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ABSTRACT

In a toroidal plasma the distribution function of ions interacting resonantly with waves in the lon
Cyclotron Range of Frequencies (ICRF) can be described with a three dimensional orbit-aver-
aged Fokker-Planck equation. This equation can be solved with a Monte Carlo method. Explicit
expressions for the Monte Carlo operator describing wave particle interaction, within the frame-
work of quasilinear theory, are given. Furthermore, properties of the operator are discussed.

1. INTRODUCTION

Resonant interaction between ions and waves in the lon Cyclotron Range of Frequencies (ICRF)
leads to a distortion of the velocity distribution function and a concomitant spatial transport of
the resonating ions. In an axisymmetric toroidal device it is possible to reduce the Fokker-
Planck equation, which describes wave patrticle interaction and collisions, to three dimensions
by averaging it over unperturbed orbits, see e.g. Ref. [1]. The velocity distribution function of
the resonating ions is then a function of three invariants of the unperturbed motion. A convenient
way of solving the orbit-averaged Fokker-Planck equation is to use Monte Carlo technique.
Previously, Monte Carlo operators for the orbit-averaged Fokker-Planck equation have been
constructed [1].

The orbit-averaged quasilinear Monte Carlo diffusion operator for wave particle interac-
tion presented in Ref. [1] is, however, not given in a fully explicit form. In particular, the part
related to the expectation values in the Monte Carlo operator is given in terms of derivatives of
the diffusion tensor with respect to the invariants. To carry out these derivatives numerically can
be difficult. The purpose of this paper is to show that by using a special set of invariants the
numerical evaluation of the expectation values can be considerably simplified.

The outline of the paper is as follows. In section 2 we write the orbit-averaged quasilinear
diffusion operator for Fokker-Planck equations derived by Kaufman [2] in a general set of coor-
dinates. We discuss some features of the quasilinear diffusion operator, particularly wave-in-
duced spatial transport, in section 3. In section 4 we present the Monte Carlo operator in a form
that is suitable for fast numerical evaluation, and in section 5 we illustrate the importance of
proper evaluation of the operator using numerical computer simulations. Finally, section 6 sum-
marizes our results.

2. THE ORBIT-AVERAGED QUASILINEAR DIFFUSION OPERATOR

As has been shown for example in Ref. [1], the orbit-averaged Fokker-Planck equation for ions
interacting with waves can be written as

‘Z,,if = (C(fo) +Q(fo)), 1)



where fj is the orbit-averaged distribution functi@is a collision operator art@is a quasilinear
operator for wave particle interaction. The orbit-average is defined as
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where6,, 6, and85 are the angles of an action-angle coordinate sy&lé[2], which exists
in an axisymmetric magnetic configuration. In such a coordinate system the unperturbed Ham-
iltonian for a particle depends only on the actidnsand the angles evolve linearly in time:
_9dHp
X
Here, Q= aHO/aJ1 iIs the orbit-averaged cyclotron frequency,

6 =0;(J). 3)

Q, =dH,/8J% = 21/1,, = Wy, is the bounce frequency is the time it takes for a particle to
2 0 b b

complete an orbit) anf3 = 0H, 1903° = (¢) is the orbit-averaged time derivative of the toroidal
angle. The angle8;, 8, and B3 roughly describe the position of a particle in the Larmor rota-
tion, the poloidal position along the guiding centre orbit and the toroidal position of the banana

center, respectively. Furthermore, the action® and J° are given by
It =mu/(ze) = m*v3 i(2zeB) and 3° = Py = Zed ,/(2m) + mRv| By / B, wherem s the mass,
Zeis the chargeB is the magnetic field strengtB, is the toroidal component of the magnetic

field, , V|| =vLB/B andyv is the particle velocity. FurthermorB,is the major

radius coordinate, angl , is the poloidal magnetic flux. The expression 36ris omitted since
it will not be used later. For a detailed exposition of action-angle variables we refer the reader to
Ref. [2].

