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Abstract:
A systematic approach to stability assessment of alpha-particle–driven Alfvén eigenmodes
in burning plasmas is used to show that ITER Ip = 15 MA baseline scenario is highly
sensitive to small changes in the background magnetic equilibrium. Slight perturbations in
the total plasma current are seen to cause large variations in the growth rate of the most
unstable eigenmodes found. The observed sensitivity is shown to proceed from the very low
magnetic shear values attained throughout the plasma core.

1 Introduction

Plasma heating during the burning regime in tokamak reactors will rely upon the energy
of fusion-born alpha-particles which must be kept confined to keep the plasma hot and
prevent wall damage [1]. However, such particles can drive Alfvén Eigenmodes (AEs)
unstable and be thus transported away from the plasma core, which would hamper the
burning process [2, 3]. Therefore, to predict the level of alpha-particle redistribution and
loss, the most unstable AEs need to be identified for later analysis with more specialized
tools.

During experiment planning and design, such identification task must be performed
not only for the intended plasma state (e.g., Q = 10 for ITER), but also for a few
small perturbations of it. This sensitivity analysis enables one to evaluate if the stability
properties of the most unstable AEs identified (frequency, wave number, and growth
rate) are robust. Because ab initio simulations able to provide a self-consistent solution
of the interaction between alpha-particles and the bulk plasma are still computationally
expensive, more efficient approaches must be employed for routine stability assessments.
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The complex interplay between energetic supra-thermal particles and AEs is still not
fully understood and recent research concerning ITER [4, 5, 6] has been focusing on
the 15 MA baseline scenario [7]. In this work, an hybrid ideal-MHD–drift-kinetic model
and the ASPACK [6] suite of codes are used to find how the stability properties of AEs
change in response to small variations of the background magnetic-equilibrium profiles.
Of particular interest are the net growth rate, wave number, and frequency of the most
unstable AEs. These properties are shown to be significantly affected by small changes of
the safety-factor profile that result from slight perturbations of the total plasma current.
The consequences of these results for stability predictions of alpha-particle–driven AEs in
burning plasmas are also discussed.

2 Particle-wave interaction model

Routine stability assessments in burning plasmas can be accomplished with an hybrid
MHD–drift-kinetic model of particle-wave interaction [6]. Here, ideal-MHD theory is
used to describe the bulk plasma and its particle species (fuel ions, electrons, He ash and
other impurities) are assumed to have local-Maxwellian energy distribution functions.
The radial dependence of the bulk-species temperature and particle-number density is an
input and must be obtained from some transport model. A similar input must also be
provided for the density of the diluted fusion alpha-particle population, which is assumed
to be isotropic in pitch angle and to follow the slowing-down distribution function

fsd(E) =
(
E3/2 + E3/2

c

)−1
erfc
[
(E − E0)/∆E

]
, (1)

where Ec is the cross-over energy and ∆E is the energy dispersion around the birth energy
E0 [8]. The response of non-Maxwellian alpha-particles to the ideal-MHD perturbation of
the bulk plasma is given by a linearized drift-kinetic equation, valid in the approximation

ω
/

Ωα ∼
(
k⊥ρα

)2 � 1, (2)

with ω the AE frequency whereas Ωα and ρα are the alpha-particle gyro-frequency and
gyro-radius. This distribution-function response gives rise to a small complex correction
δω to the frequency ω of marginally stable AEs [9]. The alpha-particle contribution
to the AE growth rate is then γα = Im(δω) and a similar procedure for the plasma-
bulk species j produces the corresponding Landau-damping contribution γj to the wave-
particle energy exchange. Disregarding non-ideal effects (e.g., Alfvén continuum damping,
radiative damping), which cannot be modeled by the perturbative approach just described,
the overall AE growth rate is thus γα +

∑
j γj.

The ASPACK workflow for the stability assessment of a given plasma state is as fol-
lows [6]: a magnetic equilibrium is computed by HELENA [10] using the kinetic profiles
obtained from a transport model and all possible AEs are then found by intensively scan-
ning over a frequency and wave-number range with the ideal-MHD code MISHKA [11], while
the energy transfer between them and all plasma species is evaluated with the drift-kinetic
code CASTOR-K [12, 13]. The computational efficiency of the MISHKA/CASTOR-K pair is the
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FIG. 1: Radial distribution of the plasma-
species densities and temperatures.

0

1

2

3

0 0.2 0.4 0.6 0.8 1

2
ω
/
ω
A
,
q(
s)
,
n
(s
)/
n
0

s

q(s)
n(s)/n0

FIG. 2: Ideal Alfvén continuum for n =
10, . . . , 50 (from dark to light hues), safety
factor, and normalized mass density.

key to handle the very large number of AEs involved in such systematic stability assess-
ments. Also crucial to this issue is the ability to easily split the workload between several
computing units. Indeed, independent tasks can be distributed along (ω,k)-space subsets
to be scanned for possible AEs and afterwards along each AE found that needs to have
its energy exchange with plasma species evaluated. Such trivially parallelizable workflow
enables one to take full advantage of massively-parallel computers.

