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ABSTRACT

Analysis of magnetic fluctuations external to toroidal plasmas is important for understanding the
magneto-hydrodynamic (MHD) properties of the plasma, among other things. These properties
affect nearly all aspects of behavior of magnetic confinement, and thus are of interest in topics
ranging from gross global plasma stability, control, and disruption avoidance, to the more subtle
areas such as are involved with passive and active MHD spectroscopy, to name a few examples.
Mode number analysis is generally accomplished by interpreting signals from a finite number of
external Mirnov coils, which typically are unevenly spaced in thetoroidal and poloidal coordinates.
The toroidal mode number, n, is usually easily determined in tokamaks because different modes
generaly oscillate at well separated and distinct frequencies, because of toroidal symmetry, and
because n is often very low (n < 2). On occasion however, multiple modes of various origins may
overlap in frequency, and then the signalsin the individual sensors are the result of a superposition
of multiple modes, so that the task of spatial decomposition becomes a difficult problem. Previous
efforts to resolve mode numbers involve phase fitting, singular value decomposition and/or Lomb
periodogram techniques. We describe a new approach, based on the SparSpec method, and show
that it may be superior in several respects. To illustrate the method, we apply SparSpec to datafrom
externally driven, stable Alfvén Eigenmodes on the JET device.

1. BACKGROUND AND DESCRIPTION OF SPARSPEC

The variety of methods in common use to determine the spatial structure of MHD phenomenain
toroidal plasmas from externa magnetic measurements is quite small. In the standard tokamak
coordinate system, magnetic perturbations at the plasma edge are represented well by functions
involving toroidal and poloidal harmonics, writtenas ., , = €™ E é™) | where each mode hasone
singletoroidal mode number, but will include several poloidal Fourier harmonics dueto toroidicity
and other geometric effects. As aresult, the poloidal quantum number isnot well defined, evenin
very large aspect ratio plasmas with cylindrical cross-section. In the poloidal dimension, uniform
spacing between sensors does not result in any gainintermsof ease of anaysis, because the distance
between sensor and plasma surface is invariably a function of poloidal angle 6, and because a
Shafranov shift and plasma shaping effects will result in effective spacing periods A6 that are
anything but constant. Additionally, because poloidal mode-structure can never be represented by a
single Fourier term, atechnique such as Singular Value Decomposition (SV D) isappropriate, since
it makes no assumptions about the nature of the spatial basis functions[1].

For the toroidal aspect of the analysis however, the eigenfunctions describing perturbations are
best represented by simple sinusoids. When sensors are evenly spaced in the toroidal dimension, a
simple discrete Fourier transform will reveal the mode amplitudes for each n separately [2], up to
the Nyquist mode number given by n__ = i/A¢ (here A¢ is the angle between adjacent probes).
Unfortunately, evenly spaced sensors are often not available due to engineering constraints.
Furthermore, it can be shown that even spacing does not represent an optimum arrangement for



magnetic pickup coils, because of the aforementioned Nyquist limitations and aliasing effects[3].
Therefore, the standard approach for determining the n-number of an MHD mode is to fit the
phases of data from two or more sensors separated by their toroidal angle to a straight line. The
slope of the line then represents the n-number.

When there is only one dominant mode with one single n-number, phase-fitting is relatively
successful and simple(i.e., fast), but when there are multiple modes with multiple n-numbers some
other meansto resolve the mode numbers must be used. Thetools employed to estimate sinusoidal
contributions in sets of unevenly sampled data have traditionally involved the so-called Lomb
periodogram [4], and this method was recently applied to Alfvén Eigenmode identification in the
Wendelstein 7-AS stellarator [5]. Thisisessentially aL east Squares (L S) fitting to sinusoids, which
workswell if thereisonly one dominant mode, but has limitations when multiple modes are present
in the data. L Sfitting of sinusoids from unevenly sampled seriesis a difficult problem because of
the non-linearity of the model with respect to the mode number parameters, so the L S criterion may
have many local minimain which optimization algorithms may get stuck (whilethe global minimum
isrequired). For asingle mode number, it leads to the maximization of the Lomb periodogram, but
the problem is generally more difficult for several modes, even if the number of modes is known
(which israrely the case).