The orbit-averaged quasilinear diffusion operator for wave particle interaction has been
derived by Kaufmann and it reads [2]

0 i Of
fo)) =~ P~ 4} 4
(Qfo))= 57 FP" 3] (4)
Following the steps outlined in Ref. [1] and making the normal assumption that the

stochastisation of the resonating ions is sufficient to prevent them from having super-adiabatic

motion, the diffusion tensob" can be written as

Dl = Z Doninj, (5)
n,N,w
where
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Do = —|Hy(3,n N,w)[", (6)
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Here,n' =n (cyclotron harmonic)n3 = N (the toroidal wave number of the Wavef, is

given by the resonance conditioiﬂi =w [1], B=kgvo/we, e = ZeB/m, v is the guiding

center velocity of a particld, is the wave vector), is the Bessel function of the orderand

E, and E_ are the left-hand and right-hand components of the electric field, respectively.
For a general set of invarianiss 1(J), we can now write the quasilinear operator as

k! 0| OIJ ofp U (8)
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where /g is the Jacobian of the transformation. Later on we will find it convenient to write the
orbit-averaged quasilinear operator in an the following alternative form (see appendix)

<Q( fo) Z I—n N (n(DOI—n N oofo)
n,N,w
9)
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For convenience, we now specialize to the invariaits/\( F), where E = mv2/2,

N =pBy/E= V%BO/(VZB) andBy is the magnetic field at the magnetic axis. These invariants
are frequently employed in the literature, but it should be emphasized that the analysis below
can easily be adapted for other sets of invariants. In the adopted set of in\@(d@)}s can be

written as [1]
of
IJ 0
(o)) = - ¢ lad S0 (10
where the diffusion tensor eIemer(lSij = Dji)are given by
2002D0, (11)
n,N,w
DA = § ww%, (12)
n,N,w



D %= Z wNDg, (13)
n,N,w
(14)
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n,N,w
D% = 3 N2Dy. (16)
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Alternatively, using Eq. (9) we obtain
<Q( fo) z I—n N, w(DO n,N, wfo) (17)
n,N,w
where the operatdr is given as
0  Weon—Aw 0 0
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Finally, let us turn to the diffusion coefficiellly. We consider a case where the resonant
interactions between a wave and a particle are well separated in space and de-correlated. The
integral in Eq. (7) will then be made up of individual contributions from around the points where
the phaseb in Eq. (7) is stationary. These individual contributions can easily be calculated with
the method of stationary phase and the result is,

1 (Ze)

40y° stationary |n°°R|
points

Do = VBRI I (BR) + E-J n+1(BR)‘ : (19ed0s)

where subscripR refers to a quantity evaluated at a stationary point, i.e. at a resonance.

3. PROPERTIES OF THE OPERATOR

The operator written in Eg. (18) is not so easy to identify with operators derived in earlier works.
In order to relate it to the operator used by Stix in his seminal work on ICRF heating [3], let us
now change invariants to the perpendicular velocity, , the parallel velocity, , and the
poloidal flux, Y, at a given magnetic field = B, . This set of invariants can be related to our

previous set as:

E= g(vél + vﬁl), Ry = mMF(Wp)v)n/ B+ Zey iy /(2m),  (20)



where F(J 5) = RBy. With this new set of invariants the operatgyy (, in Eq. (18) can be
expressed as

(21)

For a particle which has a resonance at our chosen magneticHjelde have (in the
small banana width limit) With these expressions one
can easily see the close connection between velocity space part of the opegggpand the
one used by Stix [3], which was originally derived by Kennel and Engelmann for a straight field

line geometry [4]. In fact, the only difference is that a term containing a derivative with respect
to the local poloidal flux appears in Eq. (21).

From the characteristics of the operaltqry (, we can derive the following relationships

between the change in the velocity and the poloidal flux (i.e. the spatial position) a particle
receives as it passes a resonance point

1 nw, 1 w-nw
VORAV R = E—JR AE, V)|RAV||R = R R AE,
kGp
e A Mot ViR (22)
JA = AE,
- 3 oFwy)| O
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wherevp is the perpendicular component of the guiding center velocity and all quantities are
evaluated at the magnetic fielBg, where the particle orbit crosses the resonance. Note the
complexity of the expression for the change in the poloidal flux at the resonance as compared to
the expressions

N

., DRy =—AE (23)

