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ABSTRACT

A Hamiltonian guiding centre particle following code has been developed to study the fast
particle motion in the presence of arbitrary time-dependent electromagnetic perturbations. In
conjunction with an MHD stability code, this code was used to analyse TAE/KTAE-induced
o-orbit diffusion and o-losses in JET plasmas. Resonant a-orbits are studied below and above
the stochasticity thresholds, in the presence of single or several TAE and KTAE modes. Monte
Carlo randomised ensembles of o-particles in the presence of finite-amplitude TAE/KTAE
modes are followed and estimates for the stochastic diffusion coefficients are obtained.

Generalisation of the method towards the self-consistent wave-particle evolution is described.

1. INTRODUCTION

A key issue for a burning plasma in a tokamak-reactor is the transport of fusion-born -
particles, since this will determine the plasma heating profile, the magnitude of the o-losses and
the distribution of the Helium ash. It has long been recognised that the o-particle transport may
be strongly affected by a-driven, kinetic plasma instabilities and, in particular, by the Toroidal
Alfvén Eigenmode (TAE) instability [1, 2]. Experiments with neutral beam injection {3, 4] and
ion cyclotron heating (ICRH) [5, 6] have confirmed that such Alfvén instabilities can indeed be
driven by energetic particles and can lead to anomalous transport and losses of energetic
particles.

The analysis of TAE - induced transport of a-particles should take into account the fact
that the gradient-B and curvature drifts of highly energetic a-particles are significantly larger
than their Ex B drift and consequently, their motion has to be analysed in terms of an orbit
approach. The anomalous o-particle transport can thereby be studied in an extended Monte
Carlo simulation showing stochastic diffusion in the parameter space given by the constants of
motion. A numerical algorithm has been developed for the TAE-induced o-particle losses in
Ref. [2] based on a guiding centre Hamiltonian formalism for the description of ¢-orbit motion
in the presence of resonant Alfvén perturbations with W << @pqg, where ®pgy 1S the
gyrofrequency of o-particles. It was shown in [2], that the constants of motion (Py, E, 1; 0 =
v/lvyl) are the most appropriate ones for studying the o-orbit stochastic maps in the guiding
centre approximation and that the transport process corresponds to a variation of the toroidal
angular momentum Py and the particle energy E with the magnetic moment p being constant.
Thus in the presence of a fixed amplitude TAE, o-loss mechanisms have been studied. It is
however emphasised that such an approach with the TAE-amplitude held constant is not self-
consistent since the TAE instability itself depends on the redistribution of the fast particles.

Recently a new approach has been developed for predicting saturation of TAE-modes in
Refs. [9 - 12], where it is shown under which condition the unstable TAE-modes can lead to
stochastic diffusion due to overlapping of o-orbit resonances. If the TAE saturates above the



overlapping threshold, then TAE amplitude bursts appear due to global phase space mixing,
resulting in significant anomalous transport of o-particles.

The subject of the present work is the analysis of the fast particle transport due to Alfvén
instabilities in the JET tokamak. The orbit motion of highly energetic particles is studied by a
guiding centre particle following code HAGIS (Hamiltonian Gulding Centre System). The TAE
electromagnetic field input, together with associated equilibrium quantities are provided by the
MHD code CASTOR [13] which computes the linear MHD spectrum for general axisymetric
plasma equilibria with finite pressure.

Recent analytical [14 - 17] and experimental [18] studies of Alfvén eigenmode spectra in
tokamaks have shown that in high temperature plasmas multiple Kinetic Toroidal Alfvén
Eigenmodes (KTAE's) appear, in addition to the TAE's. To compute the KTAE eigenfunction
structure, the CASTOR code was generalised to include kinetic effects [19, 20]. Section 2 of
the paper describes the spectra of TAE and KTAE modes and their computation for JET
equilibria.

