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ABSTRACT.

Linear and nonlinear models for anomalous alpha particle transport due to collective instabili-

ties are reviewed. The linear stability analysis is applied to the comparison of measured and
computed Alfvén Eigenmodes in tokamaks (“spectroscopy”). Scenarios for nonlinear wave evo-

lution and fast ion redistribution are discussed.

1. INTRODUCTION

Early in the development of plasma theory it was realised that super-thermal particles can drive
plasma waves unstable through resonant particle-wave interaction [1,2]. In D-T plasmas the
fusion born alpha particles with energies around 3.5 MeV have initially super-Alfvénic velocity
and will in the slowing-down process eventually match the Alfvén velogijtyB/(4rp)L/2,

where B denotes the magnetic field antthe mass density (e = n m;). This implies that the
resonant interaction of alpha particles with Alfvén waves is an important issue. The confinement
of alpha particles in tokamaks is being studied extensively in actual experiments as well as
conceptually in the design of the fusion test reactor ITER. It is crucial for a reactor that the alpha
particle transport is either classical or moderately anomalous and therefore tolerable. So far all
tritium discharges performed at TFTR and at JET support the claim that the alpha particles are
sufficiently well confined.

The great uncertainty with respect to the extrapolation towards the break-even condition at
JET or, even further, towards an ignited tokamak plasma is the anomalous alpha particle transport
due to collective instabilities caused by the free energy in the alpha particles (or in the energetic
ions in general). For sufficiently large amplitude of the perturbed field anomalous transport of
energetic ions can occur. Such losses have been observed in DIlI-D experiments at low field
with NBI power, where the injected ions match the Alfvén velocity. As shown in Fig. 2 of Ref.
[3], a large number of beam ions are expelled, (seen as a drop in the neutron emission) during
bursts of TAE observed on a magnetic pick-up coil. Similar degradation of the alpha particle
confinement in a reactor would reduce the ignition margin and cause serious damage to the first
wall. The physics issues related to the effect of Alfvén waves on the alpha confinement can be
addressed in various ways, which do not always require tritium discharges.

First, the spectrum of Alfvén waves can be analysed and the existence of weakly-damped
Alfvén Eigenmodes (AE) checked. This can be done by antenna excitation without the involve-
ment of energetic ions. At JET such external excitation of AE’s has been studied with the use of
the Saddle Coils [4-6]. The low-n wave number spectrum of AE’s has been measured and ana-
lysed in detail. These studies have confirmed the existence of weakly damped AE localised in
the plasma centre.

Second, the excitation of such AE by NBI and RF generated fast ions can be studied. In
present tokamaks up to 30 MW of heating through NBI is provided. Then, with beam energies in



the range of 100-160 keV the Alfvén resonance is reached only for low magnetic field of 1T. The
RF heating can generate energetic ions with tail energies in excess of 0.5 MeV, which can reso-
nate with the AE. ITER will rely on 50 to 100 MW of additional heating power for reaching
ignition. Since the injected ions will have much higher energies than used presently, resonant
interaction with beam ions as well as RF tail ions needs to be studied in addition to the alpha-
particle interaction. Present tokamak experiments which demonstrate losses of energetic ions
due to collective instabilities yield a great deal of information suitable for benchmark tests of the
large-scale codes.

Finally, the alpha particle confinement can be studied in tritium discharges. The detailed
analysis should confirm the validity of the theoretical models and the key physics ideas - or
should indicate new development - which is essential for accurate predictions in performance of
tokamak-reactor plasmas.

In this paper we analyse linear stability and nonlinear evolution of Alfvén waves by com-
paring measured spectra with theoretical models. The numerical tools for such an analysis are
described. The plan of the paper is as follows:

In Section 2 the hybrid fluid-particle model is presented which takes into account the
power transfer between particles and waves in the linear phase. The numerical evolution is
performed by means of the CASTOR-K code package. The Alfvén spectrum as observed on JET
discharges is discussed in detail. Section 3 is devoted to the weak turbulence model which describes
the nonlinear evolution of the system. The algorithms employed by the codes FAC and HAGIS
are outlined. The different classes of nonlinear scenarios are discussed and compared with
experimental observations. Finally, in Sec. 4, conclusions are presented.

2. HYBRID FLUID - PARTICLE MODEL

In our simulations of collective modes in fusion plasmas, we describe the “bulk” ions and elec-
trons by macroscopic MHD equations. These yield an appropriate model for equilibrium and
stability, as well as for plasma oscillations such as Alfvén waves. Fusion born alpha particles
have super-thermal energies of about 3.5 MeV and are well described by a slowing down distri-
bution. Their pressure is a finite fraction of the bulk plasma pressure (typically 10% to 20%).
Neutral beam injection and resonant radio frequency heating may also generate super-thermal
ions with pressure comparable to the bulk ion pressure. The influence of these fast ions on the
bulk plasma is incorporated in the equilibrium profiles which are reconstructed from measure-
ments. The power transfer from the energetic ions to plasma waves is taken into account in the
OWhot functional, which yields the growth rate and the damping of the MHD wave in the linear
phase. This particle-wave interaction may also lead to a branch of plasma instabilities known as
energetic particle driven modes, or EPM. Only particles which are close to resonant regions in
phase space can exchange a considerable amount of energy with the MHD wave, and these
particles get trapped inside the potential well created by the MHD perturbation. Eventually the



drive is reduced nonlinearly by a relaxation of Linear MHD Stability Analysis

the energetic particle distribution function and  wspka_1 CASTOR
is accompanied by saturation of the wave am-
plitude. This nonlinear process is computed
using a particle simulation model for the fast CASTORK
ions which will be described in Sec.3. These  noniinear dynamics in the presence of energetic ions
numerical models have been developed fc
general tokamak configurations. The family o o7 e
codes used at JET is described in Fig. 2.1. Starig. 2.1 Family of fluid-particle codes used at JET.

ing from the discharge equilibrium profiles, the

spectrum of ideal and resistive (kinetic) MHD normal modes is computed by the MHD codes
MISHKA-1 (ideal, incompressible) [And CASTOR (resistive, compressible) [8]. The linearised
MHD solution for the plasma normal modes and the gyrokinetic perturbative contribution for
the energetic particles can be combined into a dispersion relation of the form

Linear stability analysis including energetic particles

=

HAGIS FAC

@ By = Wipng + 8Wpofw) (2.1)

where the power transfer is quantified by the quadratic &Wfo(w) and is evaluated by the
kinetic extension of the CASTOR code called CASTOR-K. The nonlinear evolution of these
normal modes is subsequently computed usindftparticle codes FAC and HAGIS — devel-
oped at JET in collaboration with IFS Texas and UKAEA. We give now a short description of
the three different levels of the plasma description.