W

for the change i\ and toroidal angular momentum.
As can be seen from Eqgs (22) and (23), the change in the poloidal flux at the resonance

depends not only on the wave frequency but also on all three components of the wave vector

(Kp, kp, K O /‘DljJ p‘), whereas the changes in the invariahtand R, only directly depend

on the wave frequency and the toroidal mode numNer ks R). Thus, in spite of the apparent

importance ofk, and kD]]lij/‘DljJ p‘ for the change inp pr (and thus for the change in the



spatial position where the orbit crosss Bg), for a givenAE it is only the toroidal mode
number that is important for the spatial transport of resonating ions. The reason for this some-
what surprising fact, which at first sight seems to be a contradiction, is thej asd

kM /‘DL|J p‘ change, both the location of the interaction and the relative changgs i) r

and Y ,r are modified. The combined effect of these modifications is such that the relative

changes of the invariantd and F, are independent ok, and kDDqu/‘Dqu‘. It is only

through the diffusion coefficienBy, thatky, and & D]]qu/‘DLp p‘ play a role.
The change in the spatial position at the resonance \WhBp—kyBy # 0 is the same

effect as has been discussed in the context of interaction between short wavelength waves, e.g.
Lower Hybrid waves, and fast ions [5]. As discussed above, this effect does not play a role for
the spatial transport of ions interacting with ICRF waves.

One should note that for wave propagation in a torus the launched toroidal mode number
spectrum is invariant, while the parallel wave nuniperan upshift significantly especially in
the case of weakly damped waves. The reason for the upskiftsithat modes with higher
poloidal mode numbers than emitted by the antenna are excited through mode coupling, and

B
k| = mEp + %% wherer is the minor radius. As our results show, such an upshjtdoes
r

not directly affect the radial transport of the resonating ions since the toroidal mode number is
conserved.

Finally, we see that for a symmetric toroidal mode number spectrum the wave-induced
transport of trapped particles is purely diffusive, whereas for an asymmetric spectrum there also
IS a convective component.

4. MONTE CARLO OPERATOR

In the Monte Carlo approach to solve the orbit-averaged Fokker-Planck equation, a large number
of “particles” are followed in invariant space (a particle in this context does not represent a real
single particle but an ensemble of particles with the same invariants that are distributed along an
orbit). The invariants of a “particle” at a time st¢p,are changed to those at the next time step,
th+1 =ty + At, according to

1 (the) = 1" (tn) + A (24)

The components of the Monte Carlo operamf‘,, are stochastic variables, whose expectation
values and covariances are given by

E[Al ‘] = dd—*iim (25)



C[Al' Al 1] g d%m (26)

The time derivatives of the expectation valupg, and covariancesa”, are obtained
from the orbit-averaged Fokker-Planck equation by following the time evolution of a distribu-

tion function, fy = g_llzé(l — Ip) representing a single particletat t,,

ofy 1 9/, iy 1 al a|J'D
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The Monte Carlo operator can now be written as a sum of two components,
: i :
Al = O;Ltm + Akg, AL, (29)

where § are uncorrelated stochastic variables with zero expectation value and unit variance;

and the matrixA'® must fulfill the relation:z AKAIK = ggl] /dt(note that this is not a tensor

summation, i.ekis a contra-variant index in both of the tensors). There is no unique solution for

Aik, two methods for obtaining a solution are discussed in Refs. [6, 1]. Following Ref. [6] one
can obtain the following explicit expression:

AE = 1EAt + v 0FEAL (30)
. . ——— . . 2 /. U
A/\:pAAH%EOEA/\EOEE +E,\\/0N\—(0E’\) /OEE At (32)
0 0

U
oy =i at+ Ee 6™ o +5,8 P¢+ap\ g - E"“’DZ/ °E - 5" mzmt
=

(32)

AP, [ PA - EAN-EP, /- . " EA\2 /- EE . . .
whereS ¢ =%5¢ -o™\o ¢/0EE%/\/GAA—(OEA) /OEE is zero in the case of interac-

tion with a single frequency.