A recent publication by Hole and Appel [6] describes an approach which uses SVD methods to
fit magnetic data to a predetermined number (M) of Fourier modes. This approach is capable in
principle of finding multiple simultaneous modes (degenerate in frequency) by L Sfitting to aset of
sinusoidal basis functions after testing all linear combinations of these basi s functions, computing
the least square solution for each, and selecting the one with the smallest residual asdefined in [6].
The drawbacks of this method are twofold: First, for M higher than 1, the number of detected
modeswill alwaysbeM, evenif thereisonly one modein the data. (However, the additional modes
will have alow amplitude.) Second, for M > 1, it rapidly becomes computationally expensive to
run through al possible combinations of M modes, the number of which is given by the binomial
coefficient, n! + M!(n-M)! (here n is the maximum allowed mode number). For example, for the
maximum n-number limited to n < 20, there are isrespectively 820, 10,660, 101,270 and 749,398
combinations, for M = 2, 3, 4 and 5. For n__ = 30 and M =5, there are 5,949,147 combinations!
Although the computation of the Moore-Penrose pseudo-inverse matrices can be done just once
and these results stored, the least-squares solution must be computed for each combination.

The problem of finding periodic waveformsin unevenly sampled datais ubiquitousin the field
of astronomy, where much work has been done. It is easily seen that temporal frequencies in
astronomical data can correspond to spatial toroidal mode numbersin tokamaks, and that unevenly
sampled datain timeisthe analog of datafrom unevenly distributed Mirnov sensorsin the toroidal
coordinate. Since aimost all astronomical datais unevenly sampled (due to weather conditions and
the earthsrotation), considerable effort has goneinto the problem of improving upon the limitations
of the Lomb periodogram. For example, the CLEAN [7] and CLEANEST [8] a gorithmsattempt to



remove some of the artifacts arising from uneven sampling, to mention only two. In astronomy, the
frequencies sought are obviously allowed to take on any value, which makes these methods not
quite suitablefor MHD analysis: periodic boundariesin toroids ensure that only modeswith integer
n can exist. (Again, nin toroidal space isthe analog of frequency in atime series.)

Recently, anew method for fitting sinusoidsto irregularly sampled datawas proposed [9], which
is implemented in the SparSpec computer code (freely available at: http://www.ast.obs-mip.fr/
Softwares). The model used in SparSpec islinear in the frequency parameters:. the datais modeled
asalarge number (possibly larger than the data size) of pure modes, discretized on afixed, arbitrarily
thin, grid. (For consistency with [9] we use the term ‘frequencies here, which applies to time-
sampled data. For tokamaks and space-sampled datait correspondsto the spatial n-number.) Among
the many representations fitting the data, we seek the one with the fewest non-zero amplitude, i.e.
a sparse spectrum. The solution is computed as the minimizer of apenalized LS criterion:
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Herey ={y,.Y,... Y5} ' isthevector of datataken at timet_, W isaNx2K+ 1 matrix with elements
W, = exp(i2nt,f,), and x = {X,,T... xk}T is the vector of complex amplitudes associated with
frequencies f,, k = -K...K. The hyper-parameter A is unknown and must be fixed to obtain a
satisfactory sparse solution. It can be interpreted as the maximum peak amplitude alowed in the
periodogram of theresidual. Thiscriterion isconvex, with no local minima, but asit isnot “strictly
convex”, uniqueness of the global minimizer is not guaranteed. However, it is shown in [10] that the
globa minimizer islikely to be unique if it has less than N/2 non-zero components, where N is the
datasize. A computationally efficient and convergent optimization strategy has been proposed in[9],
based on aBlock Coordinate Descent algorithm. The minimization in SparSpec to detect frequencies
and estimate the amplitude of the detected modes is performed on what is known as the I'-norm,
which bypasses the requirement to test every possible combination of mode vectors asis the case
with the 1°norm. Many theoretical works have been done to determine conditions of equivalence

of both settings, one exampleisfound in [11].

