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ABSTRACT

Thomson scattering from a magnetized plasma is considered, taking into account the
dielectric properties of the plasma. General results for the gecmetrical form
factor are given in explicit form. The scattered power detectable by a heterodyne
receiver is discussed and same numerical calculations are presented. The

results are applied to the scattering of millimetre waves in tokamak plasmas near
the electron plasma and electron cyclotron frequencies.



1. INTRODUCTION

Millimetre wave Thamson scattering cbservations have been proposed as a diagnostic
technique for studying particle'velocity distribution functions in tokamak plasmas
(Woskoboinikow et al. 1983). In a detailed study of this technique it is
regrettably necessary to discard a munber of the simplifying assumptions commonly
made in discussing conventional scattering at much shorter (visible or infrared)
wavelengths., The scattering cross-section must be recalculated taking into
account the effects of the dielectric properties of the plasma, and the
propagation of the incident and scattered radiation must be carefully

considered. o o

Bretz (1987) has discussed gearetrical effects on the scattering cross-section,
giving detailed consider_ation to the specific case of X- to X- mode scattering

in the plane perpendicular to the magnetic field. In this paper we consider the
general problem for any scattering geametry and for any incident and scattered
polarizations. The results are given in Section 4, and in explicit form suitable
for numerical calculations in Appendix 1. In Section 5 we find an expression for
the scattered power detectable by a heterodyne receiver cutside the plasma,' and in
Section 7 we present same numerical results for the geometrical form factor. The
practical applicétion of the results to scattering experiments is considered in
Section 8.

A list of symbols is given in Appendix 2.

2.  CHARACTERISTIC WAVES

A'Characteristic wave in a uniform magnetized plasma is an electramagnetic wave
which does mot change its state of polarization as it propagates. At a given
frequency, for given plasma parameters and a specified direction of propagation
there are in general two characteristic waves with different polarizations, the O
and X modes, though one or both may not be able to propagate.

 Consider now a non—uniform plasma with continuous gradients of electron density
and magnetic field, into which a wave is launched at the edge as a
characteristic wave, i.e. as an 0 or X mode wave. It has been shown (Hutchinson
1979, Boyd 1985) that in tokamak plasmas, if the wave propagates in the poloidal
plane, its bolarization will change as it moves through the plasma, but in such a



way that the wave remains in the same mode for the local plasma conditions. It
has yet to be verified experimentally that the same behaviour occurs for arbitrary
directions of propagation, but this is generally assumed to be a satisfactory
approximation and is the basis of ray tracing codes, e.g. TORAY (Kritz et al.
1983). We therefore refer to an Q or X mode wave prdpagating through the
non-uniform plasma.

Near the edge of the plasma the electron density is too low and the anisotropy
insufficient to modify the polarization so as to maintain a pure characteristic
mode. Calculations by Boyd (1988) and by Airoldi et al. (1988) indicate that
for JET corditions a few percent of the power launched in a characteristic mode
fram an antenna at the wall may be converted into the orthogonal polarization on
its way into the region of denser plasma. The effect will be neglected in this
paper.

When congidering the propagation of mil_limeter waves in tokamak plasmas ('I‘e A |
to 10 kev, n, v 10%*® to 102¢ m-*) the cold plasma approximation may safely be
used except for calculations of damping, which will not be considered here
(Batchelor et al. (1980)). Relativistic effects will be ignored. For a wave of
angular frequency w the appropriate form for the dielectric tensor €, defined by
VX (VXE) = ($)* ¢'E, when the applied magnetic field B is in the z direction
is (see e.g. Heald and Wharton (1965))

€, - le, o
€= | ie, €, o . (1)
o} 0 €, :
Here
a
€1=1—1_B
_Otﬁ%
62_1—|3
€, =1~-a
and
= 2 2
a wpe/w '



= 2 2
B =uw 2w .,

n e?
w = £ )% being the electron plasma frequency and w _ = eB the electron
pe mE, ce m,

cyclotron frequency.

For a wave whose wave vector k lies in the (x,2) plane at an angle ¢ to the z

axis (and B), the refractive index u(¢) = S—k is found by solving the equation

M2cos?p — €, ie, —J2cos ¢ sin ¢ Ex
-ie, _ p2 - €, o] | EY = 0 (2)
—l2cos ¢ gin ) o] ‘ p2sinz¢ - €, Ez

where E_, Ey, E are canponents of the camplex wave electric field E, whose real
part is to be interpreted as the actual physical field. The result is the
Appleton-Hartree equation for a cold plasma: the refractive index By for a wave
of polarization A is given (Stix (1962), p.39) by

pi "o 2(1—-01)2i éls;h?jp + Nr% )
where |

7= (B sin?g)? + 48 (1 - a)? cos?®
ana

A=+ 1 for the O mode
or - 1 for the X mode

(An expression glven by Heald and Wharton (1965) p.23 is valid only for o<l }.
In the special case where k | B, i.e. ¢=%, for the O mode



while for the X mode

‘1-13

The polarization forms of
the (x,z) plane are found

and from the third row

=1-a "
(¢ = 1/2)
(3a)
=lmag1—a)
i-a-B '
(¢ = 1/2) .-

the two characteristic waves with k at angle ¢ to B in
fram equation (2).

