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ABSTRACT.

Collision strengths (Ω) are calculated for all 6328 transitions among the lowest 113 levels belonging

to the 2s22p5, 2s2p6, 2s22p43l, 2s2p53l, and 2p63l configurations of fluorine-like Kr XXVIII, using

the Dirac Atomic R-matrix Code (DARC). All partial waves with angular momentum J ≤ 40 are

included, sufficient for the convergence of Ω for forbidden transitions. For allowed transitions a

top-up is employed to obtain converged values of Ω up to an energy of 400 Ryd. Resonances in the

thresholds region are resolved in a narrow energy mesh, and results for effective collision strengths

(ϒ) are obtained after averaging the values of Ω over a Maxwellian distribution of electron velocities.

Values of ϒ are reported over a wide temperature range below 107.1K, and the accuracy of the

results is assessed. In addition, effective collision strengths are listed for the temperature range 7.0

≤ log Te (K) ≤ 9.0, obtained from non-resonant collision strengths generated with the FAC code.

1. INTRODUCTION

Emission lines arising from transitions in ions of Kr are increasingly being used for diagnosing

tokamak fusion plasmas, as well as being observed in a variety of other high temperature plasmas

(see, for example, Rice et al. [1]). Therefore, in view of the forthcoming ITER project, atomic data

(namely energy levels, oscillator strengths or radiative decay rates, collision strengths, etc.) are

required for many Kr ions, in order, for example to estimate the power loss from the impurities.

Additionally, diagnostic experiments for several Kr ions (XXXII-XXVIII) are in progress at the

JET-EFDA facility, because spectral line intensity ratios, particularly in the XUV region, may be

useful in diagnosing alpha particles produced in a burning DT plasma.With this in view, in a recent

paper [2] we presented energy levels, lifetimes, and radiative rates for four types of transitions,

namely electric dipole (E1), electric quadrupole (E2), magnetic dipole (M1), and magnetic quadrupole

(M2) for five Kr ions (Kr XXXII - Kr XXVIII). In this paper report our results for effective collision

strengths for transitions among 113 levels of the 2s22p5, 2s2p6, 2s22p43l, 2s2p53l, and 2p63l

configurations of fluorine-like Kr XXVIII. From these results the excitation and de-excitation rates

can be easily determined, and will be of particular value in the modelling of Kr-seeded plasmas.

Similar results for boron-like Kr XXXII have already been reported by Aggarwal et al. [3].

Earlier calculations for Kr XXVIII have been performed byWitthoeft et al. [4], who adopted the

AutoStructure (AS) code of Badnell [5] for the generation of wavefunctions, and the Breit-Pauli R-

matrix (BPRM) code of Berrington et al. [6] for the scattering process. In their semi-relativistic

calculations they included 195 levels among the 2s22p5, 2s2p6, 2s22p43l, 2s2p53l, and 2s22p44l–

configurations. Furthermore, they resolved resonances in the thresholds region in order to determine

the effective collision strengths. The contribution of resonances is often significant, particularly for

the forbidden transitions, over a wide temperature range as already demonstrated by Aggarwal et

al. [3] for transitions in Kr XXXII. However, since the calculations of Witthoeft et al. are semi-

relativistic and Kr is relatively a heavy element, they recommended a fully relativistic calculation

for Kr XXVIII. Therefore, for our calculations of energy levels and radiative rates, we have adopted
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the General purpose Relativistic Atomic Structure Package (GRASP) code, which was originally

developed as GRASP0 by Grant et al. [7], and has been updated by Dr. P.H. Norrington. This is a

fully relativistic code, and is based on the jj coupling scheme. Moreover, further relativistic

corrections arising from the Breit interaction and QED effects have also been included. Additionally,

we have used the option of Extended Average Level (EAL), in which a weighted (proportional to

2j+1) trace of the Hamiltonian matrix is minimized. This produces a compromise set of orbitals

describing closely lying states with moderate accuracy. A detailed comparison of our energy levels

and radiative rates (A-values) with the earlier available theoretical and experimental results has

already been made in our previous paper [2], and below we summarise the main conclusions.

