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A conducting fluid flowing along a magnetic field parallel

to a conducting wall is unstable if the flow velocity exceeds

a critical value.

The uniform flow of an ideally conducting mhd fluid along a uniform magnetic field is stable at

all velocities. This can be seen by transforming to the frame of the fluid. In this frame the fluid

is stationary and only the familiar stable waves can occur. If the flow is sheared a variant of the

Kelvin-Kelmholtz instability is possible, the relative velocity of the fluid layers then providing

a source of free energy. If, for the uniform flow case, an ideally conducting wall parallel to the

flow is introduced the flow remains stable, the boundary condition for perturbations at the wall

being independent of the flow velocity. However, if the finite conductivity of the wall is allowed

for, the physics is changed. Now the flow velocity affects the magnetic field perturbation at the

wall and, conversely, the wall provides a frame with respect to which the fluid flow has a free

energy.

Configurations of this type can be unstable, and this is illustrated here by considering the

simplest case, that of the uniform flow of an incompressible fluid in slab geometry. For low flow

velocities there are three stable waves, two forward waves propagating in the direction of the

flow and a backward wave propagating against the flow. If the flow velocity is increased, insta-

bility appears for a given wave number when the phase velocity of the “backward” wave changes

sign and the wave propagates in the direction of the flow. The critical velocity is a function of

the wave number, the Alfvén velocity, the fluid-wall separation and the electrical resistance of

the wall.

THE MODEL

The geometry is illustrated in Figure 1 together with the choice of symbols.
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Figure 1. The geometry

The wall is taken to have the form of a “thin” shell to simplify the algebra. The fluid is in

compressible and the perturbed quantities will be taken to have the form f(x)exp i(–ωt + kz).

The fluid, vacuum and wall regions will now be dealt with in turn.



2

FLUID

The basic equations are the equations of motion

ρ ∂
∂t

+ ∇



 ∇ ×v v j B. = – p +

and of incompressibility

∇.v = 0

with Ampères law

j B=
1

µo

∇ ×

and Faraday’s equation with the assumption of perfect conductivity, E + v × B = 0,

∂B
∂t

= ∇ × v × B ,

together with the definition of the flux function

B = i– y∇ × ψ  .

Linearising, these equations become

ρ ωi kv v
dp
dx

j Bx y−( ) = −

ρ ω −( ) =kv v kpz

∂
∂
v
x

ikvx
z+ = 0

B ikx = ψ

B
xz = − ∂ψ

∂

j
x

ky
o

= −





1 2

2
2

µ
∂ ψ
∂

ψ (1)

ω ψ−( ) =kv iBvx  ,

the symbols ρ, v and B representing the equilibrium quantities.

These linearised equations give the equation for ψ,

ω ψ ψ−( ) −( ) −





=kv k V
d
dx

kA
2 2 2

2

2
2 0 . (2)
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The eigenmode solution with ψ → 0 as x → − ∞ is

ψ ψ= <s
kxe x 0 (3)

where ψs is the value of ψ at the surface, x = 0.

VACUUM

In the vacuum regime the equation for ψ is Laplace’s equation

d

dx
k

2

2
2 0

ψ ψ− = (4)

and the solution for the region between the fluid and the wall takes the form

ψ α β= + < <−e e x bkx kx 0  . (5)

WALL

In the conducting wall the governing equation is the diffusion equation

∂ψ
∂ µ σ

∂ ψ
∂t xo

= 1 2

2  .