The code based on the Hamiltonian guiding centre formalism (HAGIS) is described in
Section 3, and code validation tests are presented. Section 4 is devoted to the numerical study
of passing and trapped fast particle orbit motion in the presence of TAE/KTAE perturbations of
fixed amplitudes. The behaviour of the trapped particle population (which is relatively small in
the case of an isotropic a-particles distribution), is discussed in the context of ICRH generated
energetic ions, resonantly interacting with TAE/KTAE modes. A generalisation of the HAGIS
code towards the self-consistent evolution of the TAE-amplitude and the o-particle distribution

function is described in Section 5 and finally in section 6 a summary and conclusions are given.

2. TAE AND KTAE SPECTRA IN JET

Both types of weakly-damped discrete Alfvén eigenmodes, TAE and KTAE [1,14-17], are
associated with the "gap"” magnetic surfaces r = ryp, at which the condition

q (rm) = (m - 1/2)/n (1)

is satisfied. Here m and n are the poloidal and toroidal mode numbers, and q (r) is the safety
factor as a function of minor radius r. In contrast to TAE's, which can be described by ideal
MHD, temperature effects in the layer surrounding r = ry, are of major concern for KTAE's.
At high plasma temperatures, the effect of Finite Larmor Radius (FLR), determined by the
small parameter (K pi)? << 1 (pi is the core ion Larmor radius), and the effect of a finite

parallel perturbed electric field become comparable with the toroidal coupling effect,
characterised by the small parameter € << 1:

(k1 pi)?~¢ (2)



where € = 5 /2R, R being the major radius of the tokamak magnetic axis.

Competition between the two small parameters (K| pij)? and € resolves the singularity
above the toroidicity-induced gap in the shear Alfvén continuum, and gives rise to a new
discrete spectrum of weakly-damped KTAE modes [14-17].

The eigenfrequencies of the KTAE spectrum are nearly equally spaced with a distance
Aw/® = € A, 3)

where A is the non-ideal parameter, defined by [14 - 17}

mS (3 T
h=dp 0 2 T 4
Pi Tm€3/2 4 Ti (4)

Here S = r (dg/dr)/q is the magnetic shear, T, and T; are the electron and ion
temperatures.

To compute the KTAE eigenfunction structures in realistic tokamak equilibria, we have
developed a kinetic modification of the resistive MHD code CASTOR [19, 20]. Typical KTAE
eigenfunctions for JET configurations are shown in Fig. 1. As is seen in Fig. 1, the KTAE
eigenfunctions peak in a relatively narrow region around r = r;. Away from the gap surface
r = ry, the KTAE structure is analogous to that of the TAE, with a radial scale length A°ut ~
rm/m. Note that the orbit width of highly-energetic a-particles is comparable with, or larger
than, AUt ~ r../m even for moderate values of m, m = 3 to 6. This indicates, that the effects of
energy and momentum exchange between eigenmode and particles, are therefore independent of
the inner eigenmode structure, and can be described by an identical set of equations for both
TAE and KTAE [17].

To estimate the TAE-induced transport of fast a-particles, the most unstable TAE/KTAE
modes have to be identified. For a JET high-performance discharge (#26087) a-particle driven
TAE modes have been analysed [21], assuming equal densities of trittum and deuterium. TAE's
were found to be stable due to the core ion Landau damping, but a modest decrease in plasma
density could destabilise the TAE's, with the most likely candidates for the instability being the
n =3 modes. Recent experimental results in JET indicate, that the damping rates of KTAE-
modes are typically much smaller than those of TAE [18]. Consequently we also consider in

this paper the case of n = 3 KTAE modes, which are supposed to be driven unstable.



3. HAMILTONIAN FORMULATION OF GUIDING CENTRE DRIFT MOTION
AND HAGIS CODE

The Alfvén perturbations, computed by the CASTOR code, are represented in the form of three
components of the vector-potential A(T,t) and the fluid velocity v(T,t). It is convenient to

represent an electromagnetic perturbation as input for the particle following code in the form of

vector A and scalar ® potentials

A(E,t) = Ay, Vyp + AgVB+ AV, & = D). (5)

Here yp, 0, { are the straight field line coordinates, introduced by White and Chance [8]
with yp, representing the poloidal flux.

