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RELAXATION MODEL OF H-MODES INlJET
E. Lazzaro, K. Avinash, N. Gottardi and P. Smeulders

ABSTRACT

Several phenomenclogical aspects of H-modes are described using a single
variational principle. The observed dependence of global confinement time on
cufrent and the characteristics of local heat diffusivity for a relaxed energy

state are discussed.

I. INTRODUCTION

The improvemeht of the mode of operation and of the design of the JET
poloidal field system has allowed (LAZZARO et al., 1985, 1986; TANGA et al.,
1987, 1988) the production of single null magnetic separatrix configurations
at currents up to 5 MA, with high energy confinement under intense neutral
beam heating.

The high confinement regime, first discovered in ASDEX (WAGKNER et al,)
and called H-mode, appears as a transition from low (L) confinement regime.

In JET it is triggered when the additional (NBI) power exceeds about 2.5 times
the ohmic power and the boundary conditions on the heat flux, controlled by
the magnetic separatrix, allow the formation of edge témperature and pressure
pedestals (WAGNER et al., 1985).

The characteristic signatures of H-modes, as observed in several
experiments (WAGNER et al,; KEILHACKER et al., 1984, 1987), are: a drop in Da
emissions, a sharp increase in density, an increase in energy content, rather
flat temperature grofiles with sharp gradients at the boundary and a quiescent

MHD activity.



A significant difference between JET-H modes and those‘of ASDEX is the
persistence in JET of sawtoothing conditions with gq{0) <1 acrass the L-H
transition.

In ASDEX the disappearance of sawteeth was related to a flattening of the
current, indicated by a reduction of the internél'indqctance. _

An analysis of the X-ray emission signals (SMEULDERS et al.,71987j, of
_the interferometric and LIDAR meésurements {GOWERS et al., 1988) of the
electron temperature, and pressuré profiles consistent with'the ﬁggnetic
equilibrium, shows that JET H-modes are often characterised by a long quasi
steady state condition Witﬁrunconventional density and pressure profiles which
generally are very flat or hollow within.£he q = 1 surface.

The pressure and cﬁrrent profiles obtained in this class of H mode allow
sawtoothing, with-q(O) < 1, while keeping sfability against localised
instabilities in the low- shear plasma ;ore, according to the Mercier
criterion.

Recently it has been surmisea'(KADOMTSEV, 1986; BISKAMP, 1986; HSU et
al., 1987) that the tokamak plasma state céuld be regarded as one of minimum
energy and hence should be obtained via an a§propriﬁte variational principle.
This approach is along the linés of relaxation theory for RFP (reverse field
pinch) Whe¥e plasma seeks minimum energy stété keeping total helicity constant
(TAYLOR, 1974). This theory cannot be applied to a non-disruptive tokamak |
discharge because a minimum energy state under the coﬁstraiﬁt on total
helicity leads to complete magnetic reconnection which occurs only at the time
of major disruption. In the quéted papers the authors have minimised the
plasma total energy keeping the total plasma current fixed. This yields
"relaxed" equilibrium where p,J <« 1/q? (where p, J and q are the local
pressure, current density and safety factor respectively). This equilibrium
has finite pressure and current density at the nominal plasma boundary and

hence cannot correspond to the L-mode. It seems more like an H-mede



equilibrium which generally features pressure and current density pedestals at
the nominal plasma boundary.  Indeed, in JET H-mode there is a definite
evidence that pressure and current density profiles are related‘in this way in
the confinement zone, However, in the plasma core this picture is still not
consistent with the experimental observation on JET. As stated earlier the
JET H-mode is always sawtoéthing, hence the core corresponds to an equilibrium
with degraded confinement which can be obtained by minimising the eﬁergy
keeping the core helicity fixed.

Hence, in order to account for the sawtooth we present an extended

version of this theory where we propose to do the following:

(a) Within the mixing radius we minimize the free energy, keeping the helicity
within the mixing radius fixed (L-mode).

(b) Within the confinement zone we minimize the energy, keeping the total
current within this region fixed.

(c) The two equilibria are matched at the mixing radius.

The total current in the outer region is constant over the resistive skin
time which is much longer than thé sawtooth crash time for which fhe core
helicity is constant. However we are looking for an equilibrium over
resistive skin time over which the sawtooth mixing produces an average
equilibrium with flat profiles so that the two constraints can be considered
together. Local helicity in fhe confinement region is of course fixed, but
cannot be used as a constraint because as such would not allow reaching a
(unique) relaxed state.

