functional used for construction
of the ORB5 code model. We describe that model in section (V). Finally, we aim to build up
an exactly conserved electromagnetic energy invariant via the Noether’s method. We discuss that
issue in the section (IIIC). In that section we proceed with implicit derivation without giving
expressions for H; and Hy. In the next section we explicit the expressions for the reduced par-
ticle dynamics model and provide explicit expressions for the corresponding equations of motion

(Gyrokinetic Maxwell-Vlasov system) and the conserved energy density.
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A. First variation of the action functional

In this section we give the procedure of the first variation calculation for the second order
Eulerian action (35). The variation calculation requires the use of the functionals derivatives.

For a functional £ = [dA L(n,Vn) depending on a scalar field n = n(x) and its gradient
Vn = Vn(x), the functional derivative is :

oL oL
- </dA L[n+vx,Vn+qu]> _/dA%OX+/dA OVUOVX (37)

o (- ) fors () o

where x is an arbitrary test function.

5L d
— O
on

Therefore, the first variation for the second order Eulerian action is:

2 BSAE ~ GAE o 0AF o
0I¢ = SAC (b1, A dt = / = oA+ ——0dF)dt
. A [gf)l, 1,.7:} \ <5¢1 o¢1 + SA oA+ SF o ]:> , (39)

Such a derivation provides two important informations: first of all, it allows one to get a system
of coupled Maxwell-Vlasov equations; second, it also provides us the expressions for the Noether’s
terms, necessary for the corresponding conservation laws derivation. The Noether’s terms are
represented by exact derivatives and do not contribute to the dynamical part.

To that purpose, while evaluating the first variation of the action functional Z¢[¢1, Ay, F],
we are using the following definition of the functional derivative which makes explicitly appear
dependencies on the scalar fields and their gradients.

As we will see, the equation (37) defines dynamics in a weak form, while the equation (38)
obtained via the Leibnitz rule application contains the dynamical term (multiplied by x) and the
Noether’s term, which we are using for derivation of the conservation laws.

We remark here that from the point of view of mathematical definition d£/dn is a linear func-
tional, i.e. in order to get a numerical value, one has to apply it to the test function (we named it
x above), which does not have a small norm a priori. In physics, this test function is traditionally
named with the same letter as the derivative, see for example [16],[5], so in our case it would be
on. This is used in order to keep an intuitional link to the definition of Riemann’s derivative. We
will be using such a definition while deriving the equations of motion for the Eulerian action (35).

We also remark here that the spatial derivative V can be also replaced by the time derivative 0y
into the expressions (37) and (38) respectively. We will be using this fact for energy conservation

law derivation in the following section.
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1. Constrained FEulerian variations

Before proceeding with explicit first variation derivation for Eulerian action functional (35), we
need to explain how Vlasov field variations are calculated. Indeed, variation of the extended phase

space Vlasov field F is evaluated in the following constrained form:
6F = {8, Flext, (40)

where S is a generating function, not affecting the equations of motion but defining the conservation
law for the reduced system through the Noether’s theorem. In what concerns functional derivatives
with respect to the electrostatic and the electromagnetic potential, their evaluation is performed
with respect to the general rule of classical field theory. The electric and magnetic field variations

should respect the constraints imposed by electromagnetic fields definitions :

SE; = —Vig1 —c 106A, (41)
5B1 = V x ((5A1) . (42)

For convenience of further calculations we separate the general second order action functional

on its field part and Vlasov (V1) part :

A%w%ﬂzﬁmW%Aw%m%%be (43)

|.n [¢1, Ay, Fl+ v

A (field) [¢ A ]+Am32§|d (D1, Aq] + n0n|ln[¢17A1]

The field part of the action is further divided into the electric Maxwellian part:
&, (field) 2
AGD 1, AL = 5/mwmﬁ (44)
8T
and magnetic Maxwellian part:
i 1
Ai’ggﬁld) (61, Aq] = ~ 3 /dV 1By + ¢5B1|? (45)

We separate the linear and nonlinear contributions to the Vlasov part of the action functional in
the following way. The linear one: contains contribution from the dynamical part of the extended

Vlasov field F defined by (36) and the first order gyrocenter Hamiltonian H; given by (30).

A oA == [ dzFw, (46)
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Finally, the nonlinear Vlasov term contains only non-dynamical part of the Vlasov field Fj and the

second order extended electromagnetic Hamiltonian Ha, which will be defined below accordingly

to the different Maxwell-Vlasov gyrokinetic models we are about to derive:

nOnI|n [¢17A1 / dGZ dt FO HQ

2. Flields contributions

(47)

We start with calculating functional derivative of fields contribution to the action functional.

5A5,(field) . 5A5,(field)

A
5or °o¢1 + A oAj,

6A€,(fie|d) =

where ggl and ;&1 are the test functions.
First, for the electrostatic field term with E; we have:

(5./4 (field) Oa B i /C”/
5¢1 e 8r 0

~2
E, —Z/qu‘ ] e

= —65/ E -V
Weak dynamics

= —eé/dvv E, ¢1+€5/ V <E1 $1>,

Dynamical term Noether’s term

]uO_ 65/E1 fﬁtﬁl

Weak dynamics

an electrostatic part of functional derivative and

/dV
— €
8 é

£ (field)
0A n d

= E| — 8A
6A101dy Ith

av 1 av 1
65/471’ - atEl A1 —€5 / E - 8t (E1 Al) .
\ﬁ,_/ \—,_/

Dynamical term Noether’s term
the magnetic field contribution.

Next, we derive a magnetic contribution with B; =V x A;:

(5./45173(26'(1) R d dV —~ 2
ok = [/‘BO—FG(;VX (Al—l-I/Al)’ ] o

v ~
- —65/ o (Bo+eB)- <V><A1)

Weak dynamics

4

av | ~ ~
= —65/ A1-VX(B0+€5B1)—V' |:(B0+66B1)XA]_

~
Dynamical term
ynamical te Noether’s term

(48)

(49)

(50)
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8. Vlasov contributions

Let us now proceed with derivation of contribution from the Vlasov parts of the action func-
tional.

The first variation of the linear Vlasov’s part of the action writes as:

E,(VI) (V1)
ENVYy 6"4I|n T 5A|in "N 6"4I|n ;& 1
SAY = ( s Ot ot oM (51)
~ §H1 ~ My
:—/dﬁzdw(H15f+f <5¢11 H+ —— 5A, oA1>> (52)

We now explicit each of those contributions with using the definition for the constrained Eulerian
variation of the extended distribution function 6 F where S is the generating function, which does
not affect dynamical part of variation, but defines the conservation law we derive via the Noether’s
method.

To explicit the first contribution we are using the expression for the constrained Eulerian vari-
ation of the Vlasov distribution (40), containing §F. This expression can be further rewritten
with using the Leibnitz rule for the Poisson bracket on the extended phase space such that the

dynamical and the Noether contributions are:

5.,45 (VI R R
in o 5F = — / d°Z dw Hy {S, Flext (53)
SoF
- _ / d°Z dw {SHy, Flex + / d°Z dw 8 {Hi, Flext
— —
Noether’s term Dynamical Vlasov

The first term here does not give any dynamical contributions and the second one leads toward
derivation of Gyrokinetic Vlasov equation. The two remaining terms in (52) will contribute to the
gyrokinetic Maxwell’s equations via the polarization and magnetization.

Let us now consider the contributions to the first action functional variation from the nonlinear
Vlasov part. The second order reduced dynamics in the functional (35 ) is associated with non-
dynamical part of the distribution function Fy only. it It will naturally lead to the contributions

into the dynamical equations and does not provide any Noether’s terms by construction.