Starting from Morozov and Solov'ev and Littlejohn results [7, 22], one can derive the

dimensionless guiding centre Lagrangian L.
L= (p“ I+ + Z\e) 0+ (p” g-y,+ A§)§+ né —H +(6p” + Awp)‘i’p- (6)

where p; = v/ is the parallel gyroradius, & the gyroangle, y the toroidal flux, and the
functions I =1 (yp), g = g (Wp) and 8 = & (yp, B) determine the magnetic field in a general

magnetic configuration through
B= S(WP,B)VWP + I(\UP)VO + g(\pp)VC. (7
The Hamiltonian H for this system is the total energy, given by

H:%pﬁBz+uB+(D+<i). (8)

The canonical momenta for the guiding centre Hamiltonian approach are
Py=p 1+ +Ag,
8 =PIlTVY+Ag 9)
Pr=pyg— vy, +Ag.



It is appropriate to represent the perturbed vector potential in the form

A=0o(y,8,§)B. (10)

Substituting the components of o B into the equations of motion we obtain the same
expressions for 0, , V¥, and p;, as used by White and Chance [8].

Based on this system of equations the HAGIS code has been developed to follow
particles in an arbitrary plasma geometry in the presence of time-dependent perturbations. The
input data to HAGIS consist of the equilibrium field, the perturbed fieldl and the particle's
initial conditions. The perturbed magnetic field is modelled by taking o B as the perturbed
vector potential, with o calculated to match the radial component of the perturbed magnetic
field. The initial conditions, together with the equations of the orbit motion, are then used to
advance the particle's location and parallel velocity in time.

To validate the HAGIS code, several tests have been performed to compare particle
trajectories with those predicted by analytic theory. The first tests were comparisons of particle
trajectories in an equilibrium magnetic field. The most sensitive particle orbits, such as a very
fat banana orbit close to the trapped/passing boundary and the pinch orbit were found to
conserve energy with accuracy 1.3 x 107 and 3.8 x 10-5 per orbit, respectively. With a field
perturbation present the analytic invariant E — wPg/n is conserved for a-particles in JET with
an accuracy 7 X 10-6 per orbit.

4. FAST PARTICLE LOSSES AND STOCHASTIC DIFFUSION DUE TO
TAE/KTAE IN JET

In this section we consider losses and stochastic diffusion of passing and trapped fast particles
in the presence of n =3 TAE and KTAE modes with fixed amplitude. Typically, the amplitude
of the Alfvén perturbations in the calculations is in the range 8B, /B, ~10™ to 107°.

Two types of TAE/KTAE induced o-particle losses can be identified for typical JET
equilibria.

Firstly, in the presence of an Alfvén wave a-particles close to the prompt loss boundaries
may lose toroidal angular momentum, or gain or lose energy, and cross over into the prompt
loss region. The time scale of such TAE-induced prompt losses is of the order of the bounce
time, 1.e. t ~ 20 us. Since these losses arise from the distortion of the flux surface, they scale
linearly with the amplitude 6Br / B,. Secondly, above a certain threshold (8}-3r / Bo)erit, the
orbit motions of the resonant o-particles become stochastic due to the overlap of orbit
resonances. If the stochasticity becomes global, i.e. the stochastic orbit region covers almost all
magnetic surfaces, additional losses of resonant o-particles arise due to orbit stochastic
diffusion into a loss boundary. These losses scale as (51~3r / Bo)z.



To study stochastic diffusion effects we first estimate the stochasticity thresholds. For the
case of passing o-particles Fig. 2 shows the evolution of the particle orbit islands in the
reference frame { - @t/n for increasing TAE amplitudes. In this case just one n = 3 TAE mode is
considered. All resonant passing particles have v = va, but are initially located at different
radii. Three islands at q = 1.1, 1.3 and 1.5 can be seen at moderate TAE amplitudes (e.g.
BBr / B, = 10-3). Because of the low shear in the central plasma region, the resonances are

well separated radially. As a consequence, the resonances overlap at a relatively large value of
8B, / B,.