(
E
X

From the second row

ie,

E
Z

u{ cos ¢ sin ¢
74y T2 ed —
Ex A u)\ sin?¢ - €,

Then the un—normalized polarization vector e,, defined by E, = A e

where AA is a normalizing

=Y

factor, is

p;?\ cos ¢ sin ¢
X

t 1 ie,

x-e sin’cp—ea}‘ @

Expression (4) is not appropriate for the case when ¢ = n/2 because E g In

this case we write

for the Omode, and

e, ={0,0,1}
= 1
(¢_2)
(4a)
€,
e _ ={1,—'ig-“,0}
=1
(¢_2) _



for the X-mode (there is a misprint in Bretz (1987) for E—Y) .

3. ENERGY FLUX AND RAY DIRECTION

In a cold plasma the Poynting vector of a wave gives the electramagnetic energy
flux (see e.g. Bekefi 1966): '

W=% ExB+EXH . (5)

The energy travels with the group velocity

ygk=(§§);\=g—§(%). (6)

For millimetre waves in tokamak plasmas it is assumed that the refractive index of
the plasma varies slowly, i.e. the scale length of the refractive index variations
is mich longer than the wavelength of the radiation, so the methods of gecmetrical
optics may be used to follow the flux of energy and the variation of the
polarization of a characteristic wave along a ray path. The ray travels in the
direction of the group velocity.

For a given frequency there are two wave vector surfaces defined by k, one for
each polarization O or X. Each is a surface of revolution about the direction
of B. The normal to the surface for a given direction of k defines the
direction of the corresponding ray at that point in the plasma.

We consider a mgnetized plasma with B in the z direction. For a wave of
polarization A with wave vector direction k in the (x,2z) plane at an angle ¢ to z
(and B), the group velocity is given by

v, =5 [k——— ey p] | (7
oA W, LT W, 9

where p= { cos ¢, 0, - sin ¢ } istheunitvectornormaltokinthe (x,z) plane.

The ray direction with unit vector rA is therefore also in the (x,z) plane, at an

angle say Py to the z direction:



r, = {sinp,, 0, cos p, } . (8)

The angle O?\ between the direction of the wave vector and that of the ray (see
Figure 1) is given by

5, = (6-py = tant (L oA
A_¢ p}\ - ]J)\dib
o |:—?\(1-u}2\) ;cos¢sin<b] (9)

from equation (3).

For O-mode waves a ray direction is associated with a single k vector, but for
X-mode waves there may be up to three different k vectors producing rays in the
same direction. In a scattering experiment, therefore, up to three different
contributions to X-mode scattering may have the same ray direction in the
scattering volume. Fortunately, in an inhomogeneous plasma the paths followed by
the rays will separate as they propagate away, and usually only one will reach the
detector antenna within the field of view, though in scme gecmetries there may be
a prablem of "spatial multiplexing™.

The shape of the wave vector surface is clearly important when considering the
transfer of energy from the geametrical optics viewpoint (Mercier 1964). The

C
Gaussian curvature of the surface is CGA = k_>;’ where

(10)

cos?8, dzu}\] sin p, cos 6,

- i 2 —
C [1 + §in?d, T, a2 sin &

A

for polarization A (Simonich and Yeh 1971). It is related to the curvature SA of
the refractive index surface:

s, =% ¢, =2 . | (11)



The "ray refractive index" Hon used by Bekefi (1966), which is also known as the
"convergence refractive index" (Mercier 1964), is given by

'u2
pz = —7\ (12)
A IC, 1

An explicit expression for C)\ is given in Appendix 1, Section 5.

Provided there is no absorption or emission or scattering when a pencil of
radiation passes through a medium, it can be shown (Bekefi (1966), p.33) that

= constant , o {13)

S

I)\ being the specific intensity in watts m~2? per radian frequency interval per
steradian of ray solid angle in mode A. This is a very useful result.

We shall also need to relate the element of ray solid angle er to the element
of wave vector solid angle ko

Now

@, sinpdo, v

(m ""smom @ )
where ¥ is the angle of rotation about the Z axis, and p, = ¢ ~ 6,, SO
i I
o do
R N -

from expression (9).

Thus



(s 8] sinp cos2d, d2u
(2= )y, = —=—=2 | 1+sginz o -~ —2 __2
Q. A sin ¢ A B, @
S X
T cos 6, = W2, cos & (16)
A TA A

4. THE DIFFERENTTAL SCATTERING CROSS-SECTION

In this section the differential scattering cross—section will be derived and
the results campared with expressions given by other authors.

Consider a plane monochramatic incident wave entering a scattering volume V in a
plasma. The electric field of the wave will be written as

En(z,t) = AD\ e, €XP I:i(}—{DC r - wIt):l {17)

where er is the un—normalized polarization vector.

An electron in this field will cbey the equation of motion
& _
mogE=-e [gnw“gx]}] = - dwmyv . (18)
The motion of the electrons represents an induced current, with current‘ density
Iy =~ N2 ¥ =gp * Ep - - (19)

where the conductivity g is related to the dielectric tensor:

O

or = (L - €r) iwe, - (20}

I

Fluctuations in the electron density produce a fluctuating contribution to the
current density of

(21)



which acts as a source for the scattered field ES (r.t). We now seek an

expression for the scattered power with frequency Wy and wave mmber direction

K.

Define the space-time Fourier transform of an arbitrary function A(r,t) as

Al(kw) = fasr fat e TEIUD) a0 vy

(22)
Azt = e Jok faw et T AT

Formally, the space and time integrals are to be evaluated in the limits of .
infinite volume V and time T.