In this context we further show that in the BP n 1 limit, bifurcation of
the equilibrium occurs, describing JET and ASDEX types of H mode. Finally
some properties and implication of these profiles for the local and global

heat transport are discussed. It should be noted that in order to obtain



L-mode equilibrium with zero current at the plasma boundary, Kadomtsev has

also considered minimization of plasma energy, keeping the two constraints

i.e. the total plasma current and the total helicity constant., However, since

total helicity permits mixing within the whole plasma volume which is
certainly not the case in a non-disruptive discharge, it is not quite clear
how it can be regarded as a constraint over the plasma volume.

The plan of the paper is as follows. In the next section we present a
brief account of minimization of potential energy with two constraints. In

section III bifurcation of solution is discussed. In section IV and V the

implications for global and local transport are presented. Section VI and VII

present the comparison with experiments and the discussion,

IT. MINIMISATION OF THE PLASMA FREE ENERGY WITH DIFFERENT CONSTRAINTS IN TWO

RADIAL ZONES |

In our model the plasma is divided in two regions, the mixing region
(core) within the q = 1 surface, and the confinement region. In the two
plasma regions equilibrium is demanded, and we take the realistic approach of
imposing in the two separate regions the "diagnosed" integrals of motion,r
namely the helicity K = [A*BdV in the core and the current I = [Jds in the
confinement region. The plasma total energy

W= Jav ([F? + (9)21/2p R + % } (1)

is then minimised under these constraints.
Here % = BT is the toroidal field, y(R,Z)} is the poloidal field stream
function, P is the pressure and y is the ratio of specific-heats. The

minimisation of (1) in the confinement region outside the mixing surface ws

(g = 1) is performed with constant current constraint I



av_

21R (2}

I = {(FF'/R + RP')
and the Grad Shafranov equilibrium equation
R2Ve (R72Vy) = - yO(FF' + R2P'} (3)
Following Hsu et al (HSU, 1987) we consider variations of Y vanishing at
r = a and assuming that the fluid moves in such a way that the functional

dependence of F and P on Y is not changed. Using a Lagrange multiplier A, the

variational principle can be expressed as:
(W + ALl) =0 (%)

Substituting Egs. (1), (2) and (3) in Eq.(4) gives pressure and current density

profiles in toroidal geometry as:

2y
dp _ . M
b Ce (5)
5
1, = RC My iE SB/A (6)

We consider here a high BP = E%E%;— H-mode situation, in which it is
9 o

legitimate to consider the paramagnetic term CF = 0 and furthermore we
consider Egs.(3,5,6) in the large aspect ratio approximation. Using pseudo
cylindrical coordinates (r,8,z) we obtain an equilibrium equation of the

Liouville type:

[ =]
ar

Q-n|D-
fan

4 1 4 /N
T E% = 55% =T CpRze¢ (7
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where A has been redefined as % A AL

In general this eguation admits multiple solutioné (MONTGOMERY et al.,

1979; TRACY, 1987) for given boundary conditions.

For azimuthally symmetric case Eq.{(7) can be expressed in dimensionless

form as
%; xy' = - Axe” (8)
C RzazpO
with x = r/a, y = 9/A, A= "Eﬂanw— . The solution which matches the

il

solution in the mixing region (at r Tos Y = ¢S) can be expressed as

2y2
(1 + axs)

y =Ygt Mgy

i (9)

where Y = ws/h, X, = rs/a and a is a constant to be evaluated as follows:

From Egs.(8) and (9)

: y
1d o - __8a _ 4.8
x dx (xy )|x=xs (1 + OLX;)2 he : ‘10)
Impoging the boundary condition y = 0 at x =1
s
(1 + ax;)ze = (1 + a)? (11)
and
@ =81+ (12)

which possess real sgsolutions of a for A <2,

Now Egs.(11l) and (9} dimply



YT ) (12)
Hence the current density Jz in the range T < r < a is given by:
3, = RC, R (14)
and the associated poloidal field BB turns out to be
Bo =~ x HoRSp S et (13)

where C is a constant which is to be determined by matching Be at X with the
Be in the mixing region. It should be noted that this core equilibrium is
only an average equilibrium over many sawtooth crashes. Within this region (0

<r < rS) the energy is minimised keeping constant the helicity

K = [ A*Bdv (16)
v

s
within the volume of the mixing region. In Eq.{16) A is the vector potential
and B is the magnetic field. The variational principle in the mixing region

is expressed by:

E L - =
8 [ [zpo + Uo7+ VA Bl 4V = 0 (17)

where v a Lagrange multiplier and integration is over the volume of the

| mixing. Together with Ampere's law the solution of Eq.(17) gives:
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0 ¢r <z~
]
P =P,
BZ = BTJo{ur)
By = BJd, (vr) (18)

with J,, J, ordinary Bessel functions. In the limit vur << 1 we obtain

Bz = BT
J =vwyB =J = const
Z b4 70
B, = B.v == J = fof r <zt
8 T 2 zo 2 s
q=4q, = Z/pORU . {19)

and with the gauge choice AZ =y = ¢S at r = r_. Matching Be in the two
regions at x = X specifies the constant in Eq. (15) giving Be and q in the

confinement zone xs < x <1 as:

X2 -~ w2

= a4 -_— S
Be Zx pono [(l + ax?)} * X;] (20)
Jzo = CPR(l + a)/(1 + ax;)2

ax BT qo(l + ox?)
97 RB, T (1 + ax?) (2l
8 s
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for r < r < a with q_ = (22)
g o

0

It should be noted that the definition of q, is in terms of Be(a) and not of
the total current Ip. ‘

From this basic expression it is easy to calculate the other relevant
profiles and analyse their properties. .Egs.(l4), (19) and (21) imply the
general result formally identical to the current density profile obtained in

ref, (BISKAMP, KADOMTSEV, HSU et al.)

J=J (=) . (23)

The pressure profile in T ¢ r < a is obtained from Egs.(5) and (13)

A (1 + )2 (1 + axg)z

[(l + ax?)?

P(y) = P(ws) + - 1] (24)

2)2
(1 + axs)

Matching the pressure of the mixing and the confinement regions at r = T i.e.
p(ws) = P, and considering that H-modes feature pressure pedestals at the

boundary p(l) # 0 we get

p=p (=) (25)

which has a remarkable property of proportionality with the current profile
given by Eq.(23). It should be carefully noted that mutual proportionality of
current density and pressure profiles is only possible if there is a pressure

pedestal at the plasma boundary. For L mode p(l) = 0 in which case



the pressure cannot be expressed as in Eq.(25) and the propertionality between
p and J no longer holds.

The optimal current profile (23) describes in general a state with a
finite current pedestal at the nominal boundary r = a. There are two

interesting limiting cases (HSU, et al., 1987) to discuss:

Qim B _
g1 Jz(x = 1) = e

which is a skin current distribution, with no plasma energy contained in the

confinement zone, and:

2im I (x) = P 8 1
ae zZ

For X = 0 this represents a filament of current at x = 0. If X # 0 then
this shows that.all the current is within the mixing radius and decreases very
rapidly away from it.

The pedestal value of the pressure at constant Bz'increases as the square

of the total current

P =p () =12 p (26)

suggesting that ohmic H-modes are possible at high current (and in sawtoothing

conditions).

III. BIFURCATION OF H-MODE EQUILIBRIUM

The complete specification of the relaxed model follows from a number of



relations among the six undetermined constants CP, A, a, A, <p>, X and

B — ZPOPO
0 Bé(a)’

quantities which can be considered as assigned, i.e. 4, (= 1) and

g(a). These can be obtained, with some algebra, from Egs. (14) to (24). Thus

we have

%A = uoRﬂa2 (27)
b
I PO
C <p> = —L2 2 (28)
p Ta Rqa
q? ‘
a
AC = — (29)
P Po
u .
c- -4 (30)
o Ya
q -1
CL=1——H2— (31)
q.%s .

The closing equation is provided by Eq.(12)
a =21+ ae - - (32)

Thus we have a set of six relations for six unknowns.

By eliminating Cp and A between Egs.{(27}-(29) we obtain

8 o
_ o
A= B a2 <B>? (33)



It has already been stated that Eq.(7) has multiple solutions. As a matter of
fact Eq.(33) with expressions (27-31) leads to a bifurcation equation for the

peakedness parameter L2 which is

P
o
<P>y7 _<P> L1 _ | |
( ? ) Pt s " 0 (34)
o 0 0
If BO > 4 then Eq.(34) has two real solutions for S%Z .
o)
The solution with smaller ng can be interpreted from Eg.(30) as an
o

"ASDEX" type H-mode, with vanishing or imaginary X and no sawteeth. The JET

sawtoothing type of H-mode can be identified with the larger ﬁ%ﬁ (and finite
o ,
XS) solution.
We remark that the bifurcation disappears if the pressure pedestal
vanishes, and that JET and ASDEX different sawtoothing conditions might also

be related to the different geometric shear due to the non circular cross

gection, which here is neglected.

1V, CONSEQUENCES OF THE MODEL FOR GLOBAL TRANSPORT
The achievement of a relaxed state where the energy pressure profile is

fixed as a function of g, implies that the plasma thermal energy content

a
W= [av % n (T + T;) = 12mR f dr rP(r)

e}

from Eq.(25) can be written as

o]

Salfe

W = 6m2a2R P
o



and the global energy replacement time is

quP 52,

B Pow
z

W
B Pow

= 6ﬂpoR2
The dependence on the input power Pow can then only be through Po, for a given
total current Ip and teroidal field BZ.