SAST JASST 5H. §Hs
SALN = — ~ gl o 31 — A o 6Ay = / d°Z Fy <5¢2 oy + 22 A ° A1> (54)

Let us now point out how the polarization and magnetization effects arise into the reduced
Maxwell-Vlasov equations. Note that the reduced particle dynamics, contained into the Hamil-

tonians H; and Has, is evaluated on the reduced phase space at the gyrocenter position X, while
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the electromagnetic potentials ¢; and A; are evaluated at the initial non-reduced space position
r. Therefore, the shift between both positions has to be systematically taken into account while
calculating the functional derivatives. This fact naturally leads to the appearance of polarization
and magnetization on the right hand side of the Gyrokinetic Poisson and Ampere equations.

As mentionned in the previous section, the first variation of the action functional can be rewrit-
ten in a form which contains two types of terms: those multiplied by the test functions (ﬁgl, Kl)
and the generating function S, and other terms, representing exact derivatives with respect to time
and space variables. The first category of terms provides us equations of motion. The second one
will be used later for derivation of the conservation laws via the Noether’s theorem.

We proceed with explicit derivation of the polarization contributions from the reduced particles
dynamics in the next section. In that section we continue with derivation of the reduced Maxwell-
Vlasov equations in the implicit form as well as we sketch out here the general Noether procedure

for the energy conservation law derivation.

B. Equations of motion: implicit weak form

We are now ready to write the reduced Maxwell-Vlasov system corresponding to the Eulerian
second order action functional in an implicit form, i.e. without specifying expressions for the
functional derivatives of the reduced Hamiltonians of the first and the second order, essentially
representing polarization effects due to the dynamical reduction on the particle phase space. We
proceed with the explicit derivation into the following section.

We start with writing implicit equations of motion in a weak form (i.e. applied on the test
functions), which is essential for numerical implementation as well as for energy conservation
derivation.

In order to write the weak form of the second order Gyrokinetic Maxwell - Vlasov equations we
collect all the contributions to the first variation of the action functional accordingly to the (85).

We start with the gyrokinetic Poisson equation:

AE
0= 5¢1 O¢1 = (55)
/dV (El.val) —47r/dV dW (Fy + e;F)) OH o b +47r/dV AW F, OH; o b
01 01
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and for the Ampere equation:

0= O:’&12>

6A4
1 N
/dV |:(B0 + €5B1) -V x Ay + EEI . atA1:| =

oH, -~ SHy ~
47r/ dV dW (F0+65F1)5A1oA1+47r/ dV dW F, foAl (56)
1 1

Those equations can be rewritten in a strong form integrating by parts and then using the
arbitrariness of the test functions: <$1 = ¢; and :&1 = A;. By collecting terms multiplied by ¢,

we get the Poisson equation in a strong (conventional form)

§H §H.
(V-E)) :47r/ dWe(F0+65F1)1+47r/ AW e Fy =2 (57)
1 o1

The Ampere’s equation is obtained from collecting terms multiplied by Aj :

10E;\ 0H,
(V X (B() + 6§B1) — 66(}815) = —471'/ dw €(F0 + €§F1) 5A1
0H,

Finally, with taking the test function F = F the Vlasov equation is obtained in its extended phase
space bracket form from (54):

_ AR

0 0OF

0 6F = {Hi, Flext =0 (59)

C. Noether method and energy conservation law

Noether’s method in classical field theory is used to associate symmetries of action with con-

served quantites. The general Noether’s transport equation has the following form:

%+V-J:5£S (60)

where S is the Noether’s current and J is the Noether’s density; £f is Lagrangian density of

Eulerian action:
Af = /dV LE. (61)

The variation 6£¢ is defined accordingly to the conservation law we are deriving.
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By collecting the Noether’s terms, which we have derived in the previous section, while rewriting
equations of motion in a strong form, we can write general expressions for S and J suitable for

conservation laws derivation:

s——egl(E-K)+/dewa (62)
. dme ! !

2 ~ ~
J = —% E ¢1+% [(BO+6531) xAl} +/dW dw F{X, H}S (63)

The last term in the expression for Noether’s current S and Noether’s density J is obtained from
Vlasov part of action functional, its explicit derivation from the expressions (54) are summarized
in (C).

In this section we will concentrate on the energy conservation derivation only. We leave mo-
mentum conservation derivation for further work.

The energy conservation is derived from performing infinitesimal time translations ¢t — ¢t + 6t
on the Eulerian action A¢. The explicit expression for the corresponding generating function S,
which also the defines the constrained variations of Vlasov field is given by & = —w dt. Then, the

expressions of electromagnetic field and Lagrangian density variations are defined as:

O
= — _— 4
S ot — (64)
SA, = —bt ‘98’;1 = ¢ 6t (E1 + V) (65)
oLt ot
E _ hdad
5Lf = 5t< o~ o > (66)

where X is the gyrocenter poistion; the 9; means time derivative with respect to the background
fields only. In general, the background non-dynamical fields By and Fj could explicitely depdend
on time. In this case their explicit time-dependencies should be removed from the conservation
law. In our case, both of those fields are explicitly time-independent, so the variation of Lagrangian
density is simply given by 6£8 = —t 0,LF.

Remark that, only Maxwellian part of A and the Vlasov part associated with non-dynamical
part of the distribution function will contribute to 6£f, because formally the Vlasov part
[d®Z F H=0for H=06w—H).

In the following section, we derive explicit expression for energy density, which contains FLR
terms up to the second order.

The Lagrangian density time derivative is given by:

0|1

&
=0t — | —
0= =01 5 [

3| E1 |°~| Bo + &B1 |?) — /dW Fy Hg] : (67)
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It means that in the case of the energy conservation derivation through the infinitesimal time
translations, the Maxwell part of the action as well as the truncated non-dynamical Vlasov part,
contributes to the energy density.

We can now write an implicit expression for the energy density &£, which corresponds to the
Eulerian action (35). With choosing the test functions, corresponding to the conservation law we

are about to derive: (51 = Jd¢1 and Kl = J)Aq, we get:

& =~ (BB +[Bo+oBi) & [ aW (B Hi+ Fy ) (68)

G E, -V (69)
41

J = % (Bo + ¢5B1) x Ej — /dW AX® (70)

- ;(%T [E1 % +C(B0+€6B1)XV¢1] (71)

One more manipulation should be done before we proceed with an explicit derivation for some
particular choice of the reduced particle model with a particular choice of Ho.

The terms (69) and (71) can be rewritten with using the weak form of the equations of motion
(56) and (56), derived for this model.

With using the test function 51 = ¢ in the Poisson equation (57) and A, = V1 in (58) we
introduce polarization and magnetization effects into the expression for the energy density £ and

the energy flux J:

€ =~ (GBiP+Bo+aBi) — & [aw (5 0+ Ry 1) (72)
- / AW €5 (Fo + €5 F1) ((55;[11 o ¢y (73)
J = % (Bo + ¢5B1) x E; —eg/dW XY (74)
- eg/dW (F0+65F1)g1 o Vo —q;/dW F gi? oV (75)

In the following section we proceed with derivation of the explicit expressions for equations of

motion and the energy conservation laws.

IV. EULERIAN SECOND ORDER ACTION FUNCTIONAL: EXPLICIT DERIVATION

The aim of this section is to provide an explicit form of the reduced Maxwell-Vlasov equations

in their weak form (56, 56) and in their strong (57, 58) form.
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To start the explicit derivation we are implementing the standard approximation of the Gyroki-
netic theory concerning the electromagnetic fields.