In Table 1 we list our energies for 113 levels belonging to the 2s22p5, 2s2p6, 2s22p43l, 2s2p53l,

and 2p63l configurations of Kr XXVIII. Level indices provided in this table will be helpful in

discussing our results for collision strengths and effective collision strengths. The energies listed in

Table 1 are from our calculations from GRASP which agree with those from the Flexible Atomic Code

(FAC) of Gu [8] in both magnitude (within 0.1 Ryd) and orderings. Furthermore, relativistic effects,

particularly Breit and QED corrections, lowered the Coulomb energies by up to 0.3 Ryd ( ≤0.2%) for a

majority of the levels, but Configuration Interaction (CI) included with higher excited levels of the

configurations, such as 2s22p44l, 2s2p54l, and 2p64l, made a negligible difference to the energy

levels listed in Table 1. However, the identification of all the levels is not unambiguous, as there is

strong mixing for some. Examples of such strong mixing are levels (2s22p43p) 4Do
5/2, 

4Po
5/2, and

2Do
5/2 (8/12/21), (2s22p43s) 4P1/2 and 2S1/2 (6/29), and (2s22p43d) 4P1/2 and 2P1/2 (28/36). Therefore,

for such highly mixed levels/configurations, there is a scope for redesignations for which our listed

mixing coefficients in Table 10 of [2] should be helpful. Similarly, the length and velocity forms of

the oscillator strengths (f- values) from GRASP agreed within 20% for a majority of the strong

transitions with f ≥ 0.01, and there was no (major) discrepancy with the corresponding results from

FAC. Finally, as expected, inclusion of CI with higher excited levels made little difference to the f-

values obtained from the calculation among the 113 levels of Kr XXVIII. To conclude, our energy

levels and A- values were assessed to be accurate to better than 1% and 20%, respectively, for a

majority of the levels/transitions.

Also listed in Table 1 are the level energies of Witthoeft et al. [4], obtained from the AS code [5].

As already stated, Witthoeft et al. included one-body relativistic effects, and CI with additional

configurations which is not very important for Kr XXVIII. Therefore, the differences in their energy

levels in Table 1 with respect to our calculations from GRASP and FAC, as well as the experimental

results, are most likely due to the neglect of two-body relativistic operators. As a result, some of

their energy levels are higher by up to  ~1 Ryd than our calculations from GRASP and FAC and/or

the experimental compilations of NIST (http://physics.nist.gov/PhysRefData) - see, for example,

levels 6, 25, 38, 41, and 89. Additionally, and more importantly, some of their levels are interchanged

with respect to our designations, and examples include the levels (2s22p43p) 4Do
5/2 and 4Po

5/2 (8 and

12), (2s2p53p) 2D5/2 and 4D5/2 (66 and 74), and (2s2p53p) 4D1/2 and 4P1/2 (71 and 78). However, as
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stated above and discussed in detail in our earlier paper [2], most of these levels are highly mixed.

Hence, unambiguous identification of their designation/s is not possible. Nevertheless, a significant

difference of up to ~1 Ryd in magnitude for some of the energy levels affects the positions of

resonances and subsequently their contribution to the determination of effective collision strengths.

2. COLLISION STRENGTHS

For our calculations of collision strengths (Ω) and subsequently the effective collision strengths

(ϒ), we have adopted the fully relativistic Dirac Atomic R-matrix Code (DARC) of P.H. Norrington

and I.P. Grant (private communication). This program includes the relativistic effects in a systematic

way, in both the target description and the scattering process. However, because of the inclusion of

fine structure in the definition of channel coupling, the matrix size of the Hamiltonian increases

substantially. The R-matrix radius is adopted to be 1.64 au, and 15 continuum orbitals are included for

each channel angular momentum for the expansion of the wavefunction. This allows us to compute

values of Ω up to an energy of 400 Ryd, sufficient to determine values of ϒ up to a temperature of 107.1

K. The maximum number of channels for a partial wave is 512, and the corresponding size of the

Hamiltonian matrix is 7697. Furthermore, in order to obtain convergence of Ω for all transitions and

at all energies, we include all partial waves with angular momentum J ≤ 40 of both parities even and

odd. This wide range of partial waves is sufficient for the convergence of Ω for a majority of the

forbidden transitions, but not the allowed ones, particularly at higher energies. Therefore, to account

for the inclusion of higher neglected partial waves, we have also included a top-up, based on the

Coulomb-Bethe approximation for allowed transitions and geometric series for others. Clearly a

calculation on this scale is computationally expensive and time consuming, particularly when resonances

need to be resolved in a fine energy mesh in the thresholds region, as discussed in section 3.