2.1 Normal Mode Description
The plasma equilibrium obeys force balance
-O0P+JxB=0, (2.2)

where P is the pressutkthe current, anB the magnetic field. For numerical solution, Eq. (2.2)

Is cast into the Grad-Shafranov form. The normal-mode analysis considers small perturbations
around the equilibrium state and is performed by means of the linear spectral codes CASTOR
and MISHKA [7, 8]. The time behaviour is expressed by an eigenxaluée form

2r, 1) = g(r). (2.3)

The imaginary part of describes oscillatory behaviour with frequeoxy Im A), whereas
the real pary = Re Q) corresponds to exponentially growingX0) or dampedy(< 0) motion.
The linear eigenfunctions computed by CASTOR and MISHKA and reported in this paper, are
solutions of the linearised, compressible MHD equations in dimensionless form:



Continuity:

ASp = -0 [podv) (2.4)
Momentum:
Apo &v = -0 [{peST +3pTy)
+(D><I'30)><(D><6A)—I'30><(D><D><6A)
Energy:

AP 8T = —pgdv T — (I —1)peU By
+2n(y-1)(0xBo) fOx01xTA)
Faraday’s Law:
ASA = —Bgy x v — N0 x 0 x 3A

Heredp denotes the densiy the velocitydT the temperature ard the vector poten-
tial such tha®B = [0 x dA. Also, n is the resistivity and the ratio of specific heats. This
formulation includes both density and temperature instead of pressure.

The inclusion of resistivity in Egs. (2.4) makes the computation of all unstable resistive
eigenmodes feasible. However, in the context of the Alfvén eigenmode physics the resistive
terms are only used to resolve the singularities of eigenmodes crossing the Alfvén continua.
These singularities are resolved by matching the outer ideal solution to the layer physics, which
includes kinetic effects in terms of Finite Larmor Radius (FpRand non-vanishing parallel
electric field [9-12]. It has been demonstrated that these nonideal effects can be taken into ac-
count in the CASTOR model by a “complex resistivity” [13] in Ohm’s law:

5IE + 6\I) X I'3=r]" 6:]", (2.5)
with n ~iwp’(1-i3,) (2.6)

wherede arises from collisional friction between trapped electrons and passing particles and is
computed from the bounce-averaged electron kinetic equation.

2.2 Spectrum of Alfvén Waves in Tokamaks

The spectrum of Alfvén waves can be studied experimentally by antenna excitation, i.e. without
the existence of super-thermal ions. This enables an active probing of the type and structure of



Alfvén Eigenmodes (AE) and their damping. On JET the Saddle Coils have been used as an
exciter where the frequency can be scanned between 20 and 500 kHz. By synchronous detection
the plasma response to the antenna can be measured very accurately and the damping can be
guantified. It has been successfully demonstrated that with an antenna power of less than 10 kW
plasma normal modes in the range of the Alfvén frequency AE can be excited [4-6]. When the
applied frequency matches the frequency of a plasma normal mode there occurs a sharp peak in
the absorption spectrum, and the width of this peak is proportional to the damping of this spe-
cific normal mode.

A typical result as modelled by the
CASTOR code for this antenna excitation is dis-
played in Fig. 2.2, where the coupled power is EAE
computed as a function of the antenna fre- 0.03
guency. Regions of broad spectral response i%—
dicate the presence of plasma continuum dampg-
ing. In these regions, every magnetic field Iine% 002
oscillates with its own local Alfvén frequency,%
thereby giving rise to a continuum of normak 0.01-
modes in radius. When a wave is launched into TAE
such aregion, this wave experience a “friction”
due to the very different local propagation of % 05 10 15
the continuum modes. Consequently, the result- @ RV,
ing continuum damping is proportional to th&19- 2.2 The plasma response as a function of the an-
gradients in the equilibrium profiles. Since théema frequency computed by CASTOR.
continuum modes are localised on a specific flux surface, a simplified version of the CASTOR
code needs to be solved only on every flux surface separately. The corresponding CSCAS code
[14], makes feasible the efficient and fast evaluation of the continuum structures of many equilibria.
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If such a damping would occur uniformly in the plasma volume it would be very difficult to
excite and destabilise AE by both antenna and fast ion drive. However, there exist pronounced
gaps in the Alfvén continua due to coupling caused by finite toroidicity (toroidal gap), elongation
(elliptical gap) and other effects which break the cylindrical symmetry. This coupling leads to
“forbidden crossings” of continuum modes, i.e. gaps. Furthermore, new global Alfvén eigenmodes
exist in these gaps with zero or, in the case of several gaps at different radial positions, small
damping. In Fig. 2.2 the toroidal gap around w.{R/A 0.5 and the elongation induced gap
around w . (R/y) ~ 1.3 are clearly seen. In addition, toroidicity induced AE (TAE) and elongation
induced AE (EAE) exist with very small damping. For high beta an additional AE occurs at
lower frequency, the so-called beta induced AE (BAE). If the plasma is sufficiently hot kinetic
effects, which are characterised by the kinetic coupling factor [9-13]
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wherep; denotes the Larmor radius, m the dominant poloidal Fourier harmgthe, radius of

the gap, S the magnetic shear amd3.5 rg/R the local inverse aspect ratio, need to be consid-
ered. This coupling causes the continuum to break up into the kinetic Alfvén spectrum which
can be obtained from the linear resistive spectral codes CASTOR and MISHKA by matching the
complex resistivity (2.6) with the non-ideal paramete(2.7). On the bottom of the toroidal

gap this coupling causes a large amount of energy to be carried away radially, which is eventu-
ally absorbed in the cold plasma edge. The resulting damping, the radiative damping, is quite
large. This damping of the TAE’s whose eigenfrequencies are on the bottom of the TAE-gap is
clearly seen on Fig.2.3. in form of a broad absorbtion. On the top of the gap a new class of
kinetic TAE, called KTAE, exists which are characterised by small damping and roughly equal
spacing in frequency

