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ABSTRACT.

This paper analyses the properties of a critical gradient transport model based on a few assumptions:
electrostatic gyroBohm scaling law, existence of an instability threshold, and finite background
transport below the threshold. This model is characterised by only 3 scalar parameters. A quantitative
criterion of stiffness is proposed, which provides a mean for a quantitative assessment and inter-
machine comparison. It is also shown that this transport model is compatible with a two term
scaling law of global confinement, as proposed recently by the ITPA-CDBM Group (International
Tokamak Physics Activity - Confinement Data Base and Modelling Topical Group). This model
has also been applied to analyse a variety of experiments using mostly electron heat modulation on
JET, ASDEX-Upgrade and FTU. The thresholds are found to be in the expected domain for micro-
instabilities in tokamaks. The stiffness factor is found to cover a broad range of variation. One
possible cause is the ratio of electron to ion temperature, which is found to exhibit a correlation

with the stiffness factor.

1. INTRODUCTION

The question of profile stiffness in tokamak plasmas has been debated for years [1,2,3,4,5,6,7]. Up
to know, and in spite of a wealth of results, this debate did not lead to a clear conclusion. This
suggests that some conditions have to be fulfilled to observe stiff profiles. Also a new element was
introduced in the discussion, which comes from a recent result of the Confinement Data Base and
Modelling (CDBM) Topical Group in the frame of the International Tokamak Physics Activity
(ITPA). It was found that the confinement time is fairly well described by a two term scaling law
that separates the contributions of the bulk and pedestal in H-mode plasmas [8]. These two
contributions exhibit different parametric dependences, whereas an assumption of strong stiffness
would lead to similar scaling laws.

Part of the contradiction comes from some ambiguity in the definition of stiffness. Stiff profiles
are commonly defined as marginally stable profiles, i.e. profiles whose gradients are very close to
the instability threshold everywhere. However, a less stringent characterisation is to define a number
X, the stiffness factor, which quantifies the ratio between the diffusivity and the difference between
the temperature gradient and its critical value K., with an appropriate normalisation. Strong stiffness
corresponds to a large value of Xg. It is also often forgotten that the diffusivity stays finite below the
instability threshold. This property is obviously true for ions since the diffusivity cannot be lower
than the neoclassical value, which is not negligible. The neoclassical diffusivity of electrons is very
small. However it is plausible that a finite turbulent diffusivity exists below the threshold, for
instance due to some residual small scale turbulence or to turbulence propagation. Assuming an
electrostatic gyroBohm scaling law, one is led to a transport model that is characterised by 3 numbers:
a threshold K, a stiffness factor Xg and a background diffusivity X,,.

There exist already many transport models that involve an instability threshold. One may quote
RLW [9], Weiland [10], IFS-PPPL [11], GLF23 [12], Multi-Mode (MMM) [13] and OHE [14]



models. The concept of diffusivity with two contributions, a large and a small one, also underlies
the mixed Bohm-gyroBohm model [15]. Stiffness is usually assessed by predicting profiles using
one or several models and comparing them with measurements. This has been done extensively
during the recent years [4,7,16,17]. Another strategy was proposed recently [18,19,20]. It consists
in identifying the reduced set of parameters that characterise the simplified transport model described
above. This identification was made possible by analysing experiments where the heating source is
modulated. Both steady and modulated profiles provide some information in this case. In particular,
the threshold can be determined with accuracy by using the change of slope that is observed on the
radial profiles of amplitude and phase of modulated temperature. The drawback is obviously that
this simplified model does not cover all the physics known from first principle turbulence simulations.
However, it offers many advantages. First, an interpretative analysis can be done in an efficient
way, i.e. the parameters of this model can be directly identified from experimental results, and
compared in different plasma conditions or machines. Second, this transport model has analytical
(or semi-analytical) solutions so that some exact results can be obtained and tested. In particular,
quantitative conditions for getting stiff profiles can be derived. Finally, it provides an easy access to
the scaling law of global confinement. The latter property is used here to clarify the compatibility
with a two-term global scaling law.