First, we take into account the low frequency approximation for the electric field: E1| = -V | ¢
for the perpendicular component and Ey = ~b- Vo, — c‘18tA1|| for the parallel one. Therefore,
the parallel electric field component is of the next order of smallness with respect to the gyrocenter
parameter €5 than the perpendicular one: |Ey| ~ es|Eq]|.

In the same time, we suppose that the magnetic perturbation is given by:
B, =Vx (b A1||)’ (76)

i.e. the magnetic potential perturbation has only a parallel component. We keep here the full
expression of the perturbed magnetic field (76), which respects the Maxwell constraint V- By = 0
and therefore conserves the Liouville theorem necessary for the phase space volume conservation
on the reduced phase space. The latter leads to appearance of magnetic curvature terms in the
Ampere’s law and the conservations laws. We also remark that, taking into account only parallel
fluctuations of the perturbed magnetic potential, leads to the derivation of only parallel component
of Ampeére’s law from the variational principle.

Finally, in what concerns the particle dynamics a choice of the reduced model is realized ac-
cordingly to the gyrocenter Hamiltonian (29). The detailed derivation of that expression is done
in sec. (IID2).

The H; is the first order correction to the general gyrocenter Hamiltonian (29):

Hy = ¢ <€ (01(X + po)) — %S p- (A (X+ P0)>>

le

= € (6 (P1ge) — o 2 <A1||gc>> (77)

While the Ho is represented by the O(e2) corrections to the (29): we truncate the gyro aver-
aging up to the second order in guiding-center FLR, corrections for the squared parallel magnetic

potential: <A1||(X + p0)2>:

(A1 (X +p0)®) = (A (X)*) + 5 {(P- VA (X)) (P VA (X)) (78)

+ pg Ay (P p): VV A

Next, with taking into account the expression for the gyroaveraged tensor (27) and the expres-
sion for the lower order guiding-center displacement (17), we can write the explicit expression for

the second order Hamiltonian Ho:
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me2
2B2

2
(&
Hy =5 A+ 55 WLAHI’ %Alnvifhn

o Vigr — 7VLA1H (79)

The first and the second terms are the first order guiding-center FLR, corrections to the aver-
aged gyrocenter magnetic potential, and the third term is the second order guiding-center FLR
contribution.

The last term here represents the lowest order gyrocenter polarization correction, associated
with the gyro averaged gyrocenter displacement p; (28). The latter is related to the gradient
of the electromagnetic potential in general Gyrokinetic theory. We emphasize that most of the
physical models consider only its electrostatic part. In the sec. (V) we make a comparison between
this full second order model and the ORB5 model, which contains only the electrostatic part of
the polarization.

Remark that the electromagnetic part of the polarization contains only the FLR corrections of

the first order, which does not contradict to the general gyrocenter ordering consistency.

A. Dynamical and Noether’s terms

Taking into account assumptions on the electromagnetic fields as well as on truncated particle’s

dynamics discussed in the section above, we can write an explicit expression for the Eulerian action:

7)® [¢1, Ay, ] E/j A [o1, Ay, F] (80)
_ /d‘;rdt <e§ IV 1 61]% — ‘Bg tes V x (AlHB)f) (81)
_ / &#7F [HO e elbige) e e L2 (Ayyye) —u] (82)
+ %‘5 /dSZ o R )Vqul——VLAl”‘ (83)
- 62% /ng Fo (; (5) a3+ £ 9y + AlIIVLAlll) (84)

where we have used the definition of the extended Vlasov function (36).
We are following the same procedure of the first variation calculation as in the previous section

within the implicit derivation.

t2 A~ GAS o GAS
51.85/ SA¢ [¢1aA1H7~7:] dt:/ ( I O¢1—|—7”OA1||+ I o d.F | dt. (85)
1

t1
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We summarize the details of that calculation into the appendix A. Here we provide the final
form of the gyrokinetic Maxwell-Vlasov equations in weak and strong form as well as the expression

for the conserved energy density.

B. Equations of motion

1.  Guyrokinetic Vlasov equation

The Vlasov equation follows from the variational principle in the form of an exact derivative ac-
cordingly to the (59). This is equivalent to the statement that the Vlasov equation is reconstructed

from the first order gyrocenter characteristics (31). We explicit this equation as follows:

oF;

5 = —{F1,Ho}gec — {F0, Hi}ge — €5{F1, Hi}gc,

where the two first terms represent linear drive in the system (first term: coupling between back-
ground dynamics and dynamical part of the Vlasov field; second term: coupling of the background
(non-dynamical) distribution with the first order fluctuations), the last term represents the non-

linear coupling between the dynamical part of the Vlasov field with the first order Hamiltonian.

2. Gyrokinetic Poisson equation

The Poisson equation in a weak form is given by:

I
= ]
361 o1 =
1 R 2 » ~
6547T/dV Vigr-Vigr = 66/dV dw <T;CQ Fo) [VL¢1 - :TCVLAIII] Vid
— e / AV dW (Fy + esF1) <5<X+po—r) $1> (86)

Here we define the guiding-center gyro-averaging operator J;5° as follows:

~

N 27
(5% +po—1x) &) = /0 48 5(X + po — t) Bu(x) (87)

27
= / df ggl (X + po) = j(]gc (gb\l) (88)
0

And therefore,

/ AV dW (Fy + esF) <5(X—|—po—r) $1> :/ AV dW (Fy+ esFy) J& ($1)- (89)
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we can make it acting on the distribution function Fj + €5} rather than on the test function

¢A51 as follows:

2

1 mce
0= |—¢€ Evi% + €5 / dp. dp Vo - [ | Fo Vi <<l51 — A1|>]

/ dp, dp B|| ngT (Fo + €6F1)} (90)

This is the strong form of the Poisson equation. Remark that the requirement for the gyroaveraging
operator being hermitian, i.e. J§° = 7 8¢ is not necessary in case of the finite-element discretisation
performed for construction of PIC code, because in that case we are discretising equations in their
weak form and we do not need to shift the gyroaveraging operator from the test function <$1 to the
distribution function. However, an example of the hermitian gyroaveraging operator can be found

n [14].

8. Gyrokinetic Ampére equation

The weak formulation of the Ampere equation writes:

0 = oAy =
51 1|
dv I
0 = —/4 65\B0+65B1|-V x (Ayb) (91)
s
2
_ /dV aw " g, Vio - 2wiay|-viAy - eé/dV AW F (A1|A1||

+ B [|VJ_A1H| . VJ_AlH + All\ViAIH + A1||V2LA1H}>

+ 65/ dV dW (Fp + eskFy) %jogc (21”)-

We remark that the choice of a parallel component of perturbed magnetic potential A naturally

leads toward derivation of only a parallel component of the strong Gyrokinetic Ampere equation:

1 ~
0= [Mb -V x (Bg + €;B1) — ¢ / dp dp:V - [ Bj Fo m V4 <¢1 - *Awﬂ
e? [

€2 z c
—25/ du dp. Vi (% B|TFO) Ay + /dW P JEVN (Fy + 655)}
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C. Conserved energy density

1. Final expression for conserved energy density

By substituting variations associated with time translations (64, 65, 66) into the general expres-
sions for the Noether density S, using the equations of motion associated with A%, derived into the

previous section, we get the expression for energy density into the implicit form:

av mc?
& = /8 (65|E1\ + |B0+653112) +/dV dW F, <H2+e§ BQ\VL¢1|Q>
+ / AV AW (Fy+ esFy) (Ho + esHy — €5 € (é1g0) (93)

This expression contains information about the gyrocenter dynamical reduction up to the second
order, i.e. eg and keeps the FLR corrections at all orders.
The explicit expression for the energy density with second order FLR corrections into the

nonlinear terms is obtained by substituting the explicit expressions into (93):

Ey = /dV dw (Fo + 65F1) (Ho — €5 6 <A1||gc (94)

2

2
2/dVdWFg< — A+

5

‘ 2

VJ_AlH) + AlIIViAlll)

2

+ /dV AW Fy o (!le! —( Viay >
)

/dV (31VLe1]* + |Bo + €5B1|?