In figures 1 and 2 we show the variation of Ω with angular momentum J for only two transitions,

namely 1-3 (2s22p5 2Po
3/2 - 2s2p6 2S1/2) and 4 - 7 (2s22p43s 4P5/2 - 2s22p43p 4Po

3/2), at five energies

of 200, 250, 300, 350, and 400 Ryd. Both of these transitions are allowed. However, for the 1-3

(and many other similar) transition the values of Ω have almost converged, but for a few transitions

such as 4-7 shown in Fig.2, a top-up is necessary in order to include the contribution of higher

neglected partial waves, as stated above. However, values of Ω have fully converged for all forbidden

transitions at all energies within our range of partial waves with J≤40.

Since no other results for Ω are available in the literature with which to compare, we have

performed another independent calculation using the (FAC) code, which is available at the website:

http://kipac-tree.stanford.edu/fac.This code is also fully relativistic and is based on the well-

known and widely-used Distorted-Wave (DW) method. Furthermore, in order to make the

comparisons meaningful we have adopted similar wavefunctions, i.e. our calculations from FAC

include the same 113 levels as adopted in GRASP and DARC. For this reason the results for

energy levels and A-values are comparable between the two independent calculations, as already

shown in our earlier paper [2].
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In figure 3 we compare our values of Ω from both DARC and FAC for three allowed transitions,

namely 1-3 (2s22p5 2Po
3/2 -2s2p6 2S1/2), 4-7 (2s22p43s 4P5/2 - 2s22p43p 4Po

3/2), and 5-11 (2s22p43s
2P3/2 - 2s22p43p 2Po

1/2). Since the oscillator strength (f- values) for these three (and many other)

transitions are comparable between the GRASP and FAC calculations, so are the values of Ω at all

energies, as shown in Fig.3. Similar comparisons of Ω are shown in Fig.4 for three forbidden

transitions, namely 1-2 (2s22p5 2Po
3/2 - 2s22p5 2Po

1/2), 1-17 (2s22p5 2Po
3/2 - 2s22p43p 4So

3/2), and 1-33

(2s22p5 2Po
3/2 - 2s22p43p 2Po

3/2). For some transitions, such as 1-17, agreement between the two

independent calculations is satisfactory at all energies. However, for some (random) transitions

such as shown for 1-2, differences between the DARC and FAC calculations are substantial,

particularly towards the lower end of the energy range. This is partly due to the differences in the R-

matrix and DW approaches adopted in the two calculations, but mainly due to the interpolation and

extrapolation techniques employed in the FAC code, which is designed to generate a large amount

of atomic data in a comparatively very short period of time, without too much loss of accuracy.

Similarly, differences in values of Ω are over the entire energy range for some transitions, such as

1-33 shown in Fig. 4. This is a forbidden transition and values of Ω have fully converged, at all

energies, within the first ten partial waves. Therefore, sometimes a problem of a few anomalies and

some discrepancies may arise from the calculations from FAC, but overall we observe no major

disagreement with our calculations performed from the DARC code, as also observed for many

other ions, such as those of iron (see, for example, Aggarwal et al. [9] and the references therein).

In Table 2 we list our values of Ω for only resonance transitions, i.e. those from the ground level

to higher excited levels, at five energies of 200, 250, 300, 350, and 400 Ryd. The indices adopted to

represent a transition have already been given in Table 1. Also included for a ready comparison in

this table are our corresponding values of Ω obtained from the FAC code at a single excited energy

of   ~240 Ryd. This corresponds to ~400 Ryd incident energy listed in Table 2 for a majority of

transitions, except 1-2, 1-3 and 2-3, for which it corresponds to ~250 Ryd. For most of the transitions

the two sets of Ω agree within ~20% around the highest energy of our calculations from DARC.

However, for  20% of the transitions the differences are over 50%, and examples include 1-21, 2-22

and 3-25. Furthermore, differences are over a factor of two for 138 (2%) transitions, and examples

include 2-64, 7-16, and 8-34. Such transitions for which values of Ω differ significantly are both

allowed as well as forbidden. However, on the basis of the comparisons made above and considering

that a large range of partial waves has been adopted, we assess the accuracy of our values of Ω to be

~20% for a majority of transitions.