Experimentally it is observed (KEILHACKER, 1987; ODAJIMA, 1988) that the
confinement time in H-modes (and high density regimes) is proportional to the
total current while still degrading with increasing input power. Although an
absolute scaling of the confinement time at this stage is impossible, this
observation can be reconciled w;th expression (35) if it is assumed that the
heating efficiency, which depends on the input power deposition profiles is
such that PO =.CoPgw with o € 1, and CO debends cnly on Bz' The assumptions
that reconcile Eq.(35) with the experimental evidénce, also imply that the

edge value of the pressure scales as:
P« Pow I 2/B
a p Tz

Therefore for H-modes with the same current to obtain the same pedestal value

P, the required power scales as:

Pow « B /o
z

With a typical o = 0.4 this scaling is in agreement with the experimental
results (KEILHACKER et al., 1987). By considering Ohm's law and the profile
(23) for the current density the expected dependence of the electron

temperature profile is:



Te B To(qo/q}“’3

Figs.8 and 9 show two examples of experimental (LIDAR) temperature data
plotted versus q and the corresponding best fitting curve. It appears that
the theoretical model fits well within 10% in the H phase. The bad fitting

shown in Fig.1l0 is for an L state.

V. LOCAL TRANSPORT WITH CANONICAL PROFILES
We consider here in an elementary way the implications for the loecal

transport of a relaxed equilibrium described by the profileé (23,25),

Considering, as appropriate a steady state energy balance equation (with

Te " Ti) we can write the heat flux across a generic surface of radius r as:

q '
S e, Seframe oo

where Q(r) is the net power input per unit volume. As a conseguence of the
canonical current and pressure profiles and of relations between current and
temperature (of ohmic type) or between pressure and deﬁsity (state equations)
it is expecfed that T will depend on qﬁ{5 and n on qé—2 with & a real exponent.

By splitting the net power input per unit volume Q ag
= 2
Q=nd? +Q_ »

where Qaux is the net auxiliary heating input, one gets from Eq.(36) a

tautological expression for the heat diffusivity profile

fQ  _(e")r'dr!

-1 ,a . aux
Y onT (rq') fngr dr' [l + fngr'dr' ] (37>




which is similar to that used by Coppi in the presentation of the profile
consistency principle (COPPI, 1980). In the case of Ohm's law § = 4/3.

Unfortunately no absolute scaling or dependence of x on density
temperature and radius can be read from expressions such as Eq.(37).

However, the inverse dependence of y on the current density shear is in
agreement with the picture of y - = in the mixing region, which after a
sawtooth crash is ideally shearless. In the confinement region (rs {r<a)y
is a monotonic increasing function of q.

For strong auxiliary heating the space dependence of x and the resulting
incremental confinement time depend on the auxiliary power deposition
profiles, and the abscrption mecﬁanism.

The discussion of these effects will be presented in a subsequent work

carried out with transport codes using expression (37).

VI. EXPERIMENTAL EVIDENCE

Hollow X-ray emission profiles with maximum around the sawtooth inversion
radius are generally observed in JET X-~point discharges. Fig.l shows the time
evolution of the X-ray emission in the torus midplane as a function of radius.
The hollowness varies gradually in time, with periodic deepening after each
sawtooth collapse.

After transition to the H mode at 12.2 sec. the profiles remain hollow or
flat over the whole H mode period.

Cofrelated with the hollow X-ray profiles, are hollow plasma density
profiles, as shown in Fig.2. While X-ray and density profiles are flat or
hollow, the ECE and LIDAR measurements of eclectron temperature give flat or
peaked, but broad profiles.

The LIDAR measurements of electron pressure is generally flat or hollow

during the H-mode, as shown for instance in Fig.3.



A self consistent calculation of plasma equilibrium using the
experimental pressure profile and hest fittinglthe magnetic and diamagnetic
signals gives a safety factor profile with a wide, nearly shearless region
with q < 1, in agreement with the observed sawtoothing condition, as shown in
Fig.4, Details of the experimental measurement are given in (SMEULDERS et
al., 1987). Similar results have been observed in DIII-D (STAMBAUCH et al,
1988),

The interesting aspect of these results in comparison with the theory
presented, is shown in Figs.5 and 6. Here the actual current and pressure
profiles for the L-H transition in shot 10766 are plotted against the
theoretical model of Egs.(23), (25). It appears that over most of the plasma
cross section the experimental H mode pressure and current profiles follow the
1/q* behaviour. During the L phase the pressure has a visibly different
behaviour, while the current J appears already'close the the 1/qg? dependence.