2x107 < 8B, /B, < 4x107 (11)

for the JET discharge considered (#26087). If several TAE/KTAE modes are included, a lower

stochasticity threshold is obtained, e.g. for three n = 3 TAE in the same equilibrium as
described above the threshold decreased to 8B, /B, ~ 10-3 per mode. To demonstrate the

appearance of a-orbit stochastic behaviour in the presence of multiple Alfvén eigenmodes, one

2
can consider the temporal evolution of the quantity <AP¢2)>:<P$>—<P¢> (< > denotes the

ensemble average, Py = RMg Vo - (eo/c) W(r), where eq, Mg, Vo are the charge, mass and
toroidal velocity of the a-particles). 500 o-particles are launched with initial energy E = 2.5
MeV and toroidal angular momentum, Py = 3.6 x 10°19 kg m? s-! and they are randomly
distributed in pitch, poloidal and toroidal angles. No resulting o-particle stochastic diffusion
has been found for the TAE modes with the amplitude 8B, /B, ~ 5 x 10-4, but stochastic
diffusion of the order of D ~ 0.3 m?2/sec appears for fast o-particles at the TAE-amplitude
3B, /B, ~ 3 x 103, see Fig. 3 (a).

Fig. 3 (b) shows analogous calculations for the particle diffusion coefficient in the
presence of an n =3 KTAE-spectrum (the frequencies and the eigenmode structure are

displayed in Fig. 1 (a) - (d)). The stochasticity threshold due to KTAE's is nearly the same as
the threshold due to TAE's. For the same perturbation amplitude, 8B. /B, ~ 3 x 10-3, and

o-population as in the preceding TAE-case, the KTAE-induced diffusion is estimated as
D ~ 0.5 m2/sec.

In the study of the stochastic behaviour of trapped fast particles we concentrate mainly on
the case of ICRH-generated fast ions. This case is of particular interest in accordance with the
experimental observation of KTAE-activity, driven by ICRH-produced fast ions in JET [18].
As an example, we consider discharge #34188, where seven KTAE modes have been excited
by ICRH (P ~ 7 MW). The CASTOR code identified the KTAE-spectrum, and these KTAE-
frequencies agree well with the measured mode frequencies.

In the numerical simulation, the effect of RF-heating is assumed to produce a distribution
of fast particles with v close to zero at the radius of the ICRH resonance. We assume

furthermore that the distribution is a Gaussian in velocity space, consistent with a Stix



distribution function [23]. The effective temperature of the ICRH-generated fast ion tail in the
shot #34188 was estimated to be 1 MeV. The minimum energy of the ions considered is 300
KeV.

ICRH-generated ions of such high energies interact with Alfvén eigenmodes through the

trapped particle resonance, which can be written for the simplest case as [24, 25]

® =n{0p, ) +1 Oy, 1=0,1,2 ... (12)

where ®py, is the bounce frequency and <wpp> the toroidal drift frequency of fast ions.

In the case of multiple Alfvén eigenmodes and for wpy ~ n < WpR>, in the JET case
considered, the structure of the resonances becomes more complicated than Eq. (12).
Therefore, the resonances should be analysed numerically. Fig. 4 shows the KTAE-induced
energy changes of ICRH-generated trapped particles, whose orbit tips lie on the
ICRH-resonance surface. A population of 2500 particles was followed for 1 ms in the presence

of seven KTAE modes with amplitudes SBr /B, = 4 x 104, The fine structure of the

resonances Yyields a threshold for the onset of stochasticity in the range
4 _ o5 -4
107" <8B/B, <4x107". (13)

This can be seen from comparison of Figs. 5(a) and 5(b), where trapped fast ion orbits
are shown for these two cases.