We remark, that in the electromagnetic case, there is a part of energy provided by the magnetic
field (background and fluctuating) in the system. Therefore the field energy contribution can not
be completely removed via using the quasineutrality approximation, as it was previously possible

in the electrostatic case. The field part of energy should be then included into the code diagnostics.

V. EULERIAN VARIATIONAL PRINCIPLE FOR THE ORB5 CODE MODEL

In a previous section we have explicitly derived equations of motion and the conserved energy
density corresponding to the Eulerian action functional (80), which contains up to the O(e3) terms
together with the second order FLR corrections. In this section we rewrite the second order Eulerian
variational functional in a more compact form and then perform on it all necessary approximations
in order to be able to access throughout the first variation calculation the gyrokinetic Maxwell-

Vlasov system of equations currently implemented into the ORB5 code. In the same time, we aim
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to compare the conserved energy density corresponding to the variational principle with diagnostics
of the code. Our main goal here is to make a comparison between the gyrokinetic Maxwell-Vlasov

models issued from a different first principle derivations.

A. Second order action functionals

t2 v ~Nt
T = [ Awdi= [ (eﬁwmlr?— Bo+ 65 V x (Ayb)| ) (95)

t1 87T
Z/dSZ FHi— Z/dGZ Fy Hi
sp Sp

To get the ORB5 code model, two physical approximations should be performed on this full

second order action principle: one on the Maxwellian part of that action functional and the another

one on this particle’s part.

1. The quasi neutrality approximation

Let us start with considering the most common physical reduction: the quasi neutrality ap-
proximation, which is implemented into the ORB5 model. Considered at the action functional
level, this approximation can be made without making loose of the energetic consistency in further
derivation.

The quasi-neutrality approximation allows to neglect the |E1]2 term in Maxwell part of the
Eulerian action. The latter term is usually ordered small comparing to the second order polarization
term, contained in Hy proportional to V| ¢1. As we have already mentioned in previous section,
standard gyrokinetic ordering pushes parallel component of electric field at the next order of
smallness comparing to its perpendicular component |Ey| ~ €5|/E11|. The Eulerian action (96)
does not contains parallel component of electric field. In addition to that we are now taking into

account one of the characteristic spatial scales separation in fusion plasmas, resulting from the fact

that the ion sound Larmor radius p7 = % is larger than the Debye length )\?l = ffnzz:
2 2 2
p;  8mnme c
=5y = 5 > 1, (96)
A2 B2 vy
where v4 is the Alfven velocity.
In electrostatic approximation:
av mc? 1 0>
\ley%/dv AW Fy —|V 11> = /dV (1+ =) Vil (97)
/ 8T 2B2 8T A2
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Therefore, the electrostatic contribution to the Maxwell’s part of the action functional can be

omitted.

2. Perturbed magnetic field approzimation

The next approximation which has to be made, concerns again the Maxwellian part of the
action: it is about the perturbed part of the magnetic field.

Most of the physical models omit curvature contributions to the perpendicular part of magnetic
field perturbation By, i.e. the term B, = b x VA|. The latter leads to violation of the divergence
free Maxwell constraint up to the second order in €p, referred earlier as the small parameter related

to the background fields non-uniformities.

3. Particle dynamics approzimation

The last approximation should be performed on the particle’s level of dynamics.

To get the ORB5 code model, which at the moment does not take into account coupling between
the reduced Poisson and Ampere equations, the second order Hamiltonian Hs should not contain
any "mixed” electromagnetic potential perturbation.

This is why the ORB5 model uses linear polarization approximation:

e? 9 mc?
HPRES = (Aq))ge)” — 252 IVignl?, (98)

T 2mc?

which is different to Hs issued from the direct derivation within the Gyrokinetic reduction (79).
The final expression of the action functional providing the system of the Maxwell-Vlasov equa-

tions corresponding to the ORB5 model is:

to €2 9
TErps = t Aforgs dt = —S;/dV|VLA1|\ (99)
1
- Z/dSZ}“Hl—Z/dE‘Z Fy HYRBS
sp sp
B. ORB5 Maxwell-Vlasov model

In order to make a comparison between the system of the gyrokinetic Maxwell-Vlasov equations

issued from the full second order derivation and those currently implemented into the ORB5 codes
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we truncate the FLR decomposition in (98) for the gyroaveraged magnetic potential <A1||gc> at the
second order as in (A9).
Using the Taylor expansion in the vicinity of the guiding-center position X and keeping the

guiding-center polarization corrections up to the second order:
1
Ajge = A1)(X) + po - VA (X) + 5popo : VV A (X), (100)

where the lowest order guiding-center displacement pg is given by (17).

The first term in (98) writes:

2
2 1 N2 [
(Arjge)” = <A1|| +5 (Popo) : VVAl) =A% +m (;) B4 ViAy, (101)

while the (79) contains additional first order FLR contribution:

1 2
<A1ch> = <(A%” + Po - VA1|| + ipOpO : VVA1> >

c\? p 2 N2 p

In what concerns the second terms into the expressions (79) and (98), the first one contains
electromagnetic corrections, while the second expression is restricted to the electrostatic corrections
only.

As we have already mentioned above, the presence of the electromagnetic contribution in Hs,
results in coupling between the reduced Poisson (quasi-neutrality) and Ampeére equations.

Note that coupling of gyrokinetic Maxwell equations can be of particular interest for further
numerical studies with canonical Maxwellian initialization (asymmetric background distribution).
Such an implementation has a particular interest for energetic particles investigation, for example.

Let us now analyze in details the corresponding equations of motion.

C. Quasineutrality equation

We start with comparing the quasi neutrality equations. First, the one which follows from the

second order Eulerian action:

— 552/dW V., [BFO Vi (qf)l — 7141” :| /dW F(] + €5F1)(103)
In the same time, the quasi neutrality condition, following from the ORB5 action writes:

mC2
—Z/dWB*VL [B*Fomvl¢1] => e/dW JETR (104)
sp

sp I
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D. Ampére’s equation

Taking into account the same approximation as in the ORB5 model with B; = b x V Ay and

b x b x VA = —Va_Al”, the Ampere equation, which follows from the Eulerian action:

l o2 Pz  rgct ¢’ 2 x 1

/dW =V B”BF0> V Ay —/dW < CBP;) \val [%Vb‘h” —VJ_¢1}

/ W VL (ABI ) Vi [22vidy - Vie (105)

while the Ampere equation, which follows from the physical action is:
Lv2a, = = [avaw L= getp aw —; C Ay F 1 aw — 1w (B:ER)A
- ViAy = - — TR+ = (Ay Fo) + B ( B 0) 1)
+ / dW%FO V2 Ay (106)

We can see that Ampere’s law issued from the physical Eulerian action neglects coupling with
electrostatic potential ¢y. Terms proportional to ViAlH differ due to the differences identified in
the expressions for the second order Hamiltonians H;“H and HQORBE’. The same issue results in
differences in terms proportional to the gradient of the background distribution function V Fj.