Using the thin wall approximation, integration across the shell gives

d

dx
i

d

d

o

ψ µ σδ ωψ
δ+

= −

and defining the velocity cw o= ( )−µ σδ 1
,

d
dx

i
c

x d
d

d

w

ψ ω ψ
δ+

= − =  . (6)

EXTERNAL VACUUM

In the external vacuum region x > d + δ the solution of the vacuum equation (4) is

ψ ψ δ= > +− −( )
w

k x de x d  . (7)

CONNECTING THE SOLUTIONS

Solutions (5) and (7) are connected by equation (6), so that

β
α ω

= − 2 2ikc
ew kd (8)
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and, using continuity of ψ at x = 0, equations (3), (5) and (8) give the solution for the first

vacuum region

ψ ψ ω

ω

=
− +





− +





− −

−
s

kd kx w kx

kd w

e e
ikc

e

e
ikc

2

2

1
2

1
2

 . (9)

DISPERSION RELATION

The dispersion relation is now obtained by joining the solutions through the interface at the

surface of the fluid. The interface condition is that of force balance across the surface and, using

the linearised magnetic pressure BBz/µo, this is given by

p
BB BBz

o x o

z

o x o

+






=




= =− +µ µ

 .

With the linearised forms of the basic equations this becomes

k V kv k VA x o A x o

2 2 2 2 2− −( )( ) ′ = ′= =− +ω ψ ψ  , (10)

where primes indicate differetials with respect to x.

Thus, using equations (3) and (9) to calculate ′ψ ,  equation (10) gives the dispersion

relation

ω ω ω−( ) −( ) +( ) = +( )−kv e ikc k V ikckd
w A w

2 2 2 21 2 2 2  . (11)

STABILITY

The stability boundary in parameter space is given by the condition that the imaginary part of ω
be zero. From equation (11) this condition occurs for ωr = 0, so that ω = 0, and

v VA= ± 2  . (12)

Stability is now explored by expanding about the marginal point, ω = 0. Thus, keeping

only the linear terms in ω in equation (11) and putting v VA
2 22~

ω = −
+

± +




−

−v V
c e V

c
V

i e kcA

w
kd

A

w

A

kd
w

2 2

2 4 2
22

8
2 2  . (13)

The condition for instability is that ωi > 0 and it follows from equation (13) that instability

occurs for v VA> 2 . Equation (13) also shows the required stability in the two limiting cases

d → ∞ and cw → 0 (σ → ∞).
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For a highly conducting wall cw is small and the growth rate, γ, becomes

γ = −v V
V

e kcA

A

kd
w

2 2

2
22

(14)

MECHANICS OF THE INSTABILITY

Instability arises when the flow velocity exceeds the critical velocity, 2 VA . However, this is

only a necessary condition, instability also requiring the presence of the conducting wall. In the

absence of a wall, changing the flow velocity is just equivalent to changing the frame of obser-

vation, and this leaves the velocity of the fluid with respect to the wave, v - ω/k, unchanged.

In the presence of a wall with finite conductivity a change of flow velocity brings about a

change of flow velocity relative to the wave velocity, and this allows an unstable transfer of

energy from the equilibrium flow to the perturbations of the magnetic field and the fluid. From

equation (13) the rate of change of phase velocity with respect to fluid velocity at marginal

stability is

d k

dv
c

c e V
r w

w
kd

A

ω /( ) = −
+ −

2

2 1
8

4 2

showing that with no wall (d → ∞) we have d(ωr/k)/dv = 1, but that with a highly conducting

wall (cw →0), d(ωr/k)/dv → 0.

The driving force for the instability is illustrated in Figure (2). In Figure 2(a) it is seen

how, from the Bernoulli effect, the pressure is increased in the expanded region where the flow

velocity is decreased. The increase in pressure is largest toward the surface, giving a pressure

gradient force away from the surface. This force balances the centrifugal force of the fluid as it

flows round the convex deformation. The opposite effects operate in the “necked” region.

Lower v
Higher p

Vacuum

Higher v
–∇p

v

a) b)

JG98.36/3c

Figure 2(a) shows the higher pressure in the expanded region and 2(b) shows how the centrifugal force is balanced

by the pressure  gradient.
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In the bulk of the fluid no electric currents are generated. At the surface, however, there is

a sheet current. The magnetic force, j×B, of this current balances the drop in the perturbed fluid

pressure across the surface as illustrated in Figure (3). This surface current represents the

destabilising effect of the flow through the intermediary of the pressure gradient.

p = poekx

po

jy

Surface current

xJG98.36/2c

B ∫ jy dx = po

Figure 3. The force of the surface current balances the fluid pressure.