3 The reference case

The kinetic profiles computed by the transport code ASTRA for the ITER Ip = 15 MA
baseline scenario [7] are displayed in Figure 1, where s2 = ψ

/
ψb, ψ is the poloidal flux,

and ψb is its value at the boundary. Other relevant parameters are the on-axis magnetic
field B0 = 5.3 T, the minor radius a = 2 m, and the magnetic-axis location at R0 = 6.4 m.
The DT fuel mix ratio is nD/nT = 1 and their combined density is ni = nD + nT. Peaked
temperature profiles contrast with DT-ion and electron density distributions, which are
flat almost up to the plasma edge. Conversely, fusion alpha-particles are mostly confined
in the core, with the gradient dnα/ds being almost constant for 0.2 . s . 0.6.

Flat mass-density distributions up to the plasma edge, like the one plotted in Fig-
ure 2, contribute to close de frequency gap in the Alfvén continuum arising from the
coupling between distinct poloidal harmonics. Consequently, discrete AEs with frequency
in such gap can hardly extend towards the plasma boundary without interacting with
the Alfvén continuum and therefore sustain significant damping. This property acts as a
filter regarding the type of AEs that can be found for the particular plasma state being
considered. In fact, the safety-factor profile also depicted in Figure 2 is almost flat in the
core region (s . 0.5), yielding well separated gaps for toroidal mode numbers n & 10.
Highly localized low-shear toroidicity-induced AEs (LSTAEs), with only two dominant
poloidal harmonics are thus expected to arise in the core. Conversely, on the outer half
of the plasma the magnetic shear is higher, gap separation is smaller, and AEs become
broader, encompassing a large number of poloidal harmonics and extending to the edge.
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But in doing so, they interact with the Alfvén continuum and are thus excluded from
further analysis, which will be dominated by n & 10 highly localized LSTAEs.

The (ω,k)-space scan carried out by MISHKA finds the radial structure of all AEs with
toroidal number n in the range 1 6 n 6 50 and poloidal harmonics n− 1 6 m 6 n+ 15.
The upper limit for n is set by the drift-kinetic ordering in (2) as

k⊥ρα . 1, whence n .
(
s/q
)/(

ρα/a
)
≈ 50, (3)

with ρα/a ≈ 10−2 the normalized alpha-particle gyro-radius, k⊥ ≈ nq/
(
as
)
, q ≈ 1, and

s ≈ 0.5. For each n, the frequency range 0 6 ω/ωA 6 1 [where ωA = VA(0)/R0 and VA(0)
is the on-axis Alfvén velocity] is sampled in small steps of size 2× 10−5. Next, CASTOR-K
evaluates the energy exchange between every selected AE and each of the three bulk-
plasma species (DT ions, electrons, and He ash) and the energetic-particle population.
Although other sources of energetic particles are foreseen for the ITER scenario concerned
(e.g., 40 MW of combined NBI and ECRH power) [4], only fusion-born alpha-particles
are considered in this work. The parameters of their slowing-down distribution in (1) are
Ec = 730 KeV, ∆E = 50 KeV, and E0 = 3.5 MeV.

The stability assessment is summarized in Figure 3 for the reference scenario where
the plasma current Ip takes the reference value Iref = 15 MA and the on-axis safety factor
becomes qref = 0.987. This is essentially a subset of previous results [6], here restricted
to toroidicity-induced AEs (TAEs) to make the presentation of results clearer. The most
unstable modes have 20 . n . 30 and lie in the core (0.3 . s . 0.5, reddish hues),
where dnα/ds is highest and the magnetic shear is lowest. Conversely, AEs located in the
outer half of the plasma (blueish hues) are stable due to small dnα/ds or interact with
the Alfvén continuum, being thus discarded from the analysis.

Three lines are also plotted in Figure 3 connecting AEs belonging to three families
that will play a key role in the ensuing discussion. These families are denoted as nEl,p
meaning that their members are LSTAEs with even (E) parity and l zeros, with p being
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the difference between the first dominant harmonic m and the toroidal number n. One
member of each family is depicted in Figure 4, where they can be identified by their
respective Alfvén continuum.

4 Perturbed magnetic equilibria

During ITER operation the plasma-current control system is not exact and so small
fluctuations of the plasma current are expected around the value Iref. Two different
magnetic equilibria are next considered, in addition to the reference one discussed in
the previous Section, in order to assess the effects of such fluctuations on the stability
properties. These equilibria are obtained changing Ip from Iref by the small amounts −δ
and δ/2, with δ = 0.16 MA, whilst keeping the same kinetic profiles. The resulting q
profiles are plotted in Figure 5, along with the reference one. As expected, q(0) ≡ q0
changes only slightly by circa 1% and 0.5% respectively, thus following the magnitude of
the Ip variation from Iref. Moreover, the safety-factor derivative in the plasma core is kept
almost unchanged in all cases, with q′(0) ≡ q′0 ≈ 0.07.