A slightly different version of (106) is implemented in the ORB5, the last term (only for ions

contribution) is written down in the following form:
/dW V- (LRVLiAy). (107)

which is more convenient for weak formulation of Ampere’s equation suitable for numerical imple-
mentation into the PIC code. The final Ampere’s law for ORB5 neglects the third term in the
r.h.s. of (106):

€ Dz C
Z S Au+ 5 Z V- (BpViAy) — ViA = Z47r/dv AW —=J¢ g (108)
sp 5P sp;ée sp
where we have defined dgp, = 74“;20206 and Ssp = 87};7;5*) = 8W”S%kBTSP

1. Vlasov equation

Let us now compare Vlasov equations, we can derive from both Eulerian action functionals via

variational calculation.
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As we have seen, the full second order Eulerian action provides Vlasov equation with non-linear
drive terms (86), while the Eulerian action functional containing physical reduction uses first order
gyrocenter characteristics (31) to reconstruct Vlasov equation and does not contain the nonlinear
drive term.

Finally, the following equation is solved in the ORB5:

dF
o= {H1,F} oyt =0 (109)

which represents basically the same equation as (86), where we have taken into account that the
background distribution is non-dynamical {Fp, Ho}gC = 0 and static 0;Fy = 0, which leads to the
following;:

dFy
W - _{FO’Hl}gC (110)
In the other words, the dynamics of the dynamical part of the distribution function F} is defined

from the linear evolution of the background distribution.

VI. ENERGY CONSERVATION DIAGNOSTICS

The energy diagnostics implemented in electromagnetic version of code ORB5 are derived from
the energy conservation law, which corresponds to the electromagnetic Lagrangian (100).

Intuitively, the conserved energy density can be written down as follows:

SORB5  _ Z/dW dV Hy (FO+65F1)+Z/dW dV Hy (Fo+eskr)
sp SP

2

+ gp:/dW dv HQRBS Fo+/dV WL;” (111)

which is equivalent to the result coming out from the direct Noether method application in

the framework of the Eulerian variational principle, once we have taken into account the Poisson
equation corresponding to the truncated Lagrangian. Below we give a detailed explanation.

First, we explicitly write the expression for the second term

/dV dW H; (F0+€5F1) :/dV dw (F0+65F1)j0gc (gf)l) (112)
— / AV dw ‘;SC (Fo+ esF1) TE (Ayy) » (113)

where we have used the explicit definition for the gyrocenter gyro-averaging operator (88) to expand

the expression for Hj as follows: (¢1gc) = (91(X + po)) = (¢1(r)d (X + po — 1)) = T5° (¢1)
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Next, with using the quasi neutrality equation and integrating by parts:
v aw By "V o = AV dw JE (Fy + e F 114
> 0 5o VLo ——Z I5T (Fo + esF1) ¢n (114)
= _Z/dV dW (Fo + esF1) TE (1) (115)

Finally, with taking into account the expression for the second order Hamiltonian HORB® we

get:

8

(& mC
+ Z/dv dw <2m02A%” + 252 |VL¢1|2> Fo=& +¢&F
sp

which corresponds to the energy density obtained from the direct application of the Noether method
in Eurlerian variational framework with truncated Hamiltonian corresponding to the ORB5 model.

We refer the first term, which contains only the unperturbed Hamiltonian Hy as a kinetic energy
& and the other terms as a field energy Ep.

Let us now proceed with code diagnostics derivation. What can be measured in the PIC code
in order to control the quality of the simulations?

It is well known that into the PIC code particles and fields are evaluated in two different ways.
Particles are advanced along their characteristics without use of any grid, while fields are evaluated
on the grid.

So, to control the quality of the simulation the contributions from particles energy and the field
energy should be calculated independently.

This is why we are considering the power balance equation, called also the FF x B transfer
equation:

d&, _  dEp
— = 117
dt dt (117)
The contributions from the particles dynamics are contained into the kinetic part & of the

conserved energy density £.

d dH, dF
gk Z /dW av —0 (Fo + e5F1) +Z/dW dV Hy —— @ (118)

,0
The first term here represents explicit time derivative of the guiding-center Hamiltonian Hy.
The last term here vanishes because of the Liouville theorem. And the remaining terms do not

contain any dynamical fields.
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To derive the diagnostics for the field part of the energy, as it is measured in the simulations,
we need to use both: the corresponding quasineutrality and the Ampere equations, but this time
to replace polarization terms related to the background distribution Fy by the moments of the
distribution function Fy + esk.

We start with writing the quasi neutrality equation in a weak form, taking into account addi-
tional integration by parts in order to replace the guiding-center gyro averaged operator J§° from

the electrostatic potential to the distribution function (Fy + €5F7)
Z / dVdW( Fg) |V L) Z / AV AW JET (Fy + esF1) (119)

Next, we reconstruct the Ampere’s equation corresponding to the ORBS code in a weak form
by combining the field terms in the energy density expression (111) and with using again the

integration by parts to change place of the gyroaveraged operator [Jy

VAP 1

™

2

That operation leads to the following expression for the field energy term associated with the

second order reduced dynamics, implemented into the energy balance equation (117) :
ct 1 ct €pz
Er = Z /dV AW JEV(Fo + esFy) é1 — %;2/&/ AW T5 (Fo + esF1) —= Ay (121)

Therefore, the final expression for the energy density £ can be rewritten as:

2
=X [avaw (o) (2w uB) + 7 00 - =g ()| (22)
sp

We evaluate the time derivative of the kinetic energy & with using the first order gyrocenter

characteristics for the phase space coordinates p, and X:

dEk

dt 7pz gy+Z'U’X VB

Sp

Z / AV AW (Fy + esF1)

Z/dVdW (Fo + esF1) {— eV JTE (1) ] + Ejog (Ay)) <pz>u (123)

The details of that calculation can be found in the appendix B.
For practical reasons, in numerical simulations, it is particularly useful to consider the power

balance equation in the following form (i.e. normalized by the field energy Er):
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1 d&;. 1 dérp
- 7 124
Erp dt Er dt ( )

Power Balance
0.01r

—-1/E; dE fdt
—1/E; dE, idt
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FIG. 4: Time evolution of the right-hand side and the left hand side of the power balance equation (124)
for the linear CYCLONE base case simulations with ORB 5 code.

In linear simulations, the power balance equation (124) not only gives an indication about
quality of the simulation but also can be used for measuring the instantaneous growth rate of the

instability:
vy=—-—logép=-——. (125)

Hence, with taking into account (123):

m

) 1 s
N = QSF%;/CW dW (Fp + esF) [eV (Y1ge) - X‘O = - (Auge) <p>

0] (126)

We present on the two following figures examples of the diagnostics implementation for a different
type of instabilities: Electromagnetic ITG and the KBM .

The different contributions to the growth rate v arising from the different terms in the unper-
turbed guiding-centre characteristics X|0 and p,|p can be separated in the power balance equation
and give a clear vision of which type of the instability is present in the system: that diagnostics is

suitable for both linear and nonlinear simulations:
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v o= %, Z/dV AW (Fo + e5F1) VJo5 (1) (v + vwp + vvB)

V xB
_ 2£F Z/dv dw (Fg + 65F1) V9 (AlH) (uBV b + e?pzb X <b X 5 ) . VB)

where
Pz
UH = Eb (127)
p:\2 mc~ VP

=—(= b X —- 128
vvp <m> eBi < B2 (128)

_ (pB p:\2\ mc~ VB
o= (5 (2)') B> B 129)

Electromagnetic ITG n=19 }=0.5%

— tot

—VB
VP
—~ Al

0.5/E*d EJd t

yle]=

0 2000 4000 6000 8000 10000 12000
time

FIG. 5: The Ion Temperature Gradient instability: time evolution of different contributions to the instan-

taneous growth rate for the most unstable mode of the linear CYCLONE base case.