Integrating the x component of the equation of motion from x → – ∞ to x = 0+ gives the

relation between the fluid motion and the surface current Js

ρ ωi kv v dx J B
o

x s−( ) = −
−∞
∫ (15)

where

J j dxs
o

o

y=
−

+

∫  .

Close to marginal stability equation (15) together with vx = ikvψ/B gives

J
k v

Vs
o A

s= −
µ

ψ
2

2  . (16)

The current induced in the conducting wall is

J j dxw

d

d

y=
−

+

∫  . (17)
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The y-component of the electric field is ψ and Ohm’s law gives jy = σ ψ̇ . Close to mar-

ginal stability (ω → 0) equation (9) gives ψw = e–kd ψs so that equation (17) becomes

J
e
cw

kd

o w
s= −

−γ
µ

ψ  . (18)

At marginal stability γ = 0 and so no current is induced in the conducting wall. If the flow

velocity is reduced below the critical value a current flows in the conducting wall, and the

perturbation decays due to the resulting dissipation.

If the flow velocity is increased above the critical value the increased driving force over-

comes the dissipation and produce an unstable growth.

ENERGY BALANCE

The magnetic energy density of the perturbation is

W B BM
o

x z= +( )1
2

2 2

µ

and, using the definition of ψ, the total magnetic energy per unit length is

W k dxM
o

= ′ +( )
−∞

+∞

∫1
2

2 2 21
2µ

ψ ψ

where the first factor 1/2 arises from the average value of cos2kz. Integrating by parts and using

equation (1)

1 2 2 2

µ
ψ ψ ψ

o
yk dx j dx

−∞

+∞

−∞

+∞

∫ ∫′ +( ) = −  .

Since jy = 0, except at the plasma surface and in the wall, this becomes

1 2 2 2

µ
ψ ψ ψ ψ

o
s s w wk dx J J

−∞

+∞

∫ ′ +( ) = − +( ) (19)

and the magnetic energy in seen to be balanced by the energy drive of the surface current and the

energy associated with the wall current.

The eigenfunction for x < 0 is ψ = ψs ekx, and close to marginal stability ψ = ψs e–kx for x

> 0, so that

−∞

+∞

∫ ′ +( ) =ψ ψ ψ2 2 2 22k dx k s  . (20)
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Thus, using equation (20) together with equations (16) and (18) for Js and Jw, equation (19)

becomes

2
2

2
2= − −v

V kc
e

A w

kdγ
,

and from this we recover the growth rate given by equation (14)

γ = −v V
V

e kcA

A

kd
w

2 2

2
22

SUMMARY

A conducting fluid flowing uniformly along a uniform magnetic field is normally stable. This is

easily seen by moving to the frame of the flow. In the then stationary plasma all that remains are

stable waves. The presence of a perfectly conducting wall parallel to the flow leaves the argu-

ment, and the conclusions, unchanged.

However, a finitely conducting wall provides a frame of reference for the flow which can

no longer be transformed away. If the fluid is stationary there are two Alfvén waves and a further

wave resulting from the finite conductivity of the wall. When the velocity of flow is increased

above the natural mhd velocity of the system, 2 VA , instability occurs, the fluid flow provid-

ing the energy source.

Around marginal stability the propagation velocity of the instability is small. In this al-

most stationary mode the instability simply drives the magnetic field through the wall at a rate

determined by the resistivity of the wall. The mechanism of the drive for the instability can be

seen as the centrifugal force of the flow around the distorted magnetic field. The destabilising

force is transmitted via the fluid pressure to a sheet current at the surface of the fluid. This

current then provides the magnetic perturbation which presses on the wall, the growth rate de-

pending on the rate of resistive diffusion through the wall.
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