3. EFFECTIVE COLLISION STRENGTHS

Excitation rates, along with energy levels and radiative rates, are required for plasma modelling,

and are determined from the collision strengths (Ω). Since the threshold energy region is dominated

by numerous closed-channel (Feshbach) resonances, values of Ω need to be calculated in a fine

energy mesh in order to accurately account for their contribution. Furthermore, in a hot plasma



5

electrons have a wide distribution of velocities, and therefore values of Ω are generally averaged

over a Maxwellian distribution as follows:

(1)

where k is Boltzmann constant, Te is electron temperature in K, and Ej is the electron energy with

respect to the final (excited) state. Once the value of ϒ is known the corresponding results for the

excitation q(i,j) and de-excitation q(j,i) rates can be easily obtained from the following equations:

 (2)

and

(3)

where ωi and ωj are the statistical weights of the initial (i) and final (j) states, respectively, and Eij is

the transition energy. The contribution of resonances may enhance the values of ϒ over those of the

background values of collision strengths (ΩB), especially for the forbidden transitions, as

demonstrated by Aggarwal & Keenan [10] for transitions in F-like Mo XXXIV and Aggarwal et al.

[3] for transitions in B-like Kr XXXII. Therefore, to account for the contribution of resonances we

have calculated values of Ω in a fine energy mesh (∆E ≤ 0.002 Ryd) throughout the thresholds

region. However, the energy difference between levels 3 (2s2p6 2S1/2) and 4 (2s22p43s 4P5/2) is very

large, i.e. ~110 Ryd as shown in Table 1. Therefore, in this energy region we have adopted a uniform

mesh of 0.01 Ryd. In total, Ω values of Ω have been calculated at ~30-500 energies in the  thresholds

region. The density and the contribution of resonances can be appreciated from Figs.5-7, where we

show the variation of Ω with energy for three transitions, namely 1-2 (2s22p5 2Po
3/2 - 2s22p5 2Po

1/2),

1-3 (2s22p5 2Po
3/2 - 2s2p6 2S1/2), and 2-3 (2s22p5 2Po

1/2 - 2s2p6 2S1/2), respectively.

The values of ϒ are listed in Table 3 for all 6328 transitions among the 113 levels of Kr XXVIII,

listed in Table 1. Due to the length of the table, only transitions from the lowest three levels are

printed, the full table being available as a plain text file through the journal’s website at

www.sciencedirect.com. Results are presented here over a temperature range of 105.3-107.1K,

applicable to the modelling of fusion plasmas. Earlier available similar results are from the Breit

Pauli R- matrix (BPRM) calculations of Witthoeft et al. [4], as mentioned in section 1. As in the

present work, they have resolved resonances in the thresholds region and have also included one-

body relativistic effects which are very important for a heavy ion such as Kr XXVIII. Therefore, in

Table 4 we compare our values of ϒ for the resonance transitions with those of Witthoeft et al. at

three common temperatures of 1.57×105, 1.57×106, and 1.57×107K. Also included in this table are

our results from the FAC code, as described in section 2. These results from FAC do not include the

0

∞
ϒ(Te) =      Ω(E) exp(-Ej/kTe)d(Ej/kTe),

8.63×10−6

ωi 
Te

1/2q (t, j) =                     ϒ exp (Eij/kTe)   cm
3
s
-1

8.63×10−6

ωi 
Te

1/2q (j, i) =                   ϒ   cm
3
s
-1
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contribution of resonances and hence will be helpful in assessing the importance of resonances in

the determination of excitation rates.

At the lowest common temperature of 1.57×105K, the contribution of resonances is dominant as

the values of ϒ from our calculations from DARC are higher than those from FAC by up to an order

of magnitude for many transitions, such as 1-6 to 16. On the other hand, the BPRM calculations of

Witthoeft et al. [4] show the effect of resonances being up to two orders of magnitude for some

transitions, such as 1- 4, 5, 6, 9, and 10. For a majority of transitions, the BPRM values of ϒ are

higher than those from DARC. Generally, differences between the two independent calculations

are within a factor of two - see, for example, transitions 1- 4 to 12, but for some transitions, particularly