W=wo+pAwforp=0,1,2, ... (2.8)

It is noted that the different poloidal ,
Fourier harmonics m and m + 1 of the TAE M
have equal parity which results in a ballooning. *°f
- like, poloidal mode structure, whereas th@ al e
KTAE have opposite parity resulting in an anti-2
ballooning structure. The lowest KTAE for
small magnetic shear values degenerates i i
the core-localised low-shear TAE and can bg
usually found already in ideal MHD - as is evi—f‘i 2r
dent from Fig. 2.2. The fine-splitting due toé
kinetic effects has been clearly identified in the
antenna excitation experiments [5]. Similar %5520 30 45 80 & 70
splitting is found for RF driven AE on the top w/wyo (1072)

of the elongation induced gaps as will be digig. 2.3 Kinetic effects on AE's: The plasma response as
cussed in more detail later a function of the antenna frequency computed by CAS-

TOR using complex resistivity.
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2.3 Energetic Particle Driven Instabilities

The AE excitation experiments — based on antenna drive as well as on NBI and RF generated
fast ions — have confirmed that in the case of weak drive only MHD normal modes are excited.
Weak drive does not imply low heating power; rather, it refers to a small power density. The free
energy for the destablisation is actually caused by the gradient of the fast particle pressure. Thus



the perturbative method can be applied, where the frequeacyl the eigenfunctiofi(r) are
determined by MHD and can be obtained by the MISHKA-1 or CASTOR code.

The power transfer between the wave and the particle is given by the six dimensional
phase-space integral

oW, = —%J'd3xd3v L f,. (2.9)

where (1) is the perturbed Lagrangian of the wave-particle interaction atttefperturbed
distribution function, which is obtained by integrating the linearised Vlasov equation along the
particle trajectories for a given fast particle distributignThe growth rate or damping factor is
extracted from the imaginary part®iVhot

w; _ Im|dWy,
y=—1=—1_Tol (2.10)

Since only the non-adiabatic part @fdan give an imaginary contribution to the disper-
sion function, it is only necessary to consider

6Wh0t———J’d3xd3 20n aFO

g *j OLO (2.11)

with additional integration over the time.
For Alfvén waves or marginally stable MHD modes the perturbed Lagrangian reduces to

L@ = —(mvﬁ - uB)E K +puBOE L, (2.12)

wherek denotes the curvature of the equilibrium magnetic fielduaisdthe magnetic moment.
Itis convenient to introduce new phase-space variables through the transformation (P,

o, E, 1, 4, a), wheret is the time along the orbit. The Jacobian of this transformation is a
constant:

343, — C
RECEYE Qﬂgz dPdE dy dt doda (2.13)
o=t

Py denotes the toroidal canonical momentum, E the enartye gyrophase ang the
toroidal angle. Carrying out the integration ovep anda, dWhet reduces to [15]

MWt = = 2T[22 zIdP dEdu Z Tp(w=now )=

p——OO

oF Y5
0E w + Nywp + (noq +p)wp

(2.14)



wherewy andty are the bounce frequency and bounce time,camdhe toroidal precession
frequency. The perturbed Lagrangian is bounce averaged over the particle orbits and expanded
in Fourier harmonics of the periodic particle motion

LD = [Dgino®(T) (21.15)
with ng the toroidal wave number. The Fourier coefficients are defined as

_ ¢ dT~(1) ipoo,T
Yﬁ_f_l_ e

T (2.16)

This procedure allows one to decompose the periodic motion in the f-direction for both
passing and trapped particles. The denominator in thgXpression vanishes if

r(E.P,.u) = w+nw, +(ng+p)w, =0, (2.17)

which is the wave-particle resonance condition. The singularities of the integrand have to be
taken into account in the integration over phase space. The term proportioneptesents the

free energy due to the gradients in velocity space, giving rise to Landau damping, while the term
proportional to gw+ represents the free energy due to spatial gradients in the distribution func-
tion

W —a_F /a_F
* T oP, OE (2.18)

The drive is proportional to the toroidal wave numhgihnough the combinatiorpioo in
Eq. (2.17). However with increasing toroidal mode number the radial width of the eigenfunction
decreases and the mode width becomes equal to the orbit width, so that the particle-to-wave
power transfer saturates. This indicates that the fast ion orbits have to be treated in full general-
ity. This saturation in the destabilisation sets in for JET plasmas for toroidal mode numbers
between ten and fifteeng i 10-15. In the evaluation of the growth rate it is only necessary to
compute the imaginary part 8¥Whot Since only the poles in the particle wave response can
give an imaginary contribution 8Wht, the three dimensional integral is reduced to two dimen-
sions by an integration subject to the resonance condit{@&P,, ) = 0 In the evaluation of
the growth rate th8Whot quadratic form is reduced to

__om e oF 27i[Y 5
OWhqt = _WIdP‘PdHOZ+ [S_z_me(‘*)‘ no‘*}*)ET (2.19)
=P oE



The CASTOR-K code [16] evaluates the ggffunctional for given plasma equilibrium,
MHD eigenfunction and fast particle distributiog Fhis calculation has to be performed in the

straight field line coordinate systes= /@ / Wg, 6, @, where the equilibrium magnetic field is
represented by

B=0ex Oy + Flg (2.20)

together with the corresponding metrijg,dpeing characterised by the Jacobian

oy OR°
JcasToR = ZSlIJs? : (2.21)

The scheme of the integration is summarised in Table I.

The gyro angle a analytical |average procedure

The poloidal angle 0 numerical | Fourier transform

The toroidal angle (0] analytical |Fourier decomposition
The energy E analytical |integration over the poles
The magnetic moment U numerical |binary search algorithm
The toroidal canonical momentum | p, | numerical |binary search algorithm

The evaluation 0dWnot requires the integration of fast particle orbits in the equilibrium
fields. The trajectory of a particle can be expressed analytically as a function of the invariants of
motion and of the equilibrium quantities. This method is used for orbit classification. This is
essential for tracking all particle resonances. However, the time dependence of the particle coor-
dinates must be integrated numerically. In order to improve the integrator accuracy, the coordi-
nate system is changed into a poloidally Cartesian system when a particle gets close to the
magnetic axis.

X = scosf

y=ssinf (2.22)

An explicit integration procedure in terms of a fourth-order Runge-Kutta algorithm is
used.