The inhamogeneous equation satisfied by gg (ES'wS) is
: T, _ =Ty - s T
Ko X (kg X Bg) - (ug/c)? (go°Bg) = — 1lug/c?€,)lg - (23)

The soluticn of this eguation is
B = Ta e (24)
%57 L Ay Egy -
where the eigenfunctions €y satisfy the dispersion relation — the hamogeneous
eigenvalue equation '

ki, [ eg, ~ kglkgreg) 1 - Wg/0)? (g eg) =0, (25

V]
with eigenvalues kS“2 = us\,ﬁ (l_{s) (wS/c) 2, In principle, v takes on three

values, but the third value (besides v = *1) corresponds to longitudinal fields
that are not relevant here. Since € is Hermitian, the orthogonality condition is

* * .
v " S5 " Sv = Oy Egy T & T S5y - (26)

_]0_



. * T
—3_1{ v’ (eq.. * da)
= =SV S
a, = " . (27)

(kg? — kg, )e Wy {&gy " &5 ° S5y

The average total scattered power generated inside the scattering volume V is

-_];. S Ak * .
Pg= 3 Jor (Eg - 3f +E; - 1Y

S = S
i /2 i{(k.kI) T - (W.wl)t)
-1 , g g/ "L S Yg/H
= - dekdakdwdw dar [ dte _
4(2m)s8 -
xEE(: 1§ S.m)*+T g * e is( Pig) ]

= -2 [dk. fdw ¢ Eg (kg ) * (Kertl) + Eb(Koolle) = 32 (Keort)
= Ims kg Jaug kgotig)* * dg (gt Eglgrtig) = Ig(kg g
‘ (28)

taken in the limit T - «.- Here <...> denotes an ensemble average.

The power emitted per scattered frequency range dws per golid angle kos in wave
vector gpace in the direction k., dﬂPS/kodeS, is found by replacing the

S
element of volume d3]_<s in wave vector gpacg by kS==' skos' Then
azp .
S o _ . x-1 I \
B, T T aEme [ kgt Qg <Eg (kguug)* * 1g (kguug)

T .T

T L sT,
+ a\J§S\J J-S ?

4(211)4 E J kg Ghgya req * - Ig

* T
kol leq, * da (Ka W) 2
e W - S*S\) S.>

3 . .
v 6d m oy (-e-S\J &s QS\))

~]11-



Now ig = @ " en) Apy &0
*
d*Pg i T« M WE Wi € |AL 12 Teg, - (Ieq) ep, | ? Ién (k. uu)l?>
A - *
X g v 64 3 3 ng (e_as\) €q gs\})
T
2 2 . 2
=11y <“S\33 w wi ceord |An, |2 'e (Igp)epl?lom, (kuwl
v 4wl (g, * g " &)
*
) <I6n {(k,w) 12> Mg, wi wi Ce, ry A2 lgg, - (T€p) ° gl®
T v am wf‘}e egu ) ‘é:s ’ §S\J
(29}
with
kgy™ Kg Py Kg) f*’s/ Cr K= Kgym Kpe WS ug wp

Here r = e?/m.c? is the classical electron radius.

The spectral density function for density fluctuations in a plasma of volume V
is defined (Sheffield, 1975) as

. - [<|6n (k,w) 12> ]
s{k,w) = Lim . (30)
V, 1o VT ne

Note that this quantity has dimensions of (angular frequency)-*. The function
has been calculated and ig discussed briefly in Section (6€).

Several definitions of the differential scattering cross-section have been used
in the literature. We consider the scattering fram an incident wave of
polarization e, into a scattered wave of polarization e, . We shall first use

=5v
the relationship

dzp a=y
S _ oy ANy (31)

CKlksde_ Ixck)k,;dms e !

_12_



where WD\ is the incident flux per unit area. Then the differential scattering
cross—section is defined per unit wave vector solid angle and per unit angular
frequency for a single polarization v of the scattered radiation:

Loy _ Moy W W C & T8 1AL 17 leghe(Igy) - ep,|? S(kw)
Ko g mu g (eg) * €5 * &) Y '

(32)

The time averaged incident flux per unit area, WD\' is given by expression (5):

Wy, =% [ Ep, x By, + Ep x Hy ]
=%, € © AL 1T [ 2Kk len1? - et Gsrep) - ep, (kpet) ]
| (33

This expression may be rewritten more simply by taking the camponent of W along
151. and dividing by cos 'OIA' 617\ being the angle between ]51 ard the direction of

ray propagation:

Wi\ = HI;‘?;ZS'?DJ” |:3e T IE T 121'2:'- y (34)
Thus
dﬂ):m Mg, Wi wlor] ie (;—gI) . el ? s(k,w)cos 61x
By I U Ul gy €giegy) llep)? — lep, in ]
(35)

This expression is the same as that given by Akhiezer et al.. (1962) , except that
in their treatment wn was taken to be only the ccomponent of the flux along ]_L‘[, S0
the cos GD\ term was not included.