VII. CONCLUSIONS AND PERSPECTIVES

In this work we have presented two variational derivations of self-consistent gyrokinetically

reduced systems of Maxwell-Vlasov equations containing the second order corrections with respect
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FIG. 6: The Kinetic Balooning Mode instability: time evolution of different contributions to the instanta-

neous growth rate for the most unstable mode of the linear CYCLONE base case.

to the small parameter related to the gyrocenter dynamical reduction €5 and up to the second order
with respect to the FLR corrections. The first system issued from the direct derivation uses second
order truncated Eulerian variational action functional for gyrokinetic Maxwell-Vlasov system. The
second system of the reduced gyrokinetic Maxwell-Vlasov equations uses physical approximation
and derives from the Lagrangian variational principle, suitable for PIC codes implementations.

The main results of this work can be summarized in the following way. The electrostatic limit
of both models coincides. The electrostatic model, implemented into the ORBS5 is energetically
consistent. In what concerns the electromagnetic case, here several differences exist. First of all,
due to the differences in choice of the second order Hamiltonian (direct second order gyrokinetic
dynamical reduction for particles or the physical model), the gyrokinetic equations for fields may
or may not be coupled. Also terms proportional to ViAlll have different expressions.

Neglecting magnetic field curvature into the model issued from the physical approximation
violates the Maxwell constraint V - B = 0, which can be a potential issue while implementing a
phase space preserving numerical scheme.

Finally, the reduced Vlasov equations coincide up to the non-linear term {F, H }gc, issued from
the direct second order derivation, which is absent in a physical model.

At the next step of our work we aim to proceed with derivation of the weak form for (90) and
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(92) suitable for the finite element method discretization necessary for further implementation of
new coupled system into the ORB5.

In the same time, further comparison of the established second order reference model (90,
92) with gyrokinetic equations implemented into other codes involved into the Enabling Research

project is one of our highest priorities.
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Appendix A: Explicit derivation of the full second order Maxwell-Vlasov equations

We use the same organisation of the action functional (80) into the field and Vlasov parts as
given by (44) in the section (IIT A), while deriving equations of motion and conservation laws into

the implicit form. In addition to that we separate the nonlinear Vlasov part in two terms:

ALy Ayl = Aiéml 61, Ay] + Aﬁ;(.\n’,'ig (61, Ay - (A1)

nonlin

Those two nonlinear Vlasov terms are associated to the second order Hamiltonian Hy truncated at
the second order of the FLR decomposition. and contain two different polarization contributions:
the electromagnetic part Aié(lxli)x [(bl, AlH], given by (83) and a purely magnetic contribution with
the first and the second FLR corrections A‘sé(l\rga)\g [(bl, Al”]u given by (84).

The first variation of the Eulerian action functional contains three parts, each one corresponds

to the functional dependence in variational fields (¢1, Ay, F):

SAS ~ OAE L SAT o
5~'46[¢17Al\\7~7:]:710¢1+70A1||+7o]:

A2
3¢ 5Ay, 5F 7 (A2)

where % is the functional derivative with respect to the electrostatic potential ¢q, % with

respect to the parallel magnetic potential perturbation A;|, and finally % contains functional
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derivatives with respect to the extended Vlasov field, given by (36). We remind that all of those

objects are linear functionals and need to be implied to some test function.

a. Fields contributions. Parallel magnetic perturbation

Taking into account the expression for perturbative magnetic field (76) we calculate functional
derivatives with respect to the parallel component of the magnetic potential A;; we choose the
test function A; = ElHB.

Following the implicit derivation presented into the section (IIIA), we start by calculating
functional derivative with respect to Ay)(50).

Thus, the expression for the dynamical and the Noether’s terms of the Ay, the functional
derivative of Maxwell’s part of the action functional A¢ :

5./4maﬁe'd)

- dv o~
e Ay = —65/(B0+6531) x V- (Ayb) (A3)

= 65/ Ay b+ (V x [Bg + ¢B1)) (A4)

+ eg/hv- (Ay |Vidy + Ay bx ¥ xb)).

As we can see, the dynamical term is now multiplied by the unitary vector of the background
magnetic field B, it means that the resulting Ampere’s equation will be projected on the parallel
direction. This is a direct consequence of the perturbed magnetic field choice (76).

For the Noether’s term we have used the following decomposition:

(BO + 65B1) X ;&1” = (BO + €5B1) X (B A\ln)

= —A\lu (VA1|| X B) x b —ﬁlHAl” (V X B) x b.

In order to get explicit expressions for the reduced Maxwell-Vlasov equations of motion we need
to explicitly evaluate contributions from H; and Hs, chosen to represent reduced particle dynamics

into the Eulerian action.
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b. First order Vlasov contributions

The direct calculation from the second order Eulerian action gives us the following form of the

first order Vlasov contributions:

5Ag_,(V|) R ~
6#1 od = _65/ AV dW (Fy + esF)) <5(X +po—r) ¢1(r)> (A5)
6A§,(V|) R P -
527’1” oAy = 66/ AV AW (Fo+esFr) o <5(X +po =) A”‘(r)> ’ (A6)
1

where we have used:

OH, = _ O{bige) o v (1 (X4p)) o
5o ©7 T 5¢f o0 = ) ) Y

= (P X+po-1)61(0))) = (51X +p0)) ) = T (61)

0H, ~ Dz 5<(A1ch)> N £ -~ _ Pz g
5 ° AN T e oy AT e (A X+ p0) ) = 2276 (A (A8)

c. Second order Viasov contributions

Let us now explicitly calculate contributions from the nonlinear Vlasov terms associated with
the second order Hamiltonian Hs. We separate the latter in two parts: Hopoimix and Hopolmag, which
will generate A‘;’)(lxli)x and A‘;’)('\rﬁ;g nonlinear Vlasov contributions to the Eulerian action defined in

(A1). Splitting the expression (79) of Hy we get:

mc? - 2
H2po|mix = _@ VJ_¢1 - %VJ_Alﬂ‘ (Ag)
and
2
€ 2 K 2 lp 2
H2po|mag = WAlH + @ }VJ_A1||‘ + §§A1HVJ_A1|| (AlO)

The Hopoimix part of Hamiltonian will contribute into the d¢; and § A parts of the first deriva-
tive of Ho, while purely magnetic part Hopoimag Will naturally provide only (5A1H associated contri-

bution:

oty = O o (M B ) o 5, 1y
Let us start with the contributions from Hopoimix given by (A9) contributions:
E,(V) E,(VI)
- / dV AW Fy 6 Hopoimix = —2™ 0 oy 4 *poimic Ay (A12)
S 0A
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We compute the first variation using the functional derivative definition (38):
/dV AW Fy 0 Hopolmix =

d mc? -~ 2 A0\
- [/ AV aW 55 R |(Vigi+v Vidr) = 2= (Vidy +v VLAY }

v=0

[/ dv dW Fo V. (¢>1 - 7141“) -V (¢A51 - f:;gl)]

This is the weak form of the Vlasov contribution from (A9).

In order to separate dynamical and Noether’s contributions, we integrate that expression by
parts. Let us analyse in details the electrostatic term with test function 51, then the parallel
magnetic potential contribution with A\1|| could be obtained in a similar way. First, we remind
that the phase space volume dV dW = d*X B"“ dp, dp appearing in integrals contains guiding-
center Jacobian B[‘“ = B‘T(X,pz, 1), so we need to pay attention on that phase-space functional

dependence while using Leibnitz rule.