The remaining integration over thePy co-ordinates is performed using a bi-dimensional
adaptive scheme. The procedure works in two phases. At first a rectangular mesh is constructed
evaluating the function to be integrated at each point. Thus, a first estimate of the integral is
obtained. Secondly, a refinement criterion selects the area where accumulation points are re-
quired for improvement in the accuracy of the integration. This procedure is repeated until a
predefined accuracy of the integration is achieved. The mesh accumulation is concentrated in



areas where the function is less well behaved

JG97.475/12¢

. . . 40
and, hence, the contribution to the overall inte- ® HAGIS code
. . . . O FAC code
gration is more important. The method is a two- 0 CASTOR-K code (large orbits)
— CASTOR-K code (small orbits)

dimensional equivalent of Simpson’s rule [17], 5oL
where the evaluated points are fitted using cu-
bic polynomials.

The accuracy of the CASTOR-K code$ 20-
has been tested by comparison with analyti%

By)

results in the large aspect ratio and small orbit
width limit and by benchmark tests with the
NOVA-K code. This comparison has been sat-
isfactory. The comparison with numerical re- | |

sults obtained by the non-linear codes FAC and *** A 810°
HAGIS is displayed in Fig. 2.4. Over a widerig. 2.4 Benchmark test on comparison of the depend-
range of parameters the agreement is good bettee of the growth rate on the frequency.

in the small and large orbit width versions of

the CASTOR-K code.
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[

2.4. Analysis of Experimental Observations on Jet

The results of the JET antenna excitation experiments have been described in Refs. [4-6]. Here
we analyse AE activity observed in JET discharges with additional heating. It is emphasised that
the NBI generated ions have energies around 150 KeV — which for 3T, 3MA discharges is well
below the Alfvén resonance. In order to satisfy the Alfvén resonance congjsighwa, the

field has to be smaller than 1T. Such plasmas are of no relevance for the DTE1 campaign. It is
however possible to match thg/8 resonance in JET high performance plasmas. CASTOR-K
calculations show that a destabilisation of AE can only occur for quite high toroidal mode num-
bers. For example the simulation of specific discharges has shown that AE’s with n=14 become
marginally unstable. There is no clear experimental identification of corresponding AE’s.

This leaves us with the analysis of AE’s driven unstable by the RF generated fast ions and
by a-particles. There is clear experimental evidence that AE’s are routinely observed when the
heating power exceeds 4-5 MW, depending on the plasma density. In discharge #40328 the RF
heating power is slowly ramped up from 3MW to 7MW. Wheg xceeds 5SMW a set of AE is
observed, as is shown in Fig. 2.5, with toroidal mode numbers in the rangs %1. The AE
with larger mode numbers are excited first. This is consistent with the drive being proportional
to nwgin Eq. (2.19). The drive levels off foenl0, when the mode width becomes proportional
to the orbit width. The instability drive is evaluated by the CASTOR-K code for increasing tail
ion temperature in a Stix-type distribution,

10
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Fig. 2.5 Threshold for ICRH driven AE’s. Fig. 2.6 Modelling of the growth rate ofan =5 TAE in

the presence of RF generated ions due to on-axis heat-
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ing for a distributionF e T xe \ " | (Ag~1,4A
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(where/\ denotes the pitch angle), which represents trapped particles with a banana tip close to
the ICRH resonance layer. The resulting growth rate in dependence of the tail temperature is
displayed in Fig. 2.6. The growth rate is normalised to the TAE frequency and to the averaged
fast particle beta, as usual, since the drive is proportion@to €he calculation is complicated

since particles with large and non-standard orbits are in resonance with the wave. The corre-
sponding hatched region indicates the sensitivity of the result on details of the equilibrium pro-
files. In the case of the considered TAE with n = 5 the instability sets ingdpr 1500-600)

KeV. The reconstruction of the RF power deposition by the PION [18] and FIDO [19] codes
shows that the energetic tail ions have an energy corresponding to 700 ke VruhebNRe V.

This agrees with the experimentally observed threshold. An independent assessment of the thresh-
old by measuring the damping of low-n TAE for increasing RF power yields also a critical power
of about 5SMW [20]. The spectrogram of the frequency versus time reveals a sequence of fre-
guencies, due to the Doppler shift

observed in the laboratory frame. In Fig. 2.7 this Doppler shift is subtracted. It is evident that the
frequencies of AE with 4 n< 9 nearly coincide. The solid line underneath is a prediction of the

11
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Fig. 2.7 AE activity on hot-ion H-mode discharge #40332: a) Spectrum: frequency versus time (The solid line
indicates the prognosticated Alfvén frequency for central gap value for safety factors). b) Continuous spectrum gap
structure.

TAE frequency for the actual electron density and the q value in the centre of the TAE gap. The
density increases with the beam fuelling whereas the safety factor profile is almost constant in
time. The agreement of the observed frequency with the theoretical frequency confirms the
Alfvénic scaling of the wave. The Alfvén continuum structure is displayed on the second dia-
gram on Fig. 2.7. At 52.8 s the observed frequendyrjse = 200kHz and corresponds to a
location at the bottom of the TAE gap around s = 0.3 - 0.4 (note thaa¥. This corresponds to
the location of the highest pressure gradient of the RF generated fast ion population. Toroidicity
leads to a strong coupling between the m and m + 1 poloidal harmonics, which are characterised
by even or odd parity with respect to the radial dependence. This leads to a pronounced balloon-
ing - type (even parity) or anti-ballooning-type (odd parity) eigenfunction. From Fig. 2.8 it is
seen that the ballooning structure of the TAE eigenfunction agrees well with the on - axis depo-
sition of the RF power generating trapped ions on the low field side. Therefore, the observed
magnetic signal is identified to be a TAE. The corresponding KTAE’s with somewhat higher
frequency and anti-ballooning eigenmode structure do not fit the observations well. These facts
also make implausible the explanation of the observed fine-splitting of this TAE frequency into
typically five sub-modes withw = 1kHz by means of kinetic effects involving KTAE. An ex-
planation in terms of non-linear effects has been proposed in Sec.4.