In order to keep the computation time down, it is essential to evaﬂwitlfeit and
do'l / dt efficiently. While the time derivative of the variances are just two times the diffusion
tensor elements, the time derivative of the expectation values are much more complicated to
evaluate, involving derivatives with respect to the invariants. Since the diffusion tensor ele-
ments can be precalculated and stored in a table, allowing for fast subsequent calculation by



interpolation, one could in principle easily evaluate the expectation values by numerical differ-
entiation using the elements in the table. However, this method only works when a particle
interacts resonantly with the same toroidal mode numbers and frequencies in all of the grid
points used for the interpolation. In practice one will frequently encounter particles for which
this condition is not fulfilled or particles which are outside the grid (e.g. with energies above the
maximum energy of the grid). For such patrticles it is important to evaluate the Monte Carlo
operator directly as efficiently as possible.
Using the result from the appendix we can write the expectation values as

Ln,N mEPon TH (33)

From this form we can see that in order to evaluate the expectation values directly in a numeri-
cally efficient way, it is essential to find a set of invariants in wHigh, (, takes a suitable

dui_ ka| O |a|'

ot a3k all AT o 2

nNoo n,N,w

form. Such sets of invariants exist. For example, with the set of invariants given by

O
N |”_EE1 N 5 lp =Py~ E (34)
NWo NWeo W

the operatorL, \ (, takes the simple form:

ID:E

0
LoNw = wal_ (35)
O
and we have
d D o U al'D al' oDy U
;: 2 @Mog- le g " N T D (36)
n,N,w @ 0J 0J dlg g
Thus, we can evaluate the expectation values for the invaan{g, A, Ry ) as
E
Ho_ 5y 2% (37)
dt Ko ol
du/ Nweg —Aw Dy 2 0
& 2 e em by (38)
n,N,w Eﬁ U
P
_du ’ = z 6& (39)
dt Ko ol

which is relatively easy since we only need to calcubflg/ ol ; numerically. In practice this
means thaDy must be evaluated in two points around the central point, i.e. at
E=EyzAlg (40)



0 0
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5. NUMERICAL ILLUSTRATION

In order to illustrate the importance of proper evaluation of the Monte Carlo ICRF operator for

modeling of ICRF heating, we use the FIDO code [7]. This code solves Eq. (1) using the Monte

Carlo operators described in Section 4, with the expectation values of the invatjantBy)

calculated according to Eqgs (3(39). The termdDg /01 ;in Eqgs (37)(39) is obtained by evalu-

ating the diffusion coefficienDg in two points given by Eqs (48)42) around the central point.

For ions with resonances well separated along the orbit we assume the interactions to be de-

correlated. The integral in Eq. (7) is then made up of individual contributions from around the

points where the phase in Eq. (7) is stationary and the resultibg is given by

1 (ze)?

Do=—>% .
4w stat|onary|n°°cR|

points

VBRE:+ Jn1(BR) + E-Jnsa(Br)F . (43)

where subscripgR refers to a quantity evaluated at a stationary point, i.e. at a resonance. For ions
which have resonances close to each other along the orbit (i.e. particles which are near tangency
resonance wherdwr/dt = w.z — 0) the contributions to Eq. (43) are modified and involve

Airy functions [8]. In FIDODg for particles having near tangency resonance is calculated using
Eq. (43) imposing a lower limit tthwgg| so that the contribution Do does not exceed the
maximum contribution obtained from the correct expression involving Airy functions.

In the simulations we use the steady-state parameters of an ICRF-only deuterium plasma
on JET with fundamental minority heating of hydrogen. A magnetic field of 3.5 T and a plasma
current of 3.3 MA are used, and the fundamental hydrogen resonance is located on the high field
side about 10 cm from the magnetic axis. Furthermore, the central electron density is
4.1x10%° m'3, and the central electron and ion temperatures are 3.5 keV and 2 keV, respectively.
The hydrogen concentration is 1 %.

The wave parameters and the power deposition profiles used in FIDO are taken from the
ICRF code PION [9]. In particular, we hakg = 35 rﬁl, E_/E+ = 4, and the total hydrogen
absorption is 3.5 MW. We have performed calculations for a symmetric toroidal mode number
spectrum N = 28,-28) which is representative of the phasing normally used in JET. In addition
we have studied effects of asymmetric toroidal mode number spectra with a single toroidal
mode numberN = 28 andN = -28), using the same parameters. Rer 28 the wave-induced
spatial transport of resonating particles is inwards ani for-28 it is outwards.