2. BENCHMARKING THE SPARSPEC METHOD FOR TOROIDAL MODE NUMBER
ANALYSISON JET
Because SparSpec discretizesthe allowablefrequencies, it isideally suited for toroidal mode number
analysis, since only modes with integer wave number are sought, f, =k, k = -K...K.
A batch processing code was devel oped for tokamak datain thefollowing ways: first, the SparSpec
code was adapted to take complex dataasinput. Then, because of the penalization termin J(x), the



minimizing amplitudes are initially underestimated; the full version of SparSpec involves a re-
estimation of the detected frequencies using barycentric arguments, which improves the frequency
precision when the frequencies can be off the frequency grid. But in our case, we know that the
frequencies are on the grid, so that instead a simple LS fitting routine was written to re-estimate
amplitudes of the detected frequencies. The code was benchmarked with Monte Carlo simulations
using artificial, noisy data. It was found to be very robust, and very fast (2 msec for one time point
with 11 complex valued signals on a 2.2GHz processor).

On the JET experiment, there are eleven Mirnov coils at one common poloidal angle, unevenly
spaced toroidally. The SparSpec method was applied to simulated data which mimicked datafrom
JET, using identical sensor coordinates, with varying levels of noise. An example calculation is
shown in Figure 1, where data was constructed from four random modes (random n, amplitudes,
phases), and with 5% random Gaussian noise added to each sensor. The SparSpec frequency grid
was restricted to —40 < n < 40. SparSpec correctly identifies the dominant four modes; the small
amplitude solution is due to the added noise.

A systematic scan wasthen performed to benchmark the ability for SparSpec to resolve multiple
modes in the Mirnov coil data. In the code, several parameters are set which facilitate better
convergence and accuracy of the analysis, depending on the size of theinput data array, the number
of modes present in the data, the tolerance for precision, etc. The aim of the modeling was to find
that set of parameters that would allow for an efficient and automated procedure for toroidal mode
number separation. In particular, the results of SparSpec calculations are very sensitiveto the hyper-
parameter |. The size of the set frequency grid (range of n to consider) can also play arolein the
accuracy of the calculations, and speed. Several levels of random noise wereintroduced to determine
if and under what conditions SparSpec can be trusted. Some of the results of these smulations are
shown in the following figures. In general, SparSpec produces very good results when the number
of modesin the dataislessthan five, and when noise levels are reasonabl e (Iess than 10% of signal
amplitudes). Theseresults are consi stent with the theoretical results which guarantee uniqueness of
the criterion minimizer only if it has less than 5 non zero-components for N=11 data[10].

First, in order to qualitatively characterize the ability of SparSpec to determine toroidal mode
amplitudes and phases, a set of artificial data was constructed which consisted of a“time’ series
which included a superposition of 21 toroidal modes (-10 < n < 10), with varying amplitude and
phases. Each mode has maximum amplitude at a unique time, in a Gaussian envelope. Each mode
was designed to experience a full range of phases (0-2p radians) within the time in which it had
significant amplitude. Four different data sets were constructed, with different widths of Gaussian
mode amplitudes, so that for different setsthe amount of mode-overlap wasvaried. The more mode
overlap, the greater the challenge to SparSpec, since it is expected to identify alarger number of
simultaneous modes. The generated data contained no noise, i.e. the input to Spar Spec represented
ideal measurements of amplitude and phase at each sensor. One such data set isillustrated in Figure
2. SparSpec eval uated each set using six different values of the hyper-parameter, |. Other parameters



in SparSpec were held fixed, for example the frequency grid in which SparSpec searched was
limited to —30 < n < 30.

