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1. INTRODUCTION

The determination of transport coefficients from the evolution of transient
perturbations is an area of active research in Tokamak physics /1/. Recently,
considerable effort has been devoted to the simultanecus measurement of electron
density and temperature perturbations /2, 3, 4, 5/ and to the analysis of these
perturbations in terms of coupled transport equations /6, 7, 8, 9, 10, i1y.
Amnalytic solutions of these equations are of interest because they can provide
physical insights which are not afforded by numerical simulations and because
they can reduce the computer time required to analyse data.

A common feature of the analytic /7, 8, 9, 11/ and semi-analytic /10/ analysis
techniques which have been published is that the solution is restricted to spatial
(or temporal) regions in which the perturbed sources vanish. That is to say, the
equations solved are of the form: ‘
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In this note the evolution of perturbations in the presence of non- vanishing
harmonic perturbations of the particle and heat sources is considered. The

solution is elaborated in section 2. The validity of far-field approximations for
the analysis of modulation experiments is discussed in section 3.



2. SOLUTION OF THE INHOMOGENEOUS COUPLED
DIFFUSION EQUATIONS

First we consider coupled equations with harmonic point sources of the form:
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in a cylinder of length 2zR and radius_a, with constant transport coefficients Ay

and boundary conditions: n(a,1) = T(a,f) = (0n]0r);—0 = (0T/dr),_o=0. The .
solution of the corresponding scalar equation:
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is given by:
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where k= (iw/D)? and I and K are modified Bessel functions of a complex
argument. We construct the solution to the matrix equation 2 by looking for
particular solutions which satisfy the condition

(7Ing) = € (T/Tp) | [5]

where ¢ is a constant in both space and time. . Substituting equation 5 into
equation 2 leads to: -

g 5(%/T0) Ay A\ e\ o2, S\ 0r—r)
(1) ar (Azl Azz) ] (1)0 v (T/TO) " (ST). 4n*rR ) 6]

If §./S7= ¢ and ¢ satisfies the eigenvalue equation:
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(there are, in gencral 2 solutions &, and &, corresponding to 2 eigenvalues 1, and

A2) equation 6 will be solved by T/T,= (S¢/So) y(r, t, ro, D) with D=4i. The
solution for an arbitrary source vector

()

can be obtained by decomposing it into the eigenvectors
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and, for an arbitrarily distributed source the solution is obtained by making this
decomposition at each radial point:

()= froema(@few

and integrating the Green’s function corresponding to each eigenvalue:
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3. VALIDITY OF FAR-FIELD APPROXIMATIONS

Equation 9 gives a solution which is valid everywhere. Thus it allows us to
estimate the errors introduced by assuming that the observed density and
temperature modulations are made far from the particle and heat sources which
generate them.

We take as an example a transport matrix similar to the one determined in a
recent analysis of JET ICRF power modulation experiments /12/:

A= (g:g ‘1%6) (m®sec™) [10].

Note that the definition of the transport matrix used here differs somewhat from
that used in /12/. The matrix coefficients have been transformed accordingly

/10;.

The eigenvalues of the transport matrix are 4; = 1.5m?sec! and 1, = 0.4m? sec—!,
Although the eigenvalues are rather close to the diagonal transport coefficients
A and A, the corresponding eigenvectors exhibit considerable coupling of the
temperature and the density with ¢, = ~0.5 and & = —6.

The heat source is assumed to be of unit amplitude on axis and to have the form:
2
Sp{r) = e~ 2@ gec~! [11]

Initially we consider modulations at 4 Hz, with a = 1 m. and a = 0.2. Figure 1
shows the amplitude and phase of the temperature and density modulations when
the ratio of the particle source to the heat source, S,(¢)/S:(r), is taken to be e,.
Figure 2 shows the corresponding results for S,(r)/Srr) =¢,. These cases
correspond to the launching of pure eigenmodes. As expected, the ratio of the
amplitudes of the density and temperature modulations, |na/m|/|T/Tol, is
radially constant (and equal to & and &, respectively) and the phase difference
between the density and temperature modulations, |®, — ®7|, is 180 degrees.
This also corresponds to the analytic far-field results /8,9/.

For the case corresponding to the higher eigenvalue (figure 1), the amplitude
decreases more slowly with radius and the phase increases more slowly. The
central temperature amplitude scales as 1'% These features reflect the larger
transport rates associated with the higher eigenvalue.

Figure 3 shows the results for pure power modulations ( S, = 0). In this case, the
temperature modulations generate density modulations but there is no simple
relation between the amplitudes or the phases. At large radii, the relationship of
figure 1 is recovered: |nfng|/|T/Ty| ~ & =0.5, and [®, — O;| ~ 180°. This is
because, as noted above, the amplitude of the modulations corresponding to the
slower eigenmode decay more quickly with radius. Near the centre, however,
|#/no| approaches | T/T,| and @, approaches ®.

For the far-field approximation to be valid it is necessary that the distance from
the centre of the modulated source to the point of observation, Ar, be much
greater than both the source width, wa, and the characteristic transport distance,
va = (Alw)'”.  Figures 4 and 5 show the sensitivity of |a/nl/| T/Ty| and



| @, — ®r] to @ and y. From these curves an estimate of the error made by using
the far-field results can be obtained. If we require that the error in
[7jro| /| T/ T, be less than 20% and the error in | ®, — ®7] be less than 30°,
we obtain the approximate criteria: Ar/a > 2.5 and Arfa >2.5y. (If we relax
the requirements on the error to 40% and 60° respectively, the criteria change
little: Arfa>2.a and Arfa>2.v). If f=w/[2n> A/a?, then Ar>a and the
far-field results are not applicable anywhere. It should be noted that these
criteria for the determination of coupling characteristics are more stringent than
the corresponding criteria for the determination of diagonal transport coefficients
in modulation experiments./13/.
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2. Modulations resulting from S,(r)/Sr(r) = &,.
(a) relative amplitude of the temperature (solid line) and density (dashed line)
versus minor radius.
(b) phase of the temperature (solid line) and density (dashed line)} versus
minor radius.
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3. Modulations resulting from S,(r)/Sr(r) = 0.
(a) relative amplitude of the temperature (solid line) and density (dashed line)
versus minor radius.
(b) phase of the temperature (solid line) and density (dashed line) versus
minor radius.
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4. (a) ratio of the amplitudes of the density and temperature modulations for
Sar) = 0. a = 0.1 (circles), & = 0.2 (squares), « = 0.3 (triangles).
(b) phase difference between the density and temperature modulations.
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5. (a) ratio of the amplitudes of the density and temperature modulations for
Si(r)=0. y=012(f=16Hz) (circles), y=0.24(f= 4Hz)  (squares),
v = 0.48(f = 1Hz) (triangles). :
(b) phase difference between the density and temperature modulations.
Legend as for (a).
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