Next we analyse the observed AE activity in optimised shear discharges, where the safety
factor is well above unity, i.engn = 1.7. The spectrogram of discharge #40399, Fig. 2.9, shows
in addition to the discussed TAE several modes in the elongation induced gap. Both classes of

12
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Fig. 2.8 Eigenfunctions of different types of AE’s.

modes follow closely the Alfvén wave scaling in time. The mode numbers ateln+2 and
+ 3. An analysis of the magnetic response in the range of the elliptic gap shows that initially
there are several signals with negative mode numbers and few with positive n. With increasing
time the modes with negative n disappear and more modes with positive n appear. Multiple
modes are observed for each n. It is emphasised that this multiplicity is different from the fine-
splitting of the TAE frequency as discussed above.

Since the drive is proportional to éxna negative n should correspond to a positive pres-
sure gradient. The reconstruction of the heating deposition reveals that initially the energy den-

sity of the RF generated ions is hollow, iaccie.Pfast has positive sign in the core as displayed in
r

13
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Fig. 2.9 AE activity in optimised shear discharge #40399 a) Spectrogram: frequency versus time (The solid line
indicates the prognosticated Alfvén frequency for central gap value for safety factors). b) Continuous spectrum gap
structure.

Fig. 2.10. With increasing time the magnetic

Resonating lon Energy Density

axis shifts outwards to the resonance layer and 400 Pulse No: 40399, (= 6.45

the fast ion density profile has monotonic char- s00L

acter. This is consistent with the experimental & | E~750kev

evidence that EAE’s with negative wave % 2001

number become less pronounced with increas- Lol

ing time. The eigenfunction of the EAE is char- o=y

acterised by coupling through toroidal and o1 02 o3 o4 o5 s
elliptic effects, i.e. a poloidal harmonic m r (m)

couples at least with the m + 1 and m + 2 1000 Pulse No: 40399, t = 6.85
harmonics. Therefore, the coupling of the EAE _ *%°]

with kinetic Alfvén waves in the gap region 5 soo-

produces kinetic EAE’s with both ballooning H 400k

and anti-ballooning components. The global | §
KTAE with p =0 radial nodes in the elliptic . @ 1 g
gap region is plotted in Fig. 2.8. These KEAE'’s c 01 02 03 04 05 06

r (m)

(with p=0,1,2,3 ..... ) are characterised by
regular spacingdw. The damping is only Fig. 2.19 Energy density profile of ICRH accelerated

] ) o ] ] ions at different times. The magnetic axis moves towards
weakly increasing with increasing radial modg ;- eyclotron resonance layer in time.
number in the gap. Consequently, such a
sequence of KEAEs is a good candidate for the observed multiplicity of AE’s. Details of the
spectrum in the elliptic gap, with frequencies between 350 kHz and 420 kHz for the time slice of
35 ms following 46.5 seconds in the discharge is shown in Fig. 2.11. The modes with negative
mode numbers n = - 1, - 3 have quite small amplitudes. We therefore concentrate on the AE’s

with n =+ 1, + 2. Amultiplicity of four is observed for both n values. The spacing of the modes
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Fig. 2.11 a) Details of elliptic gap on spectrogram of Fig. 2.10a. b) Kinetic effects on EAE computed by the MISHKA
code with complex resistivity Im)=- 1.16 x 106; Re ) =4.8x 108,

relative to each other is almost constant. Inserting the discharge equilibrium profiles for density,
safety factor andiland T profiles yields the value of the complex resistivity factor used in the
MISHKA code of

Im () = - 1.16x 106, Re ) = 4.8x 108 (2.25)

The code produces indeed a sequence of Kinetic Eliptical Alfvén Eigenmodes with almost
constant frequency spacing fo= + 1and + 2 with slightly increasing radiative damping as
displayed in Table II. Completely equal spacing in frequency and damping can occur only for a
single gap. Due to a more complicated radial structure some deviation has to arise.

These eigenfrequencies lie within 5% of the measured frequency when the Doppler
shift correction is performed. However, the frequency spandiffers from the measured one
by a factor of approximately 1.5 due to the uncertainty in the non-ideal parameter (2.7). It is
noted that one observed mode with n = 2 does not have a clear structure; rather, it appears to be
a mixture of n = 1 and n = 2. The corresponding frequency is marked by a question mark on
Fig. 2.11. This indicates that the identification of the observed spectrum of AE’s with
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0.653 0.00053
0.662 0.00046
0.671 0.00077
0.680 0.00078

w Y,
0.646 | 0.00072
0.665 | 0.00094
0.681 | 0.00092
0.697 0.0014
0.725 0.0013

A WINFRlO|T
Al WINIFL|O|T

frequencies in the elliptic gap agrees within the accuracy of the plasma parameters with the
computed KEAE's.

The destabilisation of AE’s by alpha particles in D-T plasmas is currently under investiga-
tion in the JET DTE1 experiments. Two types of discharges have the potential of achieving high
fusion power in excess of 10MW fusion power, namely the hot-ion H-mode and the optimised
shear scenario characterised by an internal transport barrier. From relevant D-D plasmas the
alpha-particle profiles are computed by the TRANSP code. The stability analyis has been per-
formed by the CASTOR-K code. The corresponding results are presented in Fig. 12a). Atypical
Hot-ion H-mode is characterised by a value of g on axis arogrd0g8. Consequently, the
global AE which is first destabilised is a n = 5 KTAE due to its small radiative damping. The
eigenfunction is localised in the plasma core. A slightly different g-profile or alpha particle
pressure will interact preferably with similar modes, such as n = 6 KTAE. In Fig. 12a, the stabil-
ity boundary is plotted in the plane of alpha particle beta and electron density (the ratio of the
a-birth velocity to the Alfvén speed ¥y /Vp O \E) It is evident that the first D-T dis-
charge on JET, shot 26148 (see Ref. [21]) is found to be stable due to tHéxsimalie case of
Prus= 2 MW. No activity has been observed in this discharge. The high performance D-D dis-
charge #26087, treated now as a fictitious D-T discharge, has sufficiently high alpha pressure for
instability. But, due to the significantion Landau damping in this high density plasma, the unstable
domain is not reached. For an n =5 core localised KTAE in a D-T plasmas the alphas provide a
drive of y/wa = 1%, whereas the damping is 0.25% on thermal tritium, and 0.5% on thermal
deuterium. The radiative damping is found to be 0.1%. Thus, the resulting instability has a
growth rate ofy/wa = 0.15%. It is noted, however, that low-density discharges, such as the
equivalent of D-D shot #38093, should produce an instability drive sufficient to overcome the
damping. Thus, it is conjectured that on JET D-T plasmas alpha particles can drive specific
KTAE unstable. The damping can be further reduced by switching-off the neutral beam heating
whereas the drive is maintained during the slowing-down of the alphas for more than 0.5 sec-
onds. This scenario has successfully been demonstrated on TFTR [22].