The outcome of these calculations illustrates several trends as seen in Figure 3: when there is
only one mode, nearly any A value is adequate and Spar Spec correctly identifies the amplitude and
phase. (For real data with noise, the A parameter should be set higher in order to preferentially
suppress solutions containing multiple modes.) When there are several simultaneous modes, for A
values between 0.2 and 0.6, SparSpec correctly identifies the modes with the strongest amplitudes.
This means that SparSpec isfairly robust, errors are expressed in the form of missing information
about lower amplitude modes, and SparSpec does not indicate toroidal mode numbers which are
not present in the input data. This trend however has limits, and with the addition of noiseis only
held true by higher values of the A parameter. Fortunately, the general trend for higher A’s is for
SparSpec to ignore lower amplitude modes.

Next, in an attempt to quantify the accuracy of the SparSpec calculations, Monte Carlo type
simulationswere carried out, using thefollowing scheme: randomly generated data setswith different
mode numbers, phases, and relative amplitudes were input into SparSpec. Noise was included in
the input data by generating Gaussian noise on each sensor. A noise figure of 10% represents the
addition of arandom number generated with a mean of 0, standard deviation 1, divided by 10, on
each of the eleven sensors. In each case, the input mode amplitudes were normalized (2 ‘A]‘ =1,
Aq= amplitudein qth mode), and the error in the SparSpec output was evaluated by summing the
difference between the input mode amplitudes and output amplitudes at all mode numbers, i.e.:

3

If err = 0.5, the calculation was considered to be 100% wrong. Thisis avery conservative way of
estimating errors because an error for one mode number can throw the entire result into the 100%
error bin, even though there may be several modes which SparSpec hasidentified correctly. Monte
Carlo type simulationsthen produced results which were histogramed as shown in Figure 4. Evident
in the figureisthe fact that SparSpec either correctly identifies al the modes and their amplitudes
and phases, with little error, or completely missesthe mark. This can be understood by recognizing
that there are several solutions (with vastly different n's and amplitudes) which come close to
reproducing the input data.

1000 calculationswere performed for 10 different noise levels, 4 different n-number ranges, and
6 different input data types (from having only one n present to finally six distinct modes). The
result of one subset of the calculationsis shown in Figure 5. The full set of resultsis shown in aset
of bar chartsin Figure 6. The general conclusionsare that SparSpec can handle up to 5 ssmultaneous
modes when the noise level is effectively 0. In the presence of sensor noise, SparSpec calculations
are mostly correct when there are four or less modes present in the data even when the mode
spectrum contains n < 40; agreater number of modes in the output should probably not be trusted.
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3. RESOLVING STABLE ALFVEN EIGENMODESON JET

Oneareain which the detailed mode number identification of MHD fluctuationsisdesired isknown
as MHD spectroscopy [12]. The term refers to a broad topic in which fluctuations are used to
deduceinformation about bulk plasmaparameters, for example some properties of the g-profileare
revealed with the observation of reversed-shear Alfvén eigenmodes. The TAE antenna project on
JET [13,14,15] isan example of active MHD spectroscopy, where small magnetic perturbations
areactively produced by external antennas, and the plasmaresponseyieldsinformation about toroidal
(and other classes) of Alfvén eigenmodes (AE’s). The motivation isthat multiple AE’swith several
toroidal mode numbers are known to be excitable by supra-thermal ion popul ations, which in some
circumstances can lead to rapid loss of fast particle confinement [16,17]. Thiswould pose problems
for aburning plasma scenario, and therefore measuring the damping rates of AE’sin the absence of
fast particle drive and in avariety of plasma conditionswill aid in understanding some underlying
physics relevant to burning fusion plasmas.

The TAE antennas on JET consist of an array of small coilswhich can excite medium and high-
n Alfvén Eigenmodes, depending on the polarity of the individual antennas (one amplifier is the
common source). Because of the small spatial extent of the antenna arrays (see Figure 7), the
magnetic perturbations to the plasma surface necessarily are composed of a broad spectrum of
toroidal mode numbers (Figure 7, right). Data from Mirnov coils are obtained via synchronous
detection hardware, i.e. avery sharp bandpassfilter (+/-100 Hz) producesthein-phase and quadrature
signal components only at the antenna frequency, and these signals are then used to facilitate real
time resonance detection and tracking [8]. The damping rate of the detected resonant mode is
determined post-shot by evaluating the poles and residuesin the transfer function between Mirnov
signals and antenna currents [13].