The paper is organised as follows. The transport model is described in section II. Conditions for
stiffness are given in section I1I, while the global confinement time is assessed in section I'V. Finally
a comparison with experimental results based on existing modulation experiments and on the ITPA-

CDBM two-term scaling law is done in section V. A summary and conclusion follow.

2. AMINIMAL TRANSPORT MODEL

The aim of this section is to derive a simple transport model that preserves some basic properties of
turbulent transport. The main hypothesis is a turbulent transport characterised by an electrostatic
gyroBohm scaling law, switched on above a threshold —Rd T/T = K [21]. Here r is a label of flux
surface with a dimension of length. The assumption of gyroBohm scaling relies on several recent
turbulence simulations in the limit of small values of p* [22,23,24,25]. However, one has to bear in
mind that a substantial departure from gyroBohm scaling is found when the diamagnetic ExB
velocity shear rate is large [22,24] or when turbulence spreading takes place [25]. Below the threshold,
the diffusivity is finite and is produced by collisions for ions, or by some background of turbulence
for electrons. To simplify the calculation, the scaling law of this background diffusivity is supposed
to be also gyroBohm (this means that the dependence on temperature is wrong when the background

diffusivity is neoclassical). With these assumptions, the thermal diffusivity is of the form
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where is the Larmor radius, ps =,/ m;T/eB is a number that characterises the stiffness, and H(x) is



a Heaviside function. The safety factor has been introduced to account for the improvement of
confinement with plasma current. It is also consistent with profiles of diffusivity that increase
radially. The exponent v is adjusted once for all when comparing various devices. The value v=3/2
was chosen in the present work, as it seems to be the best compromise, and allows to recover the
scaling of the two term scaling law with plasma current (see section V). Recent simulations of Ion
Temperature Gradient (ITG) driven turbulence provide some justification of this choice [26], since
the parameter n was found to range between 1 and 2. Still this choice cannot be considered as
definitive. Once the parametern is chosen, this transport model is characterised by 3 dimensionless
constants X, Xg, K¢, to be determined from experiments. These parameters may depend on plasma
parameters such as the ratio of electron to ion temperature Te/Ti, the effective charge number Zeff,
the density gradient length, and/or the ratio of the magnetic shear to the safety factor s/q depending
on the underlying instability. The present analysis is valid if the 3 parameters X, Xg, K are radially
uniform for a given plasma. Thus X, X5, K¢ may differ from one set of experiments to another one.
Still the assumption that X, Xg, K¢ are uniform is a limitation. For instance the threshold is known
to vary radially in Tore Supra [3].

For each species, the steady-state temperature is a solution of the heat equation, the heat flux

being determined by the Fourier law
't = —nyTo,T (2)

Using the transport model Eq.(1), it can be rewritten as (see appendix A)
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T is a normalised temperature
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and is a function of the normalised spatial coordinate
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A prime indicates a derivative with respect to p. The parameter
X0
ho = (6)
KeXs

characterises the relative degree of stiffness and is supposed to be smaller than 1. The function g(p)
is a heat flux normalised to the edge value (see appendix A). The temperature TgB is determined by

the relation
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where the flux I'p(a) is the heat flux at the edge, q, the edge safety factor, n, the edge density and
Ps o8 =4/ M Tgp /eB is the Larmor radius calculated with the temperature T,y. The temperature Typ
plays a central role in this work. It exhibits the usual “gyroBohm” scaling and may be recast in a

more convenient way when the geometry is elliptical (see appendix A)
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Since each species may be characterised by a different set of parameters X, X, and K., the temperature
TgB can be different for electron and ions. In the expression (8), Pyy is the additional power for
one species.
The equation (3) can be rephrased in the following way:

i) above the threshold, T' > T, the temperature gradient is solution of the equation
T2-1(1-)T' — gt =0 9)

or equivalently

WS !(1—x0)212 ]”2
T = + + gt
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i) below the threshold, T' > T, the temperature gradient is solution of the equation
v= £ (11)
M

In the case where the normalised heat flux is a radially uniform or an exponential, the solution of
the heat equation (3) is analytical (see Appendix B). In the general case, the first order Eqs.(10) and
(11) are easily solved numerically. The paper will be illustrated with the choice Ay =0.025 and a

-

The parameter xs characterises the heat source localisation and is chosen as xg=0.3 throughout this

normalised flux g of the form

paper. The boundary condition is an edge temperature T = Ta at r = a. For an H mode, Ta is the
height of the pedestal.