The stability boundaries for optimised shear plasmas are shown in Fig. 12b. These dis-
charges are characterised by q profiles which well-exceed unity everywhergii=1p - 2,
but not fully reversed. Due to the more peaked alpha pressure profile AE of low-n can be driven
unstable and the AE of interest is a TAE/KTAE with n = 2. It is seen that for small plasma
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Fig. 2.12 Stability diagram of typical JET DTE1 discharges a) n = 5 KTAE in hot-ion H-mode. b) n = 2 TAE in
optimised shear.

densities, instabilities occur fg8, = 0.02% — a value significantly lower than in the hot-ion
H-mode plasmas. Again itis found tloé$ can destabilise these TAE’s. A heating power switch-
off will reduce the damping significantly. These discharges have, in addition, RF heating in the
range of Rg=4-6 MW. Thus, AE’s should definitely be observed for combined drive in this
class of JET discharges.

3. WEAK TURBULENCE MODEL

It has been established that in the case of a weak drive only normal modes of the bulk plasma can
be excited by resonant interaction with energetic ions. In terms of the normalisation used in
CASTOR-K, the growth ratgwa (with wa the Alfvén frequency on axis) and the damping rate
yd/wa typically have magnitudes on the order of a few time§ 1The dominant damping
mechanisms are normally radiative (continuum) and ion Landau damping. In the context of
alpha particle-wave interaction, the drive provided by the pressure gradiignt/ dr, must
overcome the indicated background damping for instability. It has been further established ex-
perimentally on JET that AE with such small damping persist in JET plasmas. This indicates
that the perturbative approach is suitable for the description of the nonlinear evolution of the fast
ion distribution and wave amplitude. Therefore, in this modelling, the radial wave structure will
be maintained, but the amplitude and the phase of the wave will change:

E(rt) - A()E (r) 6CO (3.1)
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3.1 Wave Evolution

A Lagrangian formalism for wave patrticle interaction has been applied to the time evolution of
the Alfvén waves [23]. Starting from the Lagrangian for charged particles in an electromagnetic
field

Onv? e O
L= 0o +=(Av) -eq
par%:l&e 2 ¢ eE
(3.2)
+ 2 [(E?-82)av
8T[I '

whereA and@e denote the vector and scalar potentials and E the electric field, the Lagrangian
can be decomposed when the growth develops on a time scale asymptotically longer than the
equilibrium

L = LO(eg) + LY. (3.3)

Variation of L(0) yields the fluid waves, whereas variation &¥lgives the time evolution
of the mode. This decomposition of the times scales coincides with the application of the
perturbative method already applied in the evolution of the power transfer between energetic
particles and waves

%~y<< W, and Aw<<wg . (3.4)

Here,wp represents the frequency of an AE &ndis the change in frequency. However,
by incorporating the results of the linear phase a wave Lagrangian can be derived for the com-
bined response of the background plasma and the electromagnetic field which only depends on
the amplitudes and phases of the linear waves as introduced in equation (3.1). Following Ref.
[23] L(D) can be expressed as a sum over the number of wgyes n

E .
LW = % w—t[AE C] (3.5)
with Ex denoting the energy of the Alfvén wave per unit amplitude.

It is noted that in the case of a strong drive non-normal modes of the system can be driven
unstable, by overcoming the underlying continuum damping. This gives rise to the so-called
Energetic Particle Mode (EPM), which has been studied extensively in the literature [24]. Ex-
perimental evidence of such EPM’'s has been obtained for fishbones [25]. In JET plasmas,
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however, the power density seems to be below the threshold to drive EPMs. Furthermore, the
isotropica-particle generation in JET DTE1 and in ITER plasma is spread over half the plasma
radius. These considerations indicate that the perturbative approach is suitable for JET and ITER
plasmas. We describe now in detail the algorithm for the nonlinear interaction of fast ions with
Alfvén waves in toroidal plasmas.

The complex phase factor in the wave Eq. (3.1) is decomposed into real and imaginary
parts

X, = Re{ A%} = A cosC, (3.6a)

Y, =Im{ A%} = AsinC, (3.6h)

It has proven useful to introduce more generalised coordipates where the general-
ised toroidal angle is defined &s @ - v (6, s), together with a choice of the Jacobian such that
JB? is a flux function (see Ref. [26]).

Further the perturbed field is expressed in the following restricted form being valid for
Alfvén waves in low beta plasmas

8B =0x ExB) ~ Ox (bdA)) =0x (aB) (3.7)

where the functiom(r) is constructed from the MHD normal modB. Eventually the per-
turbed potential as seen by a specific particle (index j) is given by a sypwafues

1 nW mk+ k .
o= > > ) TA)llm[xk(t)cosejkm +Yk(t)5ln91km]<Pkm(lle) (3.8)
) k=1 m=m, k
where
Bjkm = Nk &j - Mk 6 - ot (39

The summation over m refers to the Fourier decompositionggpdyj) to the
corresponding radial eigenfunction as computed by the MHD codes MISHKA-1 and CASTOR.
Variation of the perturbed Lagrangian then yields the equations.

d 12

ik " 26, 2 an; _Z ) ((*)k - k||mV||j)Sm Bjkm (Pkm(lle)—Vd Xk (3.11a)
=1 m=my
n m,*t

d B 1 p k

aaE 20 2 (o) s denl) e Vi )
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where we have added a linear background wave damypifge energy of the kth wave is given
by

1. adv
2[ O (3.12)

3.2 0f method
The fast ion distribution is represented in the form

f=Fo (€, Pop W) +0fa(r, v, 1) +fna(r, v, t) (3.13)

where k is the equilibrium distributiondf 5 the fluid-like contribution to the fast-ion response
anddfpa the non-adiabatic response. Only the non-adiabatic response needs to be evaluated to
obtain the particle-to-wave power transfer. The time evolution equation reads

JF,
"o P

Ogp

dF
o"s

d
E(&‘na),- = (3.14)

i

The fact that only the deviation from the initial distribution is evaluated leads, in particular
in the linear phase, to substantial noise reduction and gain in numerical accuracy as well as in
CPU time.