5Ag’(|VI-) me? P
polmix N _ B* ™ r _ Pz A . -
oGy = [ B av ap. n (T 1) [Vior - Zviay] v
mc? 3 ~
— [avdp.au v, [Bﬁ‘ <BQF0> (Vior - Z2v.ay) dn] (A13)
. mc? . ~
— /dV VJ_ |:/ BH dp” d,u (B2FO) (VL¢1 — :wVJ_A”)] ¢1 (A14)

Here (A13) is a Noether contribution and (A14) is a dynamical part.

Similarly, for the parallel magnetic potential perturbation contribution, we have:

6“4pol\n/w||)x -~ * mc 2
s o A = | B dV dp. d (G B 2 Vg + 22V Ay VLAY
me »
= /dV dp, du V| |:B|T ( 2 F()> P ( Vigr+ 7VJ_A1H> A1||:| (A15)
mc ~
/dV VJ_ |:/ B” dpz du < Fg) ( Vj_d)l + VJ_A1||):| A1|| (A16)

With introducing the equilibrium fluid density ng and the equilibrium current Jo:

ng = /Blepz du Fy (A17)

Jo=c [ Bidp, du 2= R, (A18)
i e
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we can write:

6‘Apo|m|x $ /d3X v mc? V.o 1. V A (;S\ (Alg)
o _ =
5n 1 L5 noV 191 Cdo 147 1
2 1 ~
- / PX VY, [”;‘; (novm - csovLAl)] o1 (A20)

Then by proceeding with the similar calculation, and defining the moment of the equilibrium

distribution function weighted by (%)2 as
~ _ * pZ
Jo = Bjdp, du — Fy (A21)
[ me

we can write the electromagnetic part as:

6’/4 1X -~ 62 1 1 ~ -~
51{;:10II|1|”I AlH = /d3X Vi |: JiE <—C‘~50VL¢1 + C230VLA1”> A1:| (A22)
1
2701 1~ —~
_ /d3X \val [7262 <—C‘~50VL¢1 + C230VLA1”>:| Al” (A23)

Let us now analyse dynamical and Noether contributions coming from purely magnetic Vlasov
part of the action, corresponding to the second order Hamiltonian Hypoimag, Which contains first and

second order FLR corrections, given by first two terms in (79) and the third term correspondingly:

£,(VI) £,(V)
— | v dW F, 6H. = pomag(l) , 7 4 ~polmaE(®) , 7 A24
/ 0 2polmag (5A1H O Aj) + (5A1|| oAy, ( )
where A‘s(’)(l\rg;g(l) contains the first order FLR correction from Hapoimag and Apolmlz g(2)? the second
order one.
Therefore, the contribution from the variation of the first order FLR term:
SAE d €2 1 e2 2 2
polmag (1) » €s e -~ 7! ~
—ErE e dy = -5 {/ dv dW Fy [ch (A +v Ay + | Vidy +09 . Ay ] B

@2 ~ ~
= —¢ mCZ/dV dW Fy Ay Ay — eg/dv dw % Fy ViAy - ViAy  (A25)
= 2 ¢* A 2 * H n
= —€ —3 dV dW Fy AlH A1|| +e€5 [ dVdu dp,V BH FOfVJ_AlH Al”
mc B
- eg/dv dyi dp.V 1 | B RtV Ay Ay

The second contribution, we should account here is provided via the second order FLR term:

%og _ /dVdWF (A +vA )V (A +uA)
A . o\ AT,

G d

2 dv

§ M 2 7 2 1

2{ av aw (R%) (4yvidy +viay A1||)} (A26)
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The second term gives directly a dynamical contribution to the Ampere’s equation. With
using the Leibnitz rule two times, we rewrite the first term in order to obtain the Noether (exact

derivative) and dynamical contributions.

—62‘%/ AV dw (FO%) (Alnviﬁln) - (A27)
_ 623{ / av dp dp. V1 [B) (%) 4yVidy] - v [BiRL 4] Vuh”} (A28)

2

_ _%6 {/ AV dp dp.V | [(BWFO%) A1||VJ_A\1}}
2

2
€ s H 1 € 2 [prp M n
+3 {/ AV dp dp. V. |Vi (BiFoTs Ay AlH]} -2 {/ AV dp dp. V% | BiFo s Ay Al}

Therefore for the second order FLR contribution we have:

sAEM)

_“polmag 2) j A _ %
A o Ay = {/ dV dp dp, V | [(B”Fo ) A1VLA1||]} (A29)

€2 ~
+2 {/ AV dp dp. V1 [V (BiFoks Ay ) Ay }
SL v apdp. [2 [BrRA 4 BFR L) via,lA
Y sz[J_[H 05 1||]+<||o§) ¢1||} 1
As we can see, there are two Noether contributions and two dynamical ones.
The first Noether term can be reorganized with using the Leibnitz rule as follows:

Ay | + va V. (B[TFO%AHO Ay

—fm KBHFO%) AlHVL/Tl”} - —fvi [B‘TFO%

Then we write the contributions from the two Noether’s terms together:

—/ AV dy dpy V3 | Bi Pyl Ay Ay | +e5/ AV dp dpy V1 [V (BiFysAvy ) Ay
2

_ 626/ AV dyudpy V. [2 V1 (BWFOEAW) Ay -V, <BITF0§A1HX1II>] (A30)

Next, with using the Leibnitz rule:
V2 (B} F Ly V2 (B} F, AW + ( B} F{ ad V2 A (A31)
LTI LA\PIEop) =op) YL

The dynamical contributions can be rewritten as:

G [ v [ () a2 (ind) i A

As we can remark, the second dynamical term of the A YI)
polmag
(V1)

polmag (1)

@) partially cancel dynamical contri-

bution from A so that no terms proportional to V LA1|| will appear into the final Ampere’s
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law. Finally, contribution from the magnetic part of polarization can be written as:

sASMD ¢? . -
e o 7~ —e§mc2/dV dW Fy Ay Ay +e§/ av dy dpy V1 (BiR%) ViAydy
1
2
) 2 * K 1
-2 / av dp dpy V3 (BiR% ) Ay Ay (A33)

+ eg/dv dp dpy Vi Vo (BIREAy ) Ay — (BiR% ) Vidy Ay
6(25 2 * % n
— 2 [ av dpdpy V2 |BiReE Ay Ay
The Gyrokinetic Poisson equation is obtained by collecting dynamical contributions from dif-

ferent parts of functional derivative of Eulerian action with respect to the electrostatic potential

¢1:

,(fie E,(VI) E,(VI)
SAE (5./48 (field) 0A mix OA: ~
O:Eo¢1:§To¢l+%o¢l+ 5'2;1 o 1, (A34)

Comparing to the Poisson equation, the gyrokinetic Ampere equation has an additional contribu-

tion from the pure magnetic polarization term:

J(fi E,(VI) E,(VI) £,(VI)
(5./48 -~ 5A€| (field) n olmix N olma N ‘Alin n
571“ o A1|| = ngu o A1|| + 55471“ o AIH + (SPT”g o A1|| + 5A1H o A1|| (A35)

Appendix B: Hamiltonian first order characteristics and ORB5 code diagnostics

In that section we give a detailed derivation of the first order gyrocenter characteristics in
Hamiltonian representation. That will allow us to explicit the diagnostics implemented into the

ORB5 code for control of the quality of the simulations.

. B* oY b
1) _ 1 _ gy 1
Xéy) - {X’Héy)}ext N Fﬁ 6pz + €B‘T % VHéy) (Bl)
B*
(1 1 1
B 25}' - {p“Héy)}ext - _BTT ’ VHéy)' (B2)
The symplectic magnetic field B* writes:

B*:B+§pZVxE (B3)

The geometric contribution to this symplectic field V x b is expressed with using the projection

on the parallel and perpendicular to the magnetic field directions:

VXEZB(B'VXB)—BX[BXVXB}EET—G, (B4)
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where the scalar 7 represents the magnetic twist and the vector G is referred as magnetic curvature.
Since B x (V x B) = —Vp in single fluid MHD equilibrium, we rewrite in the following way the
curvature vector G in order to make explicitly appear the pressure-like contributions into the

characteristics.