The consequences concerning the stability properties are displayed in Figure 6, where
small variations (∼ 1%) in Ip or q0 are seen to cause large changes in the toroidal number
(∼ 20%) and normalized growth rate (∼ 50%) of the most unstable AEs. Decreasing Ip
(and thus raising q0) pushes the most unstable AE families (nE0,0 and nE1,0) towards lower
n and up to larger growth rates. A slight increase in Ip yields precisely the opposite. In
both cases, the most unstable AEs are still even LSTAEs.

The sensitivity to small changes depicted in Figure 6 can be understood with the aid
of the three conditions

q(s) = q0 + q′0s, q = 1 +
1

2n
, and k⊥∆orb =

(
nq

as

)(
aq

εΩ̃

)
∼ 1. (4)

The first one is a radial representation of the safety factor in the low-shear core and the
second is a property of the AE family nEl,0 regarding the location of its modes resonant
surface. In turn, the third relation is a condition for efficient drive, with ∆orb the alpha-
particle orbit width, Ω̃ = Ωα/ωA its normalized gyro-frequency, and ε = a/R0 the tokamak
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FIG. 6: Distribution of the normalized growth rate by n for three Ip values.

inverse aspect ratio. Together, the three equations in (4) set the three variables s, q, and
n corresponding to the most unstable AEs. Solving for the toroidal number, one gets

n+
1− 2ζ

4n
+ 1 = ζ(1− q0), (5)

which is written in terms of the dimensionless number

ζ ≡ εΩ̃

q′0
=

(
q

q′0

)(
a

∆orb

)
. (6)

Subtracting equation 5 and its evaluation with the values nref and qref corresponding to
the reference case, gives(

1 +
2ζ − 1

4nref n

)(
n− nref

)
= −ζ

(
q0 − qref

)
, (7)

which relates a variation of the on-axis safety factor with a corresponding change in the
toroidal number of the most unstable AEs.

ITER parameters are q′0 ≈ 0.07, ε ≈ 0.3, and Ω̃ ≈ 230, whence ζ ≈ 103. On the
other hand, n ∼ nref ∼ 30 and therefore (2ζ − 1)/(4nrefn) ∼ 1/2. So, it is the large
value attained by ζ that forces small changes of the on-axis safety factor to cause large
variations n − nref. Also, one easily checks that increasing q0 above qref lowers n below
nref and conversely, as observed in Figure 6. Moreover, the conditions in (4) relate the
radial location s of the most unstable AE with its toroidal number as

εΩ̃s = n

(
1 +

1

2n

)2

, (8)

which predicts its displacement towards the core as q0 increases and n drops according to
equation (7). In doing so, the AE growth rate rises due to the larger number of alpha-
particles found as it moves inwards within 0.2 . s . 0.6, where dnα/ds is almost constant
(Figure 1). The consequences of decreasing q0 (or raising Ip) are likewise explained.
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The contribution of the alpha-particle population to the AEs drive [9]

γα ∝ ω
∂fα
∂E
− n∂fα

∂Pφ
(9)

is proportional to n, with fα(E,Pφ) the unperturbed distribution function and Pφ the
toroidal canonical momentum. Therefore, it may be asked if unstable AEs can be pushed
further to lower n by reducing Ip and in this way stabilized. To address this question,
two additional magnetic equilibria are considered with plasma currents I−2δ and I−5δ
corresponding, respectively, to reductions of size 2δ and 5δ of the reference value Iref.
Their safety-factor profiles are plotted in Figure 7 and q0 increases now by 2% and 5%.
As a consequence, the surface q = 1 is removed from the plasma and solutions of the AE
families nEl,0 can exist for low n only.

The new stability assessment is summarized in Figure 8. According to predictions, AE
families nEl,0 are pushed to lower n and eventually vanish. For I−2δ and before vanishing,
AEs in the family nE0,0 have their growth rate reduced by 30% with respect to the reference
case. The growth-rate reduction with respect to the case I−δ is even larger. However, the
AE family nE0,1 whose resonant surfaces are located at q = 1 + 3

2n
is also brought to lower

n and inwards from its reference radial location. For I−5δ these AEs are located near the
maximum gradient dnα/ds and their normalized growth rate peaks, accordingly, at 3.2%
and n = 24. In this way, efforts to stabilize AEs by reducing their n are thwarted by the
destabilization of AE families previously stable or weakly unstable.

5 Conclusions

In summary, an hybrid ideal-MHD–drift-kinetic model was shown to efficiently handle
routine stability assessments and sensitivity analysis in burning plasmas. The key ele-
ments to achieve this aim are code efficiency and the ability to easily share the workload
in massive-parallel machines. As an practical application, the stability properties of ITER
Ip = 15 MA baseline scenario were found to be significantly sensitive to eventual small
changes in the plasma current or in the on-axis safety factor caused by the plasma-current
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control system. Such small perturbations were seen to cause large changes in the toroidal
number and growth rate of the most unstable AEs. Finally, this sensitivity was shown to
proceed from the large value attained by the dimensionless parameter ζ, which is caused
by the combination of large alpha-particle gyro-frequency with very low magnetic shear
in the plasma core.
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