On JET, for unstable modes driven by fast ions, multiple AE’s with medium toroidal mode
numbers (3 < n < 12) typically oscillate with nearly the same frequency of afew 100 x kHz, with
the observed frequenciesin the lab frame separated by a small doppler shift due to plasmarotation
(since the mode rotates with the plasmafluid, Af = An xQ), typically by afew kHz. Thisisenough
to determine toroidal mode numbers separately at each frequency using standard techniques. But
for the case of stable, externally excited AE’s, any modes near resonance with the driving frequency
will be excited (at that same frequency).

In the presence of only one dominant resonant mode, n-number identificationisstraight forwardly
accomplished with straight-line phase fitting. The resonances of other, less dominant (more stable
or more core-localized) modes with different n-numbers will be missed, however. In addition,
when the phase-fitisvery bad or jumpsfrom onen to another with incremental changesin frequency,
it isastrong indication that there are several modes being detected simultaneously (see Figure 8).
This latter case can completely prevent n-number identification by traditional methods such as
straight line phase-fitting.

Using SparSpec, individual MHD modes can be resolved and the damping rates determined for



each mode separately. Only then can the damping ratefor individual modes be calculated accurately,
without being obscured by other modes with similar resonant frequencies but different damping
rates. An exampleisshown in Figure 9 for JET Pulse No: 69586, in which three toroidal AE’swith
mode numbersn = -1, 0, 2 exist smultaneously near t = 32 sec.

When avery smdl time interval is analyzed, the changes in amplitude and phase of an individual
mode as a function of incremental changes in antenna frequency can be used to calculate the damping
rate, y, of themodeinthat timeinterval [13]. Onesuch calculationisshowninFigure 10, for t = 31.8 sec.
When plotting the in-phase and quadrature (real and imaginary) components in the complex plane, a
circleresults. It isinteresting to note that the resonant frequencies of the three AE's differ dightly from
each other, based on thefact that for each mode the pesk amplitude occursat dightly different times. The
damping rates of the three modesin this case are nearly identica (y /o = 2%). Such information would
not be possible without applying the SparSpec method to the Mirnov datafirst.

4. FURTHER CONSIDERATIONS

While perhaps obvious, neverthelessimportant to noteisthat in the presence of significant variation
across sensorsin terms of frequency dependent complex gain (amplitude and phase), the SparSpec
method no longer produces correct toroidal mode numbers. Such differences may be the result of
conducting structures nearby individual probes, subject to different eddy current patterns, or dueto
differences in probe construction or electrical transmission line characteristics. Thus, for accurate
toroidal mode number reconstruction the transfer function of each individual probe must be known,
and the datacalibrated, at |east relatively. Of course, thisisalso the case for any other mode number
identification method. For the magnetic probes on JET, uncertainties in the relative calibration of
Mirnov coilsat high frequencieslead to systematic errorsin the analysis, so for example pure low-
n modes will appear to be accompanied by a small amplitude high-n mode (e.g. n = 29) at high
frequencies. To thoroughly discuss these errors is beyond the scope of this paper; suffice it to say
that such errors are small for JET data below 300kHz.

Another topic which isof someimportance in evaluating the abilities of SparSpec dealswith the
spacing and positioning of individual Mirnov coils, aswell asthe number of coilsavailablefor use.
Of course the probe positions on JET are fixed, but such an investigation might be worthwhile in
view of the (not yet completed) design of the magnetic probe diagnosticsfor ITER. Againitiswell
beyond the scope of this paper to investigate these topicsin any systematic way, because optimized
sampling strategy is atopic of some depth, the reader isreferred to [3] for a detailed treatment.