Hutchinson (1988) has pointed out that (35) may be written in a more symmetrical
form. The field e, satisfies the dispersion relation

_13_



W

K [-e-D\_gI (]-2~I°9-I7\):| - G g e 20

50
2 ¢z ~ ~
"€ "em T Twx SO [en — % & - o) |
=z, [lepl® = lep,  Kl* ] (36)

Thus

Fhyy  _ My P YE Y1 Yo leg, * (I - &) - epl? Stk cos Op,

4 [ ] L] [ -
Fopgg Aul (ef, © & " &) (€\ " & " End

(37)

Alternatively, the differential scattering cross—section may be defined pér unit
ray solid angle, € 4. SO

4a*P dzo

S AN
_— = W =——— Vn . {38)
erdeS Ix erS dws e

&0y, _ Ly S
@ dug A g g

and since from (16)

kos _ cos és\]
cnrs CS\J

fram (35)

_14_



30y _ Mgy U8 UE 73 legy™- (T - epl® SUw) cos Byycos O,
daQ . Gw T . . ’
S8 anL\wpé (QSG € fQSU) [|§D\|3 IgD\k_L_[I“l Cay

(39)

This is the expression given by Bretz (1987), except that his cross—section is

defined per Hz and €1 in the nunerator is misprinted as €q- A similar
expressicn is given by Simonich and Yeh (1971).
IJS22
Making use of (36) again and recalling that C,, = ™ \: a more symmetrical form for
rSv

(39) is dbtained:

o _HouPn W wp¥e 1 & - L~ gp) - ep 1? Sk cos &y, cos 8 g,
4 . . - . *
- oy Qg 2w (&3 €gSgy) (el Erten)

(40)

Explicit expressions for terms in expression {(37) and {40) are given in
Appendnx 1.

5. THE SCATTERFD POWER ACCEPTED BY A HETERCDYNE RECEIVER

Siegman (1966) showed that if the antenna pattern of an optical heterodvne
receiver has a single main lobe subtending a solid angular field of &
steradians, then the effective aperture area A for sources at wavelength A
inside this field is given by

AQ=rr . - (41)

In this section we make use of this result in the geametrical optics
approximation to find the scattered power accepted in a single mode by the
receliver antenna.

Consider first a narrow pencil of radiation in a loss—free, hanogenecus, isotropic
medium, connecting two planes nomal to the axis with elementary areas A, and A, A
separated by a distance R (see Figure 2). The solid angle subtended by dA, at a
point on dA, is d&R,, while that subtended by @A, at éA, is &,. Then '

=15~



dA, dA,
T N
and so
dA1dAa
AA,dQ, = AAAQ, = R (42)

(this quantity is known as the étendue of the system).

The specific intensity I of the radiation in the pencil is defined as the power
per unit area per unit solid angle per unit bandwidth. Thus if the power
transmitted along the pencil in bandwidth dw is &P, ‘
- dap :
I= A S d - | {43}
In a slowly-varying, inhcomogenecus, lossless medium it can be shown (Bekefi
{1966), 1.31) that

~I—a = const. (44)

=

Thus, since neither dP nor dw change along the pencil,
dA &Q u? = const. (45)
In an anisotropic medium p must be replaced by M the ray refractive index, so
dA &, W2 = const , (46)
& being the element of ray solid angle.
To simplify the discussion we consider a scattering experiment in which the
antenna patterns of both the incident and the accepted, scattered radiation have
square cross sections in the scattering volume, with side a (Figure 3). The
angle between the incident and scattered ray directions is 0. (and is not in

general equal to the "scattering angle" © between ]_L_[ and ks) . Then the volume
of the region of interaction is

-16-



V= = (47)
while the area of each beam is
A=a? . (48)

If the total incident beam power is PI' the scattered power in the receiver
antenna pattern at the scattering region per unit ray solid angle and bandwidth
is, from (38),

a*p P1 e

S
(5 )y = Vn, =22 —
‘cnrdw Vv A ecKEr dw

a : d2o
Isiner Be GQr- dw ° (49)

=P

We shall assume that the radiation flux is uniform across each beam. Then the

specific intensity of the scattered radiation in the receiver antemna pattern at
the scattering region is

dzp n

_1 S _ e d2g
Igly = ae (dcardw’v‘PIas'mer & @ (50)

In the scattering experiment the scattered radiation propagates away fram the
scattering region and finally reac_:hes the recelver antenna, which is cutside the
plasma. Provided the properties of the plasma vary sufficiently slowly, so that

the whole anterna pattern may be regarded as a simple pencil, we may write, from
(46), '

2 =
A Qr }JI‘S const ,

(AQr) anterna _ (L';s')v

By i) snrenna

(51)

At the antenna, in free space, 2

2 = 1, and from {41)

...]7...



P2) antenna = Ms0” (52)

)\SO being the free space wavelength of the scattered radiation.

Then

_ No
@)y = Gy, (53)

The power received by the antemna in the single scattered mode, in angular
' frequency bandwidth Aw, is thus given by

Ps = (IS)V (.A-Qr)v M
so fram (50) '
. 2

P =P e d?o 50

S I asin 6, dﬂr G (p;s)v

Aw . (54)

Instead of using the differential scattering cross—section per unit ray solid
angle we can make use of the cross—section per unit wave vector solid angle,

gz dzo c a2 2
W™ - & — cE® RTE )S cos 6. ¢+ 3%
St Y Y s Mrgly g
Then
; 2 2
Py = Py 3 Sizee ° Zdw (AEO (cos 6y w . (56)
r B dw My

A similar conclusion was reached by Hutchinson (1987).