Figure 7 shows the dependence of the experimental global confinement time

Ty versus l/qa, which follows cliosely the prediction of Eq.(35).

VII, SUMMARY AND CONCLUSIONS

In this paper we have shown that it is possible to describe sawteething
H-modes as those observed in JET and DIII-D from a single variational
principle, which yields unique profiles of current and pressure, proportional
to 1/q? even if a mixing region exists.

Many authors have shown that well defined current and pressure profiles
are obtained either from stationary entropy principles (MONTGOMERY
1979; PFIRSCH et al.; 1986; MINARDI, 1973; REBHAN, 1986) with certain
constraints, or by minimising the plasma free energy under constraints
(BISKAMP et al., 1986; KADOMTSEV et al., 1986, 1987; HSU et &l., 1987). We
have adopted a similar relaxation model by making the free energy stationary

with a constraint of constant helicity within the mixing surface and constant



current in the confinement zone. The equilibria in the two regions are
matched at the mixing radius. In the high Bp limit the solution bifurcates
into two equilibria with different radii of inversion. We identify the
equilibrium with larger radius of inversion with that of JET and that with the
vanishing inversion radius could be of the type observed in ASDEX, which is
sawtooth free,

The mutual proportionality of the current and pressure profiles and the
bifurcation of solution is shown to be a strict consequenée of the finite
pressure pedestal.  In theroriginal work of Kadomtsev which considered
essentially unbounded plasmas, the current and pressure had the same
dependence and proportionality but solutions were not bifurcated. The
pressure pedestal value depends directly on tﬁe square of the total current
IP, indicating the possibility of H-type equilibria at higher currents, in
agreement with some recent evidence of Ohmic H-modes (DIII-D).

The accessibility of H-mode equilibria, with finite pedestals, from
L-mode with vanishing edge pressure and current depends on matching the edge
heat and particle flows with flows along the open field lines of a divertor
configuration in an edge plasma region presently not considered. The
spontanecus transition to a temperature pedestal has been considered by Rebut
(REBUT et al., 1988) as a consequence of exchange of roles of ion and electron
transport near the separatrix. Other models of transport in the scrape—off
region justify the formation of pedestals by variation of the boundary
conditiéns {HINTON, 1986; ITOH, 1988}, but a complete description is still an
open problem. Interesting implications of the H-modes profiles for local and
global transport have been found. In particular, for local transport the
general properties of the local heat conductivity appear in accordance with
Coppi's original explanation of profile consistency fer L-mode discharges, and
suggest a similar consistency principle for H-modes. For global transport the

observed dependence of g « Ip implies in our model a dependence of the



central pressure P, only on the heating power and the toroidal field BZ'
Finally it should be noted that the model of Biskamp and Kadomtsev were

originally proposed to justify profile consistency in tokamaks. The profiles

obtained however cannot correspond to L-modes because of the finite

pedestals, Further work by Kadomtsev to describe L-modes from minimisation of

energy under total current and helicity constraints in the whole plasma region

B, C] for which there is no convincing

produces current profiles «= [%; +
experimental evidence.

From recent analysis of experimental observations (NAVE, LAZZARO et al.,
1988) it appears more likely that the L-mode be a state of saturated nonlinear
tearing modes, which develops flat (férce free) regions on the pressure

profile, at the location of rational q surfaces. This theoretical model will

be fully discussed elsewhere.
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Fig.3 Pressure profiles obtained by the LIDAR diagnostics for L-H
transition, :
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Fig.4 Safety factor profile from equilibrium calculation for three

consecutive times in the L-phase at t=11.9s and in the H-phaseat {=12.4
and 12,7s.
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Fig.5 Equilibrium pressure profile p of shot 10766 in /(A) and H(*)
states, plotted versus the theoretical profile ! ¢* of Eq.(23).
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Fig.6 Equilibrium current density profile J of shot 10766 in
the L and H states plotted versus theoretical model of Eq. (23).
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Fig.7 Dependance of the global confinement time 7, on [, in H-mode discharges, for several neutral
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Fig.8 Best fitting of Experimental Temperature profile of 3MA H-mode shot 13803, to apower law k.g ™7
(expect 0=4/3, result 0=1.3222).
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Fig.9 Same as Fig.8 for 3MA H-mode shot 15894 (expected o=4/3, result ¢=1.2934).
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Fig.10 Same as Fig.8 for the L-mode phase of shot 13805 (¢=2.0182).