1-82 and 101, the discrepancy is over an order of magnitude. We believe, the BPRM calculations

have overestimated the contribution of resonances, which may be partly due to the comparatively

coarse energy mesh (of 0.0036 Ryd) adopted by them. Furthermore, there are a few transitions,

such as 1 -18/31/38/41/61/71, for which our results of ϒ from DARC are higher by up to a factor of

three. Part of the reason for such large differences may be the same as stated above, i.e. comparatively

a coarse mesh adopted in the BPRM calculations. However, there may be another source for this

discrepancy due to the larger differences in the BPRM energy levels in comparison to our results from

GRASP and FAC or the experimental compilations, as discussed in section 1. Large differences in

energy levels directly affect the positioning of resonances and subsequently the calculations of effective

collision strengths,  particularly towards the lower end of the temperature range. Finally, some of the

large differences between the ϒ values from the two independent calculations are also due to the

problem of (mis)identification of the levels as discussed in section 1, and as examples see the results

in Table 4 for the 1-71 (2s22p5 2Po
3/2 - 2s2p53p 4D1/2) and 1-78 (2s22p5 2Po

3/2 -2s2p53p 4P1/2) and 1-81

(2s22p5 2Po
3/2 -2s2p53d 4Po

3/2) and 1-82 (2s22p5 2Po
3/2 - 2s2p53p 4P3/2) transitions.

At the middle temperature of 1.57×106 K, the effect of resonances in the determination of ϒ
values is comparatively lower, as expected. Furthermore, the ϒ values from DARC (and BPRM)

calculations show a considerable decrease from Te = 1.57×105 K to 1.57×106 K for many forbidden

transitions (see 1-6 to 16) whereas those from FAC remain nearly constant over the entire temperature

range. Similarly at the highest common temperature of 1.57×107
 K, discrepancies between the

DARC and FAC calculations are much lower, generally within a factor of two, although differences

are up to a factor of 4.5 for the 1-4 and 1-15 transitions. This clearly indicates the decreasing

influence of resonances with increasing temperature. Nevertheless, the contribution of resonances

remains significant even at Te = 1.57×107
 K. The agreement between the DARC and BPRM

calculations for ϒ also improves at the highest temperature. However, for some transitions, namely

1-2, 29, 32, 50, 58, 90, 99, and 100, the discrepancy at the highest common temperature is larger

than at the lower temperatures. This is unexpected considering that most of these transitions are

forbidden except 1-29 and 1-99, which although allowed are weak (f ~ 10-4) and hence behave as

forbidden. In figure 8 we compare the three sets of results for the 1-2 (2s22p5 2Po
3/2 -2s22p5 2Po

1/2)

transition,because the values ϒ as well as the differences are large. Resonances for the 1-2 transition
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are spread over a wide energy range below 140 Ryd as already seen in figure 5, and hence have

enhanced the values of ϒ over the entire temperature range as seen in figure 8 in comparison with

the non-resonant values from the FAC code. This is in spite of the fact that the background values

of Ω from FAC are higher than from DARC by up to a factor of two over the entire energy range as

shown in figure 4. However, the BPRM results for ϒ are considerably higher, particularly above Te

= 106.2 K, indicating an overestimation in the contribution of resonances as already discussed above.

It is possible that their background value of Ω for the 1-2 transition is also higher, although less

likely because the values of ϒ are comparable at lower temperatures.

Among the higher excited levels at Te = 1.57×107 K, about 10% of the transitions have significantly

larger (by about an order of magnitude or more) values of ϒ from DARC than from FAC, and

examples include 2-4, 5 and 6. The 2-4 transition is forbidden but 2-5 and 2-6 are allowed with

f = 6.66×10-4 and 5.23×10-4 from GRASP and 5.16×10-4 and 3.11×10-4 from FAC, respectively.

Therefore, the differences in the values of ϒ (particularly for the 2-5 and 2-6 transitions) are not

due to the corresponding differences in the background values of Ω, but rather to the presence of

numerous resonances, which are spread over a wide energy range. As an example, in figure 9 we

show resonances for the 2-5 (2s22p5 2Po
1/2-2s22p43s 2P3/2) transition of Kr XXVIII. These have

clearly enhanced the values of Ω in our calculations from DARC. A similar comparison at Te =

1.57×107 K between the DARC and BPRM calculations shows that close to half the transitions

from the latter have about 50% higher ϒ values. In conclusion, although the contribution of resonances

is important for a majority of transitions over the entire range of temperatures, the results for ϒ
from the BPRM calculations of Witthoeft et al. [4] appear to be significantly overestimated.