3.3 Fast Particle motion

A Guiding Centre Hamiltonian method (see Ref. [26]) is applied for following the particle mo-
tion. Based on the coordinate system and choice of representation introduced in Sec. 3.1, the
Hamilton’s equations are

: 0aj 00;
P =V);B Jj az az (3.15a)
: oaj 0P 1 0B;
Y i _(v2 +u.B. j
Pej = Vi Va0; a8, (Vllj +MJBJ)B—ja—ej (3.15b)
Z _ V"JB U o, 6I IJ A (3150)
i~ p, i JanJ o.M
- VB 6 O
6=~ = &/\ (3.15d)
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with

A =g 2% 99 —(V2. . _B.)iaBj
I TR T M= B 0y, (3.16a)
D, Ep-D -ﬂ—l-—agj D+I- +0;0; (3.16b)
j JHJJGLIJJ, g H T

In practice, it is more convenient to integrgteforward in time and then evaluatgj P
explicitly using Eq. (3.13b) rather than evolug ferward and attempt to invert Eq. (3.13a) for
;. In terms of differential quantities, the equation fp[ IS

L
i), = __ 1 p.
Wi=35. Pe D, Py (3.17)

The nonlinear numerical model is ax%y, + 2 x ny) - dimensional system of ordinary
differential equations for the particle variableg,Rj, @, 6j, ofj together with the wave ampli-
tudes X, Yk. This algorithm has been given the name FAC, for Fast particle Alfvén wave inter-
action Code [27].

A similar numerical algorithm is employed in the HAGIS code [28]. In comparison with
the FAC code it allows treatment of more general equilibria, in particular JET discharges; but at
the expense of significantly larger CPU time requests. The three codes CASTOR-K, FAC and
HAGIS have been developed over an extensive period simultaneously at JET and Culham set-
ting off many cross-checks of the algorithms and numerical schemes. The results shown in Fig.
2.4 demonstrate the good agreement of the different methods in the linear regime.

The simplest illustration of the nonlinear saturation of the mode comes from the solution
of the initial value problem, without any background damping of the wave and without particle
sources. The mode then grows until all the particle free energy is transformed into the wave
energy and the distribution function flattens near the resonance. The corresponding saturation
level is determined by the conditiom =y, wherewy, is the nonlinear bounce-frequency of the
resonant particle in the wave, ang the linear instability growth rate. The bounce frequency is
proportional to the square root of the amplitude, which leads to the analytic estimate

3B _ oy
5 = %00 - (3.18)

This scaling constitutes a good test for the nonlinear code. In particular for parameters
which are of relevance for a high performance JET hot-ion discharge, which could produce
fusion power in excess of 10 MW in the JET DTE1 campaign, KTAE with toroidal mode num-
bers of n =5 to n = 8 are found to be most unstable as discussed in Sec. 2.4. Such KTAE's should
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be preferably destabilised. By varying the alpha particle pressure in the simulation the initial
linear growth rate/wa is varied. The result concerning the saturation amplitude for both inde-
pendent and interacting KTAE’s is displayed in Fig. 3.1. The result clearly shows a quadratic
dependence @B/B ony/wa with the proportionality factoc, =1. This dependence has also
been confirmed for ITER simulations, where a set of high-n KTAE’s is considered, as displayed
in Fig. 3.1.

Non-interacting
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Fig. 3.1 Nonlinear evolution of AE amplitudes computed by the FAC code in the absence of sources and damping.
a) for n = 5 to 8 KTAE at JET. b) for high-n AE’s at ITER. The saturated amplitude scales as

o~ chDVD2 with C,=0.5

The second important result for these specific cases neglecting sources and damping is
that the onset of orbit stochasticity sets a threshold in the perturbed field of about 10

BB
B,

Such levels in the perturbed field are not expected to be reacheddpdinécle drive in
DTEZX tritium plasmas.

We can analyse the particle redistribution in more detail. An effective reduction of the
instability drive is achieved by pushing the fast resonating ions out of resonance by a radial
displacement. In the case of a barely passing particle the orbit can be changed into a trapped
orbit. For a large banana width near the plasma edge the patrticle is lost by one such impact. Such
losses are called prompt losses, and the TAE induced prompt losses are similar to ripple induced
losses. In both cases the loss rate is proportional to the magnetic field perturbation. In tokamaks,
which are designed for good alpha-particle confinement and are characterised by a very small

stochasticity threshold: >(0.5-1)x1073 (3.19)
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gyro-radius relative to the minor radius and a e b)
small ripple, the fast particles are displaced
mostly radially but remain in the plasma. This 10
is indicated in Fig. 3.2. Resonance overlap is
required to obtain TAE induced diffuse losses. °°[ \
The loss rate scales quadratically with the pee=
turbed field. N

In TFTR the losses due to NBI driven -05 AR costamnt!
TAE and AFM (Alfvén Frequency Modes) have
been examined by Darrow et al [29]. The losses |
in the plasma centre are measured by neutron, ¢ |
emission and the fastion losses to the wall dur- s
ing bursts of AE activity by detectors. It was
found that the change in the neutron rate scalBig. 3.2 Stochastic radial diffusion caused by a single
linearly with the perturbed amplitude during*F computed by HAGIS.
bursts, i.e. like prompt losses. The losses detected outside the plasma scale quadratically with
the amplitude during bursts, i.e. like diffusive losses.

If weak background damping is present (with the dampingysat& v, ), the saturated
state can only last on the time scale shorter than the damping tyje.elthe wave energy
damps after saturation, whereas the distribution function remains flat at the resonance. The over-
all evolution of the amplitude in this case looks like an isolated burst (wave build-up from the
instability and wave damping after the distribution flattens).
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If there is a relaxation mechanism that re-
stores the resonant particle distribution after the 300
burst, subsequent bursts will appear, resulting .
in a continuous pulsation scenario. The time in=
terval between the pulses is determined by thjgzoo*
distribution function reconstitution time near theﬁf 150~
resonance. An example of these nonlinear burstZsloof
Is shown in Fig. 3.3. =

If the particle source is strong enough to
reconstitute the distribution near the resonance O05——50—760 150 200 250 300
within the wave damping time, the bursts merge yit
together and a driven steady state establishe®. 3.3 Pulsating non-linear regime for an isolated TAE
In this saturated state, the background dissipacde. The normalised background damping and parti-
tion is balanced by the constant power suppliélf "elaxation rate for this run are, respectivaty =
by the particle source. The steady state dist(rll'-15 andve/y = 0.03.
bution function near the resonance results from
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a balance between flattening by the wave and reconstitution from the source. The corresponding
saturation level of the mode has been found in Ref. [31] and it is given by

/13 2
o L] 3-voff

wherevest denotes the effective pitch angle scattering frequency.