Fram {54) and {40) we find that if the incident power with polarization A is PD\'
the @Getectable scattersd power with polarization v in bandwidth Aw rad.s-! at the
antermna of the heterodyne receiver is

X

1
= (i 2 22 m2 wa =
PS\J PI)\ Aw T3 So '8 I 2Zn

—18_



x . — . 2
Te Hav P Ie—S\J Z gI) e—I)\l cos O, cos OS\J S (k,w)
4 x . . * . . i =t ’

W &5y €q'Sq,) (L €' a sin @ \

(57)
all quantities in the large brackets being evaluated at the scattering volume.
If a more realistic antenna pattern is used in the calculation, expressions (54),
(56) and (57) will have to be modified, replacing (a) by scame appropriate beam

width parameter, but the functicnal dependence should be unchanged.

If the effects of refraction and polarization are ignored the detectable scattered
pcwer may be written as

. 2 2
o = PI)\ Aw r2 ?\So ne 2 0k.) (58)
S 2n a sin er =' :

We introduce the geametrical form factor GM, defined by

Pay 6w % - (59)

G?\U is similar to, but not the same as, the factor I defined by Bretz (1987). It
is a useful measure of the effects of polarization and refraction on the
detectable scattered power. Provided the same form of S(k,w) is used in both (57)

and (58),

2 a2 . - . 2 .

o - wg Wi Ug M Ieg\J (I gI) eD\I cos GI)\ cos GS\J (60)
4 e* . » * » ra

AV mpe (—S\J e——S e—S\J) (e-~I?\ gI —IA)

6. THE SCATTERING SPECTRAT FUNCTION S (k,w)

The function S(k,w) for a magnetized plasma is discussed in detail by Sheffield
(1975). Pollowing the work of Vahala et al. (1986), a camputer code has been
prepared which gives S(k,w) for a wide range of wavelengthg and plasma

parameters (Hughes and Smith (1988)). In the earlier versions of the code it

was assured that Ikg | = Iy, |, both in deriving Ikl = |kg~ k| = 2k, sin  for
a scattering angle ©, and for determining the angle ¢ between kK and B. In the
rresent version the local values of ]—&7\’ ES“ and B in the scattering region are

....19_



- _ | %
entered. Then 6 and I}gl—[kgvﬂgi)\ ZRS“kncos e]”* are calculated accurately,
together with the angle ¢.

The code includes the effects of several different ion species with different
Maxwellian distributions, and fast ions (e.g. alpha particles) with a
nslow-down" distribution. Relativistic effects have not yet been included.

In a Thomson scattering experiment it will be necessary to campare the cbserved
spectrum with calculated spectra to cbtain information about the particle velocity
- distribution function. This will require a knowledge of G,, 28 well as S(k,w).

7. CALCULATTONS OF G?\\)

We have calculated values of G?\\) for a variety of scattering situations, using
expressions given in Appendix 1. As an example we give results for the scattering
geometry shown in Figure 4. Here k.. Kq and B are coplanar, so X = 0. The
scattering vector k = kK, - ]51 will be approximately antiparallel to B. The other
fixed parameters are B = 3.4 T and fI = 140 GHz. The scattered spectrum is’
considered in the frequency range 135 < f’S ¢ 145 GHz. Values of G)\v are shown for
several electron densities in the range 2 X 10** m™? <n_ < 1.5 x 102 m-* in
Figures 5(a) to 5{(g)., for O mode to Omode, O to X, X to O and X to X scattering.

i) 0 to O Scattering

The results (Figure 5(a)) are straightforward. Except at the lowest densities,
the geametrical form factor is samewhat larger than unity.

ii) O to X Scattering

When eithér or both of the waves are X mode the scattering may be strongly
influenced by rescnance or cut-off. It is helpful to refer to Figure 6, which
shows the upper hybrid resonance frequency, given by

_ y
(mf )2 = wd twd * [ g 0l — Awg ol cosiel (61)
2

_20_



and the X mode R cut—off frequency, given by

w w
= r(-£e %, _ce
2nfR-[(2)2+wpé] + > (62)
as functions of density for the conditions considered (the cut—off is independent
of ¢ and the upper hybrid frequency varies only slightly with_¢ for 60 < ¢ <
120°). There can be no scattered X mode in the frequency range 135 to 145 GHz if
the electron density n, is between 9 x 1029 m-3 and 1.2 x 102° m-2,

Figure 5(b) shows that at low densities (2 x 10%* { n_ ¢ 6 x 10'° m™3) G,_ is
small, between 0.2 and 0.4, and decreases as ng is increased. When the density is
increased further the R cut—off moves through the scattered frequency range of
intereét and a narrow spike in G, _ appears close to the cut-off frequency.

Figure 5(c) shows the reappearance of scattered X-mode radiation when the density
is increased above n, = 1.2 x 102° m-23, The upper hybrid resonance enters and
passes through the frequency region of the calculations. Larger spikes in

G, _appear close to the rescnance.

iii} X to O Scattering

In this case the input X mode is cut off in the density range 8 x 1019 m-2 £ n, X
1.35 X 102° m~3. At low densities (Figure 5(d)) the values of G_, are small and
similar to those for O to X scattering. There are no spikes, either at n, = 7x

1020 m-3 or at n, = 1.4 or 1.5 x 102° m~3 (Figure 5(e)).

iv) X to X Scattering

Again, the input X mode is cut off for 8 x 10:9 m-3 S n, £ 1.35 x 102 -3, 1In
this case, Flgure 5(f) shows that G__ 1s greater than 5 even at the lowest density
(n, = 2 x 10** m?) and increases as n, is increased. At n, =7 x 101* m3 a
large spike appears near the R cut-off frequency, with G__ rising to more than
300. At the highest densities, Figure 5(g) shows very large spikes near the upper

hybrid resonance, with G__ > 2000.