S B Bxb
G:bx[bxvx }+V . (B5)

B B

Therefore, we can also decompose the symplectic magnetic field into the parallel and the perpen-

dicular components in a following way:

B* = (B + Epz 7') b- p.G (B6)
e
—————
EBlT

SRS

The final expressions for characteristics are implemented into the code in a following form:

X = e () b (B YR (L0 (2)) Bk O )

&y m m eBlT m m eB‘T B
e ~ p, 1 1 ~
- E <A1||gc> b + EBi‘T <A1ch> G- FWV <wlgc> X b (BS)
= vpar + vpressure + vgradb + vaparl + vexb (B9)

The first three terms represent non-perturbed (guiding-center) characteristics with vpar the
parallel velocity, vpressure the pressure-like term and vgradb containing the gradient of magnetic
field amplitude V B. Two next terms contains the perturbed gyrocenter electromagnetic potential
<A1H gc> and are referred as vaparl; the last term vexb is electromagnetic EF X B- velocity.

The characteristic for p, coordinate:

. ~ ue ~ -~ V xB
P, = uB V-b+ e—Blszb X (b x — ) VB (B10)
~ c
— eV <¢1gc> . (b — eB[szG) (Bll)
= dvapdt0 + dvapdtl (B12)

where we have used the divergence free property of magnetic field: b-VB=-BV-b. We have
also organized the terms in two groups: the unperturbed guiding-center contributions dvapdt0 and

those containing linear gyro averaged electromagnetic potential dvapdtl:

(1ee) = (B1ge) = = 22 (A (B13)
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Appendix C: Noether’s method

In this section we sketch the main steps of the Noether’s method for systematic conservation
laws derivation.

Our main goal is to write the Noether equation:

%+V-J=555 (C1)

First of all we need to collect all the exact derivatives terms (Noether’s terms)

0 = —/dSZ{SHl,]-"}ext

d* d*z 1
- /ZL:V'(El 5¢>1)—/4x O (E1 -0Ay) (C2)

T C

dx
—+ EV J ((B() —+ EBl) X 5A1)

The main idea is to identify the partial time derivatives (density terms) and partial space
derivatives (flux terms). As we can see, three last terms obtained from the Maxwell part of the
action functional can be already identified as flux and density terms.

Terms, obtained from the Vlasov part of the Eulerian action functional require some manipu-

lations. First of all we explicitly write the expression for the Poisson bracket:

B B
_ 8 — 8 - 8 ab Y
[ ¢zt Pl = [¢2(F 51, = [ 02 ( W;) g (SH)
_ / #7902 (72 (su)) - / fz 0 7P (sw) (C3)
N 0z4 0zb 029020

where J® denotes the Poisson matrix, which is antisymmetric, therefore the last term is equal to
zero: the second derivative is symmetric.

At the next step we are using the Liouville theorem of the phase space volume conservation:
V - 2% =0, with J = det ‘J“b‘ is the determinant of the Poisson matrix; and 2% = J“b% is the

Hamiltonian flow:

10, . 10 y OH , O°H 1 0 »\ OH
= — a = — ab " — a - a 4
0 J 02 (J2%) J 0z¢ <JJ 8zb> J 02008~ J 020 (J J ) Dzb’ (C4)

the term * is equal to zero because it results multiplication of antisymmetric Poisson matrix and
symmetric second partial derivative. Therefore, the remaining *x term represents the Liouville
identity of the phase space volume conservation.

We need that identity for further Noether’s terms manipulation, let us rewrite the non-zero

term of (C3):
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9 9 19 d
8 ab _ 8r7 — ab
/d Z2J% 5= (Fazb (3%)) /d Z < 5 (J F I o5 SH (Cs)
N————

={z%,(SH)}

ext

. 10 N0
—/dZ]—"JaZ(JJ )ab(S’H)

=0

here the last term is equal to zero due to the Liouville identity, with substituting SH into the term

%k

Therefore, we have rewritten Vlasov contribution to Noether’s method as follows:

1
—/dBZ{SH,]-"}ext = /dSZJaaa (JF{z*,SH} o) (C6)

We are now writing the explicit expression for the phase-space volume element d®Z =
J d*z d*p = J d*Xdt d®p dw and with introducing the quadric vectors for the energy-momentum

P’ = (w ,pi) and space-time z# = (ct, X ):

8 li a _/ 4 / 4 i v
[ #2555 0F st = [de a5 UF (. SH)
=0

s [t [atp 0 sl = [t S [t GF @S,

here the term with energy-momentum derivatives cancels as it integrates the exact derivative;
the term which contains the space-time derivatives can be rewritten with taking derivative out of
integral, it allows to exchange the energy-momentum integral and the space-time derivative.

We are now ready to proceed with separation of the density and flux contributions from the

Vlasov terms to the Noether’s equation. We take into account that:
{zt',SH} = {«", S} H + {z", H} S, (C7)

therefore with using definition of the extended Vlasov field F = F §(w — H) and those of the

Hamiltonian over the extended phase space H = H — w, we have by definition of the §-function:
/dw]—"{:c“,S}Hz/dw S(w — HYF {z#, S} (H — w) = 0. (C8)
Finally, only contributions of the remaining term count:

0 [0 i 18/ \ / ) |
7 _ 9 - X
&Uu/dp}"{:x Ms=20 [dpFspermrv- [apFs (xin) ()

=c EXZ
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Collecting now expressions for density contributions to the Noether’s equation from Maxwell’s

part and both Vlasov parts of the Eulerian action, we get:

€2

e — . 4
S=— (B, 5A1)+/dp]-"8. (C10)

In the same time for the flux part we have:

2
T =~ 501 By — = [5A1 % (Bo +¢By)] + /d4p F S{X, H} (C11)

As we have mentioned in section III C, we are concentrating on the energy conservation deriva-

tion for the second order Gyrokinetic Maxwell-Vlasov system.

d. First order gyrocenter displacement

From the general reduction procedure at the first order in €5 we know the expression for the

lowest order gyrocenter displacement:

p1=—{51,(X+ po)}g (C12)

where S7 is the lowest order gyrocenter transformation generating function.

From the general reduction procedure, we have:
ngy =e wl(X + pO) - {Sla HgC}gc ) (013)

The expression for Sy can be also obtained from the condition that the gyrophase dependent
part of the linear electromagnetic perturbation 1;1 is removed from the lowest order gyrocenter

Hamiltonian:

Higy = e ¢1(X + po) — e 11 (X + po) (C14)

then with considering only the lowest order contribution to the guiding-center Poisson bracket
and taking into account that Hg. is gyrophase independent, we have the equation, which defines

the gyrocenter generating function at the first order.

Q 05 ot
B 00 Ou

=€ Jlgm (015)

and therefore at the lowest order:

dSl e ~

W = 5 d}lgCa (016)
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and the lowest order generating function is given by:

o
Sy = 5/ 0 . (C17)

This demonstrates a tight link between definition of the reduced particle position (new po-
larization displacement p;) and the elimination of the gyrophase dependency from the reduced
Hamiltonian dynamics. Now, we can explicitly calculate the expression for the gyrocenter dis-
placement. We substitute the expression for the first order gyrocenter generating function S,

given by (C17) into the equation (C12).
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