Finally, the highest temperature of our calculations from DARC for values of ϒ is 107.1 K, which

is towards the lower range of what is normally observed in fusion plasmas. Increasing this temperature

beyond the present limit in our calculations from DARC is not feasible with the computational

resources available with us. Therefore, in Table 5 (only available as a plain text file through the

journal’s website at www.sciencedirect.com) we list values of ϒ over a wider temperature range of

7.0 ≤ log Te (K) ≤ 9.0, which are obtained from the FAC code, and hence do not include the contribution

of resonances. We hope the presently listed data for ϒ over a wide temperature range, along with

the radiative rates already reported [2], will be useful for the modelling of a variety of plasmas.

CONCLUSIONS

In this paper we have reported our results for collision strengths and effective collision strengths

for transitions in Kr XXVIII over a wide energy/temperature range, suitable for applications in

fusion plasmas. A large range of partial waves has been included to ensure the convergence of Ω,

and a large range of energy has been considered in order to obtain the converged values of ϒ up to

a temperature of 107.1 K. Furthermore, resonances have been resolved in a fine energy mesh in

order to account for their contribution, which has been found to be significant over the entire range

of temperature considered in the paper. Based on a variety of comparisons, the values of Ω and ϒ
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listed here are assessed to be accurate to ~20% for a majority of transitions. Values of ϒ are also

listed over a wider temperature range up to 109 K, but these are obtained from the non-resonant

values of Ω from the FAC code.We expect that the present results, along with those for energy

levels and radiative rates [2], will be highly useful for the modelling of fusion plasmas.
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Figure 6: Collision strengths for the 1-3 (2s22p5 2Po
3/2 -

2s2p6 2S1/2) transition of Kr XXVIII.
Figure 5: Collision strengths for the 1-2 (2s22p5 2Po

3/2 -
2s22p5 2Po

1/2) transition of Kr XXVIII.

Figure 1: Partial collision strengths for the 1-3 (2s22p5

2Po
3/2 - 2s2p6 2S1/2) transition of Kr XXVIII, at five energies

of: 200 Ryd (circles), 250 Ryd (triangles), 300 Ryd (stars),
350 Ryd (squares), and 400 Ryd (diamonds).

Figure 2: Partial collision strengths for the 4-7 (2s22p43s
4P5/2 - 2s22p43p 4Po

3/2) transition of Kr XXVIII, at five
energies of: 200 Ryd (circles), 250 Ryd (triangles), 300
Ryd (stars), 350 Ryd (squares), and 400 Ryd (diamonds).

Figure 3: Comparison of collision strengths for some
allowed transitions of Kr XXVIII between the DARC
(continuous curves) and FAC (broken curves)
calculations. Stars: 1-3 (2s22p5 2Po

3/2 - 2s2p6 2S1/2),
diamonds: 4-7 (2s22p43s 4P5/2 - 2s22p43p 4Po

3/2), and
circles: 5-11 (2s22p43s 2P3/2 - 2s22p43p 2Po

1/2) transition.

Figure 4: Comparison of collision strengths for some
forbidden transitions of Kr XXVIII between the DARC
(continuous curves) and FAC (broken curves)
calculations. Stars: 1-2 (2s22p5 2Po

3/2 - 2s22p5 2Po
1/2),

diamonds: 1-17 (2s22p5 2Po
3/2 - 2s22p43p 4So

3/2), and
circles: 1-33 (2s22p5 2Po

3/2 - 2s22p43p 2Po
3/2) transition.
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Figure 7: Collision strengths for the 2-3 (2s22p5 2Po
1/2 -

2s2p6 2S1/2) transition of Kr XXVIII.
Figure 8: Comparison of effective collision strengths for
the 1-2 (2s22p5 2Po

3/2 - 2s22p5 2Po
1/2) transition of Kr

XXVIII. Continuous, broken and dot-dash curves are from
the DARC, FAC and BPRM codes, respectively.
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Figure 9: Collision strengths for the 2-5 (2s22p5 2Po
1/2 -

2s22p43s 2P3/2) transition of Kr XXVIII.
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