It must be stressed that the calculations are for fixed I_LI, l_cs, qu and ¢S. The ray
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dlrections can be very different to the k directions for the X mode near the upper
hybrid frequency, where large values of the refractive index may be encountered.
For example, for the conditions considered, with n, = 1.5 x 102° m~3, the X mode
refractive index at 143 GHz is about 4 and the angle § between the ray and k
directions is 75°. In a scattering experiment the antemmas will be adjusted so
that their patterns intersect in a give_n region of the plasma for selected
incident and scattered polarization. If one of the polarizations is changed the
corresponding ray path through the plasma will also change, so the scattering
volume will move and may vanish, In general, therefore, it is very unlikely that
~ the same EI' ES' ¢ and g will be appropriate for different pairs of
polarizations for fixed antenna orientaticns,

The large values of G at frequencies near the X mode poles suggest that the
substantial enhancement of the detected power might be used to advantage here.
However, the severe distortion of thé ray trajectories and the sensitivity to
changes in the plasma parameters would make it extremely difficult to extract
relisble information about S(k,w) from experimental measurements in such
conditions.

Tt should also be noted that we have ignored the question of access. For example,
in a tokamak plasma the upper hybrid resonance is not accessible to X-mode
radiation from outside the plasma, which will either be strongly absorbed en route
by the electron cyclotron resonant layer or reflected by the R cut—off layer.

8. DETERMINATION OF SCATTERING PARAMETERS

In order to make use of the results given above in a millimetre wave scatterj_ng
experiment we need to know the scattering geametry in detail, together with the
plasma paraneters N Te and B in the scattering volume. A ray tracing code is
essential both for setting up and for interpreting an experiment, and the ray
tracing can only be done if the plasma magnetic equilibrium and electron density
profile are adequately known. |

The positions of the transmitting and receiving antemnas will be determined by

the availability of ports in the tokamak vacuum vessel. The orientations of the
antennas must be adjustable.
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8.1 Setting Up

The procedtjre for setting up an experiment will prcbably be similar to the
following: ‘

(1) Decide where in the plasma the centre of the scattering volume, C, is to be
located. |

(2) For the expected plasma equilibrium and density profile find by iteration,
using the ray tracing code, the orientation of the transmitter antenna that
carries the central ray of the antenna pattern for a given (0 or X)

polarization A and frequency w. to point C.

I
(3} Similarly find the orientation of the receiver antemna that brings the

central ray for polarization v and frequency w., to point C.

S

8.2 Interpretation

After the experiment the actual plasma equilibrium and density profile measured at
the time should be used for further ray tracing.

(1) For the known orientation of the transmitter antenna, trace a group of rays
representing the anterma pattern through the plasma at frequency fI.

(2} Similarly, follow a group of rays representing the detector antenna pattern
through the plasma at frequency fg. '
(3} From the intersection of the two antemna patterns define the actual

scattering volume and its (weighted) centre C°. Find local values of o, Te
and B.

(4) Use the ray tracing code to follow transmitted and detected rays to C7, and
find ]<_LD\ and Egs\). .

All the parameters required to calculate G are now known (cpI, qbs. P, Pge OI' 68’

x,'er, n,, B). Also 8, k, o, n, and Te are available for use in S(k,w). Provided
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the scattered spectrum is not too broad and the scattering volume is not too
extensive the procedure described above should be adequate. If the scattered
spectrum is very broad it may be necessary to repeat the calculations for
different scattered frequencies. Also, the extent of the scattering volume will
determine the variation in each of the parameters required and thus the accuracy
of the calculated velocity distributions. It should be noted that if the
scattered spectrum is broad the shape and position of the scattering volume may
vary significantly with the scattered frequency, with consequential changes in n,.
B, T o and all the other parameters. It is possible that the relatively
straightforward procedure in (1) to (4) above will be sufficiently accurate for
practical purposes, but the frequency dependence indicated should be investigated
for same representative conditions to establish the accuracy of the data.

The cbserved ascattered spectrum may now be interpreted in terms of particle
distribution functions and densities.

Regarding steps (1) and (2), Bretz (1988) has remarked that the usual ray tracing
calculations do not describe the propagation of the focused, near-Gaussian beams
which are likely to be used in experiments. A Gaussian beam in an isotropic
medium can be simulated by making use of the straight line generators of the usual
hyperboloidal surface. This approach has been used successfully to calculate the
approximate shapes of focused microwave antenna patterns in JET plasmas, by '
following the generators with a ray tracing code (Hughes et al. 1989). Although
the generators do not accurately represent propagation directions they do provide
useful approximate indications of the beam profile and the shape of the scattering
volume,
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APPENDIX 1

EXPLICTT EXPRESSTONS FOR FACTORS IN THE SCATTERING CROSS—SECTICNS

Following Akhiezer et al. (1962) it is convenilent to introduce the notation

_ Mgy
o My (le 1?2 — le -Alﬂ)(e *Eq * Ean)
m {en ey " Kl (&g " & " &qy)
VERRRY
= {ex e e )S\J(e?-e e} (A1)
=8v =5 =5v =TA =1 =IA
Exv "8y " T €& Cep, (82)
Then fraom expression (37),
asy, r2  wi w2
AN 0 ST
SORT = 5 wpé Ry IEMPl cos GD\ S(k,w) (A3)

or if the angular frequency bandwidth de and the scattered angular frequency

shift w are replaced by dfs (Hz) and f(Hz),

az. w2 w2
N S I -
& Gf ¥ wa By l8yl7 cos op 87D . | (ad)