The stochastic diffusion of trapped fast ions due to KTAE-modes can be seen from Fig.
6, where a non-zero gradient @ <APy2>/dt occurs for 8B, / B, ~ 4 x 104,

Finally, a-particle losses are analysed by an extended Monte-Carlo simulation including
50.000 a-particles. The a-particles have a slowing down distribution with 1.5 MeV < E < 3.5
MeV, aradial distribution ~ (1—\|fp)3 and a random distribution in pitch angle, poloidal angle and

toroidal angle. Results of these Monte-Carlo simulations predict that in the presence of three n =
3 TAE-modes with 6f3r / B, = 103 per mode, an additional 1% of a-particles are lost during

0.4 ms . For the expected JET fusion power these o-losses cannot lead to a significant
degradation of global confinement, but these losses are unfavourable for the first wall or

divertor due to the high localisation of the losses at the outboard mid-plane of the tokamak.

5. GENERALISATION TOWARDS SELF CONSISTENT PARTICLE-WAVE
EVOLUTION

In the non-linear self-consistent problem, the TAE/KTAE eigenmode structure is assumed to be
invariant during the wave evolution, with only the wave amplitude and phase varying. Each
eigenmode has therefore just two degrees of freedom, namely the amplitude Ag and the phase

Bs, so that the perturbation can be represented in the form



A~

B= ZA (t)B,(T) exp [-i(P (D) + o), (14)

where s is the index of the eigenmode with frequency wg and Bs(f) is the fixed linear

TAE/KTAE eigenfunction, as computed by CASTOR. To include the wave evolution into the

Hamiltonian equations for energetic particles, the wave Lagrangian is introduced

2 - 2
g (B

plasma

Taking into account Eq. (14), this wave Lagrangian in the approximation BS << ® can be

reduced to the form

Ly=Y AB, | B(DB!(F)ax’
w2 g ) BB (16)

Lagrange's equations then determine the wave evolution

A=gaar I fpeacd)

S particles

(17)
B, = e 2 {PnBst - ‘1)5} ’
2A Wb particles
where W is the normalised eigenmode energy Eg for unit amplitude, i.e.
E = AW.. (18)

For an initial seed amplitude and phase of the TAE/KTAE perturbation all a-particles are
followed by HAGIS code for a time At. After At the amplitude and phase of the waves are
updated taking into account contributions from all particles. Thus, HAGIS allows the self-
consistent wave particle interaction to be treated, enabling the simultaneous evolution of plasma
modes and energetic particles.

Details of the self-consistent results will be presented in a future paper, where an
extension of the method discussed above using the df-algorithm [26] will be described.

6. CONCLUSIONS

Toroidal Alfvén Eigenmodes and Kinetic Toroidal Alfvén Eigenmodes have been calculated
with the CASTOR code for JET equilibria. A Hamiltonian guiding centre particle following
code HAGIS has been developed and applied to study fast ion orbits in the presence of



TAE/KTAE modes with amplitudes 10-5 < 8B, / B, < 10-2. A fairly high o-orbit stochasticity
threshold was found for a single n=3 TAE in the low-shear JET equilibrium,
3 x 10-3 < 8B, /B, <6 x 10-3. For several (three or four) TAE/KTAE modes stochasticity
threshold decreases to BBr / B, ~ 10-3 in the same plasma configuration. Stochastic diffusion
coefficients for TAE/KTAE perturbations with amplitude 3 x 10-3 were found to be of the order
of D~ 0.3 + 0.5 m2/Sec. Monte-Carlo simulations including 50.000 o-particles have
shown, that for n = 3 TAE's with amplitudes 8B, /B, = 10-3 global orbit stochasticity barely
appears in a JET low-shear equilibrium. The main o-loss mechanism was found to be due to
the TAE-induced conversion of resonant counter-going circulating a-particles to large trapped
orbits (near the trapped/passing boundary). An additional 1% of the o-particles are lost due to
TAE's in this case.

ICRH-generated fast ion tails in the presence of KTAE-modes were found to display
stochastic orbit behaviour at 104 < 8B, /B, < 4 x 10-4. The threshold of stochasticity is
slightly below those for passing particle case due to more fine structure of trapped particle
resonances and larger number of KTAE modes considered. The HAGIS code has been

generalised to incorporate self-consistent particle-wave evolution.
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Fig. 6: Temporal evolution of <APg=> (eV-sec)= in the case of ICRH-generated fast ions, for different initial
Po
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