As can be seen in Fig. 1, the ICRF- 8
induced spatial transport of resonating ions
plays an important role for the fast-ion pres- ®°
sure profile. In particular, the pressure profileﬂ?
in the case where the ICRF-induced spati%“o’! A,
transport of resonating ions is outwards<
-28) is broader than in the other two cases.?
Also, the differences in the calculated fast-ion
pressure profiles between the inward drift case %
(N = 28) and the symmetric phasiriy% 28,- Fig. 1 Pressure profiles of the resonating ions for differ-

28) are smaller than compared to the outwaggdt toroidal mode number spectra.

drift case. The main reason is that for the

inward drift case and for the symmetric phasing, most of the fast ions have wide non-standard
orbits which pass near the plasma center, whereas in the outward drift case standard banana
orbits which do not pass near the plasma center dominate. These general observations are con-
sistent with experimental evidence for the existence of ICRF induced drifts [10].

To assess the sensitivity of the fast-ion
pressure profile to possible errors in the calcu- '
lation of the Monte Carlo ICRF operator, we o
have performed three further simulations with_ 10
the FIDO code for each toroidal mode numb&m ’
spectrum studied. When calculatingg ®
0Dy /0l in these simulations we have still used
Eqgs (40y(42), but we have neglected in turn
the variation irE in Eq. (40), in\ in Eq. (41)

and Ian, in Eq. (42). This corresponds to r]el_:ig. 2 Pressure profiles of the resonating ions for N=-

glecting the term proportional to the derivativeg cajculated with the correct expectation values and,
of E, A andPy , respectively, in the operatbr for assessing the sensitivity, when the\and Py in
given in Eq. (18). turn have been kept constant in Egs.(40) - (42).

© JG98.423/8c

0.8

=

4+ Correct 0D,/0Ix

N
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g

The results from these simulations Wi+ —28 are displayed in Fig. 2, together with the
result from the simulation whem@Dg/d1; has been calculated correctly using Eqs-<¢4).
While the fast-ion pressure profile calculated by neglecting the variatiég does not differ
much from the pressure profile calculated properly, neglecting the variation eiher Anhas
a major effect on the pressure profile. The reason for these differences is the relatively strong
dependence dbg on E andA, and its relatively weak dependenceRy Somewhat smaller
differences are found in the case of inward diMt= 28) and the symmetric phasing
(N = 28,-28).
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6. SUMMARY

A 3D Monte Carlo operator for the orbit-averaged Fokker-Planck equation describing wave
particle interaction in a toroidal geometry has been derived from a quasilinear differential opera-
tor. Based on earlier work [1], the operator has been developed here to make it more suitable for
numerical implementation. Furthermore, properties of the orbit-averaged quasilinear differen-
tial operator have been discussed. By rewriting the differential operator in a special set of invari-
ants, the close relationship between this operator and the more familiar quasilinear operator for
a straight field line geometry could be demonstrated. Examination of the characteristics of the
guasilinear differential operator shows that, although all three components of the wave vector
influence the local change in the radial position an ion receives as it passes a resonance, the
relative changes in the particle invariants depend only on the toroidal component of the wave
vector. Consequently, it is only the toroidal component of the wave vector that is of direct impor-
tance for wave-induced spatial transport, the other component can only have an indirect effect
through the diffusion coefficient.
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APPENDIX

From Eq. (8) we obtain

kal 0 |a|Jaf0 1 al) ofg n* fa|'

o= an 3% a1’ EDO o3 ol 0" 50T alhgal' Jk% -

The last term in the above expression is zero, which can be shown as follows. Let

A=(1,0,0); hencel; [A = 0. Transformation from)' space tol’ space yields

oA 1 anal' 1 90-_9'0
| u\:___—— J = = A2
! o oo B'9%a7 ' gaﬂ@%ﬁ% (A2)

Following the same procedure far= (0,1,0) andA = (0,0,1), we obtain

1 90-0a'0
A3
Joor 89T ¢ (A3)

Hence,(Q(fy)) in Eq. (8) can alternatively be written as in Eq. (9).
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