Similarly, from (39),

dz o w2 w cos 8., cos O
AV S I ) IA Sv . _
Tat; T T Tud B Bl Cay $kE . (@)

The factor GM) given in expression (60) becanes
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cosd

ey c:os.:cSS\J

w2 w2
G =

S I
&, 12
1 2
AV w B PV Mg

The terms cos OD\' cos GS\) are obtained from expression (9).

function S,5” will not be discussed further here.
electron radius is r2 = 7.941 x 10-3° m3,

(A6)

The spectral density

The square of the classical

We shall take the direc'tion of the wave vector of the incident wave, _lgI, to lde in
the (x,z)} plane at an angle ¢>I to the z-axis and B (see Figure 7). Then fram (4),

for polarization A = £ 1,

Ep= Ap, & @@ L ilky, » - wt) ]

with
_ iezI ui,cos op sin b1
e = {1, ' :
—A [ NS S & Py SLS
where
20LI (1 - aI)
M, = 1- — - 3 ' '
A 2(1 O'I) ﬁIsmﬂq;I + M}f

Tr = (ﬁISiHZQ)I) 2+4BI(1_GI) 2cos2¢;

and g, Pr. @p. €7, etc are evaluated at w = W .
nmen¢1=% ., for the 0 mode
"e"I+ i ={0,0,1}
(@ =3)
and for the X mode
-ie
e ={1, ot » 0}
“I- €21 .
(@ = 3)
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The direction of the scattered wave vector, }ES' will be taken to lie at an angle
¢S to the z-axis and B, The angle between the (151, B) and (k.. B) planes will be

denoted by x {see Figure 7). Then for polarization v,

gS\J= AS\J Sgy &P ( l(}SS\J TE- wst) ]

with
cos ¥ -sin x 0 1
ie,
. S
e = sin cos 0
I:-S\)] . X X Ug\) - e:.s
) .
. . ) g, cos qbs gin cbs
- 4L ugsinidg g
B ie,qsin X . le,4c08 X pé\)cos ¢ Sin qu
—{cosx——p—;_— ' smx+7:— ’ U2 sinzg_—~ € 1y
Sy TS Sv TS Sv S 738

where g, €,4 etc. are evaluated for ¢, and Wy. When ¢ = /2

§S+ﬂ={0'0'1} 7]
(@=3)
and
€ . €
gs_—{cosx+1€—zslnx, smx—le—zcosx, 01}
(= 1)
2 _

1. EXPRESSICN FOR R)\\)

(A8)

{(ABa)

In equation (Al) the refractive indices Ho e U, are given by the Appleton—

Hartree formula (3), (3a).

From equation (A8),
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e* .
=Sv

1m

I: 623 2 egs
* €., = € 1+ 75— :‘ +
Tl v e

2

Wz sin ¢, cos ¢

t o €ag ufu sin? csb - € . ! (29)
Sv S 38

with a similar expression for e1, - €; - €

1PN =IA’
Thus
e 2€}
R/\ =yu3 p I: 2g :l 2g
v Fsu FIa € 1+ ——— +
[ S Mgy ~ €1g)” Mgy ~ €ig
2 " 2 -t
‘e [ Mg, sin oo cos o ] o
2 in? -
S L Mg, sin® &g ~ €4q
-1
. l:1+ €ir :l+ 2 €37 ‘e [pi\smqblcosqbl :|=
' (Mg = €up)? Hix ~ € P L M, sin? ¢p €,y o
(A10)
2.  EXPRESSION FOR |, 12
In equation (A2), fram equation (1)
| 1-e€ ' ie,I , 0
I-¢)= -ie,; . 1-€p 400 (A13)
0 ’ 0 ., 1 - eaI-
and with er, and eq given by (A7) and (A8) we find that .
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€ir €21€2g €71
&, 12 = | cos x |:(<-: -1) + = + — (1 + -"r—:—-*)]
A [ = Miy T €ir HEy T Gig MIn ~ Sag

pé\) sin ¢g COS qbs:l }J%A sin cpI Cos cpI
e liere e

2
€,.le,- — 1) €,.(e,. — 1) €,, €2
+ | sin x l:ea + 81 v -t oS L ] .
I WM& ~ Sig Mo~ €aix (W&~ €a1g) (Hp3™ €17)
(Al14)

3. A NOTE ON NORMALIZATICN

Expressions (Al2) and (Al4) for Ry and EEMI2 make use of unnormalized
polarization vectors e, Cqy However, in the product RMIEMI2 which appears in
the cross—sections (A3) to (A5) any normalizing factors would cancel ocut, so qu
&, 17 is independent of the magnitudes of E,, and Eg, as would be expected. Thus
unnormalized polarization vectors may legitimately be used to calculate the
scattering cross—section, as in e.g. Sitenko (1967) and Bretz (1987).