For illustrative purposes, an example of the effect of sensor positioning will be described. Inthe
modeling of artificial data, it was observed that SparSpec produces very small artifacts near n = +/
—10 and +/- 20, i.e. the output contains small peaks at various mode numbers when the input data
containsmodesn =9, 10, 11. These false peaks, while negligibly small, seem to be result from the
toroidal arrangement of the sensors. They can be understood by considering that for regularly
spaced coils, the spectral window isaDirichlet kernel of period N, where N isthe number of coils.



Intheirregular sampling case (such asat JET), the spectral window also can have secondary |obes,
dueto ahidden regularity in the sampling: 8 of the 11 sensorsin useon JET actually form part of an
array of 10 equally spaced Mirnov coils. Using simulated data, when the sensor spacing isoptimized
according to results by Madore and Freedman (Table 1 in [18]), SparSpec output calculations do
not exhibit any errors of the kind described. A more noticeable difference in performance emerges
when processing data which contains some amount of noise and is discernable in Figure 11. This
figure depicts SparSpec output data in the same fashion as Figure 3 in section 2. Two scenarios
were run: one in which the sensor geometry is JET like (a), and one in which the spacing of eleven
sensorswas “optimized” (b). The JET geometry result hasafew more errors, particularly concerns
the phases (c). The optimized geometry also allowsslightly better resol ution into lower amplitudes,
as seen by studying the figures closely.

CONCLUSION

A new method for identifying toroidal mode numbers in Mirnov data from toroidal plasmas has
been benchmarked. Embodied in the SparSpec code, and originally developed for analysis of
unevenly time-sampled astronomical data, this new method fits signal swhich are unevenly sampled
in the toroidal coordinate to a sum of an arbitrarily large number of toroidal modes with integer
mode numbers. By assigning a larger penalty to solutions that invoke larger numbers of modes,
SparSpec determinesthe best fit with the sparsest spectrum. The method has proven to be extremely
robust, and isespecially useful for resolving the amplitudes and phases of multipleAlfvén eigenmodes
which are ringing with the same or nearly the same frequency. The method also is superior in
determining n-numberswhen thereisonly one dominant mode present, as compared with traditional
straight line phase-fitting techniques, because both amplitude and phase information is considered,
and thus discrimination against noise is improved.

The great efficiency with which SparSpec detects multiple modesin large datasets suggests that
it may be used in real-time applications such as Resistive Wall Mode (RWM) or tearing mode
control, among others. We plan to use Spar Spec in feedback cal cul ationsto target specific n-numbered
modes during active Alfvén spectroscopy, using a subset of 8 Mirnov coils, and with the goal of
loop rates < Imsec.

Examplesinvolving stable Alfvén eigenmodesin JET, excited by an array of external antennas,
were used to illustrate the efficacy of the method. Additional general considerations regarding
optimized spatial sampling strategies were also briefly addressed.
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Figure 8: Stable TAE's excited by external antennas in JET Pulse No: 69570. Active antennas sweep in frequency to
repeatedly scan over a detected resonance. Determination of n-number using simple straight line phase-fitting of
three closely spaced Mirnov coils shows drastic jumps in n-number for incremental frequency changes and indicates
the presence of multiple modes.
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Figure9: Left: detail of JET Pulse No: 69586 from31.6 < t < 32.3. Threemodeswithn= -1, 0, 2 compete with nearly
equal amplitudes. Right: Spar Spec resolves amplitude and phase of each mode.
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Figure 10: Left: detail of SparJpec calculation near t =
31.8s. Three modes can be seen to have dlightly different
resonant frequencies. Middle: normalized amplitude and
phase each mode ver susantenna frequency. Right: damping
calculation the three modes: for n=0: freq, = 123 kHz,
y/w=1.96%, for n=-1: freq,= 125kHz, y/ow = 2.11%,
for n=2: freg, = 124 kHz, y/w = 2.12%.
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Figure 11: Spar Spec cal culations estimationsfor input data with 5% noise, —20< n< 20, | isfixed at 0.4. I nterpretation
asin Figure 3. (a) output using JET sensor geometry, (b) output using suggested sensor spacing from[18]. (c) Zoom
detail of amplitudes (left) and phases (right) showing minor benefits of optimum spacing.
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