In most experiments the energetic particle pressure that deteynibesds up slowly
compared to the characteristic growth time of the instability. Therefore the system typically
spends a long time near the instability threshold, wigerequals or slightly overcomes the
damping rate. The near-threshold regimes have been studied in Ref. [30]. although these near-
threshold regimes allow both the steady-state and the pulsation scenarios, the scaling laws for
the saturation level and pulsations are now governed by the small parameter

(3.20)

e=(L—-Vvd)/va<<1 (3.21)

The transition from the steady state to pulsations is determined by the ratio of the collisional
relaxation rate of resonant particless, to the linear instability growth rate=y. —yg. Note
thatvesf is typically much greater than the particlé piich-angle scattering rate(either clas-
sical or anomalousyyef scales roughly a®¢?)1/3, wherew is the mode eigenfrequency [32].

The system always evolves to the steady state wger>y. Asy increases to the values com-
parable to theef, this steady state becomes unstable. A bifurcation occyrsf dhe order of

Veff, giving rise to a periodic limit cycle behaviour. At even larger values of gamma additional
bifurcations occur, which break the periodicity of the first cycle, and eventually lead to an explo-
sive evolution of the mode [30]. It is plausible that the transition from the steady state saturation
to the limit cycle can explain the “pitchfork” in the TAE spectrum shown in Figs. 3.4. This
pitchfork-type splitting in the TAE spectrum occurs, when the RF heating power well exceeds
the threshold for TAE excitation, as discussed in detail on Fig. 2.5 in Sec. 2.4. We conjecture that
the modes first exhibit a steady state near-threshold saturation, that evolves slowly due to RF
heating. At the point when the growth rate reaches the stability limit for this nonlinear steady
state, the mode bifurcates and develops a limit cycle. The moment of bifurcation for each spec-
tral line on Fig. 3.4 can be identified as the moment of line splitting.

Another interesting phenomenon observed in JET and other tokamaks [33-35], which is
likely to have a nonlinear nature, are the modes with time-dependent frequencies (“chirping”
modes) see Fig. 3.5. In Fig. 3.5, RF driven chirping modes on JET are shown. Unlike the TAE
modes, whose frequency cannot change fast since it is determined by the equilibrium plasma
parameters (the gap location, plasma density etc.), these modes exhibit very fast chirping at the
time scale of ~10 msec. These modes don't seem to be background plasma eigenmodes. It is
more likely that they are Bernstein-Greene-Kruskal type nonlinear waves, whose existence
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Fig. 3.4 Detail of spectrogram of RF driven AE’'s show- Fig. 3.5 RF driven “chirping” modes.

ing “pitch fork”-type fine splitting of TAE frequency.

requires strong local perturbations of the phase-space distribution of energetic particles. These
modes may result from the nonlinear evolution of the linearly unstable Energetic Particle Modes
(EPM) [24], although this may not be the only mechanism. The EPMs are non-perturbative
kinetic modes that generally exhibit fast chirping in the nonlinear regime [24, 37]. Also the
BGK-type modes can chirp when there is a background dissipation in the system [36]. A more
detailed analysis is needed to check whether the experimentally observed chirping can indeed be
explained by one of the mechanisms mentioned above.

Both the experimental data and the theoretical analysis indicate that isolated modes are
not likely to cause any macroscopic re-distribution of energetic particles under reactor condi-
tions. Such a redistribution generally requires multiple modes with overlapping resonances in
accordance with the Chirikov criterion [38]. In some cases the resonance overlap can lead to an
avalanche type response when the overlap of a few neighbouring resonance triggers an overlap
in a broad area of phase space (so-called domino effect). Single mode studies allow us to quan-
tify the condition of resonances overlap for different saturation regimes. Once the resonance
overlap is achieved, the particles experience macroscopic stochastic diffusion like in the case
shown in Fig. 3.2. The stochastic area in Fig. 3.2 is limited to a band where the “active” resonances
are localised. If these resonances extend all the way to the edge of the plasma, particle loss can
occur. Otherwise the particles will be redistributed internally, which may even be beneficial.

4. CONCLUSIONS

During recent years the physics of Alfvén Eigenmodes has been established as a fundamental
branch of magnetic fusion physics. Both experimental and theoretical tools have advanced to the
state where detailed discharge analysis is now feasible and is being performed routinely on the
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major tokamak experiments. The interfacing of measured spectra with computed AE spectra is
applied to the verification of the accuracy of measured plasma profiles.

In this paper a linear model for the evaluation of the power transfer between energetic ions
and waves is described in conjunction with details of the numerical solution applied in the
CASTOR-K code. Citation to methods from other groups is included. The application of the
CASTOR-K code to specific antenna, RF, angarticle driven excitation of AE is discussed
(“spectroscopy”). The Alfvén-type scaling of the experimentally observed spectra has been veri-
fied. The threshold in RF power for TAE excitation in the range of 5SMW is consistent with
modelling. Kinetic effects give rise to a weakly damped spectrum of kinetic EAE’s. In addition,
scenarios for the existence of alpha particle driven AE in JET D-T discharges, in particular, for
low-density plasmas, are discussed. The perturbative approach, where the radial eigenmode
structure is established by linear theory, but variation of amplitude and phase introduced, can be
extended into a self-consistent weak turbulence model. The codes FAC and HAGIS being used
at JET, as well as corresponding codes at other laboratories, allow a quantitative analysis of the
fast ion loss/redistribution due to collective effects. A comprehensive discussion of the different
types of nonlinear solutions is presented, i.e. the conditions for steady-state saturation, bursts
and chirping modes are outlined. The applications of the JET codes to the problem of mode
saturation are discussed. Therefore the nonlinear wave evolution and particle redistribution can
be very complex, in particular for ignited plasmas.

In JET DTEL, it is expected that alpha particle driven AE’s should be observed when the
damping is kept small, such as by low-density or by switching-off the neutral beams.
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