4. X TO X MCDE SCATTERTNG WHEN ks, kI ARE. BOTH PERPENDICULAR TO B

Bretz (1987) has given expressions for X to X mode scattering with ES and EI both

perpendicular to B, so that ¢I = ¢S = %. In these calculations umormalized

polarization vectors are used, and it is assumed that wI = gy so

€11 = €1q = €1
€y = €2g T €,
€y = €ag = €,

From (3a), under these conditions (k;. kg | B) we find
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From (4a),

winlile from (36)

* . 2
et 'erer _

lep 12 - le - kl2=—"— =,
=I- =I- ]—& Wi € "

in agreement with Bretaz. Also, for the same conditions,

|-

E__12 = 3 { cos?x [e, (€2 — €2) - (e? + €2)]%

m

+ sin?y [2e,e, — €2, + €312 } ,

again in agreement with Bretz.

5.  EXPRESSION FOR CS\}

Dropping the subscript S, fram expression (10) for polarization v = £ 1,

(Al15}

> 2 3
cos ov . d*pv :] §in p,, cos 6\,
v

C=|:1+sin26v- " Y
\V

sin ¢
Here. 0\), the angle between the wave vector and the ray direction, is given by
expression (9) and Py = ¢ - 6\J is the angle between the ray direction and B. The
refractive index M, is given by expression (3), and it is found that

d -vBT W (1- 12)

a7 37 [ 4(1 — q)2 cos*¢ — B sin'o —\1(1—311\2]) sin%¢ cos2¢ '7% 1.
-r 2

(Al6)
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du
Wy sin ¢ [L# (- e
p: o= . d}‘j :
Y] hY)
cos ¢+ — —— - gin ¢
I e }
@ 1+ (2 Y1
n, @

bz, =

o]

Tl
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Bekefi (1966) gives the following expressicn for the ray refractive indesc:

(Al7)

It can be shown from (A15) and (Al6) that this is equivalent to expression (12):



APPENDIX 2
NOTATION -

The inclusion of plasma dielectric effects in scattering calculations brings in
many parameters and raises problems of notation. The following set of symbols
has been used throughout the present paper.

o
it

E/e, normalizing coefficient for polarization vector e

steady magnetic field in the plasma, always taken to be in the Z direction

el

Kz * C:G = Gaussian curvature of the wave vector surface

- complex electric field

geametrical form factor

H @ i1 O

(subscript) incident wave

specific intensity
PI - incident power
PS - scattered power
R - function defined in Appendix 1
S - (subscript) scattered wave
- curvature of refractive index surface
S(k,w), 8" (k,f) - scattering spectral function
T - (superscript) Fourier transfoﬁn
V - scattering volume
W - electrcmagnetic energy flux

a? - beam cross—sectional area

e - unnomalised polarization vector

f - frequency (Hz)

— current density

- wave vector

- unit vector along k

— unit vector normal to k in (x,2) plane

L« EaR] Eoln ==

— unit vector along ray direction

r, — classical electron radius = 2.8179 x 10-15 m
v_ -~ group veloci

g group ty
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v ~ electron velocity

az/(d %@ws) ~ differential scattering cross-section per unit wave vector
solid angle and angular frequency bandwidth

Q - solid angle '

Qk - wave vector solid angle

Qr ~ ray solid angle

]

2 2
wpe/w
2 2
wce/ w
(B sin? ¢)2 + 4B (1 - a}? cos?. ¢
= ¢ — p = angle between wave vector and ray direction

o — permittivity of free space

fl

m MmO X W 0
{1

- dielectric tensor, with camponents e,, €,, €,
6 — Thamson scatterg':ng angl.e between % and }_cs
O, — angle between r; and rg
A =~ polarization: +1 for 0 wave
-1 for X wave

- (subscript) polarization

~ wavelength
H = refractive index
W, - ray refractive index
v ~ polarization (also subscript)
£ — function defined in Appendix 1
© — angle between ray direction and b
g - conductivity tensor
dzo/ (&rs-dws) - differential scattering cross-section per unit ray solid angle

and angular frequency bandwidth '

T - time interval
¢ — angle between wave vector and B
X - angle between (ks B) and (ky, B) planes
Y - angle of rotation about z axis
w - angular frequency
w__ - electron plasma frequency
w ce electron gyrofrequency
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JG88.344/2

Fig. 1 Wave vector and ray directions. The magnetic field B, the
wave vector k and the ray direction f, for polarization A are in
the same plane. 8, =¢— p,, is the angle between k and r,.

Fig.2 Pencil of radiation in a loss-free, homogeneous, isotropic medium,
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Fig.3 Simplified scatiering geometry. The incident and scattered beams both have the same square
cross-section with side a. The angle between their ray directions is 6,.

'KI

¢y =75°

bs =105°

ks

JGB89.32/8

Fig.4 Scattering geometry used for numerical calculations of G,,.
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Fig.5 Valuesof G,, for scattering geometry of figure 4, in the electron density range 2 x 10" to 1.5 x 10°°m 3,
for incident frequency 140GHz, scattered frequencies in the range 135 to 145GHz, with B=3.4 Tesla.

(ay O to O scattering

(b), {¢) O to X scattering

(d), (e) X to O scattering
(D), (&) X to X scattering.
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Fig.6 Upper hybrid (¢$=75° or 105°) and R cut-off frequencies for B=3.4T as functions of
electron density. ’

JG88.3441

Fig.7 General scattering geometry.

B is along z, k;is in the (x, z) plane, ¢; is the angle between k, and

B, ¢gis the angle between kg and B, and x is the angle between the (k;,
B) and (kg, B} planes.
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