3. CONDITIONS FOR STIFFNESS.

The analysis of equations (10) and (11) shows that the plasma can be divided in three regions:



1) an edge region where the temperature is low and the gradient is well above the threshold. This

region exists when T<<TgB (i.e. T<<1). An approximate solution of Eq.(11) is

p 2

1

= (ra“z + Idpg<p>) (13)

0

2) a stiff region where the temperature is high T>>1, and the gradient is above the threshold. An
approximate solution when Ay<<1 is the well known exponential shape

‘Ezcep (14)

Using the heat flux conservation I't = —ngX 9, T, it is found that for a stiff profile 0, T =—nyK_T, the
heat diffusivity is given by X =I'1/(nyK_T). Thus the heat diffusivity decreases when the temperature
increases along the radial profile. This behaviour may appear paradoxical at first sight. It results
from a temperature that increases faster than its gradient, as shown by Eq.(10) (see also Fig.1).
Hence the temperature gradient length gets closer to the threshold when approaching the magnetic
axis. The transition between the edge and stiff regions is smooth. It is decided arbitrarily here that
the boundary p = PoB between the two regions corresponds to T= 1. For a constant heat flux, the
logarithmic derivative of the temperature —0 T/K_T is a unique function of the temperature T/TgB,
as indicated by Eq.(10). For a given class of heat profiles, all these curves are close to each other

(see Fig.1).

3) aregion where the temperature is high and its logarithmic derivative is below the threshold. In the
following, we will refer to this non-stiff region as the “core region”. The solution of Eq.(11) is

p

T= dpg(p)

1
T
The transition between the stiff and core regions is sharp and occurs at the position where T =T'= g/h,,.
This equation defines a position p = p_, and a critical temperature T_ = g(p.)TgB/A,. Explicit
expressions of p.. and Pgp are given in Appendix B. The transition temperature depends essentially
on the reference temperature Ty and the stiffness factor A,. It also depends on the normalised heat
flux g(p): when the deposition profile is flatter, the stiff region is thinner. A localised deposition
profile leads to a flux g that behaves as a/r, thus moving the location of the transition towards the
axis. This transition corresponds to the point where turbulence vanishes (note however that a
turbulence may propagate from unstable to stable regions). The hot core is therefore a quiescent
region (or weakly turbulent depending on the meaning of X,).

In summary the temperature profile is stiff in a layer Per<I<fyp, where Iop is the radius such that
T=1,andr /a=1-p /P ax Where p . is defined above. An example is shown in figure 2. Figure
3 gives the dependence of these radii on the edge temperature for A, =0.025.



At this point, three main conclusions may be drawn:

i) the edge region disappears when increasing the edge temperature, i.e. when Ta>>TgB. This
condition expresses that the edge is stiff when the pedestal is high enough (it comes from the
e dependence of the diffusivity). We note that TgB does not depend on the machine size (see
Eq. (8)). So the difference of stiffness observed in various devices has to be explained with
other considerations. When increasing Ta/TgB, the hot core region broadens, thus reducing the
width of the stiff region. For instance when T, = 2T.p and A = 0.025, the stiff region only
covers a half of the plasma.

ii) Stiffness is controlled by the stiffness factor Xg. However the extension of the core region
depends on the relative degree of stiffness Ay = X/(icXg). In particular there is no core region
if Ky =0, whatever Xg. The transition temperature between the stiff and core regions behaves as
1/M. For instance, for Ay =0.001, the temperature profile is stiff almost everywhere. An example
is shown in figure 4.

iii) a scan on the source radial width indicates that the stiff region is wider when the heat source is
more centrally localised (i.e. when decreasing the parameter Xg). This comes from the fact that
at a given radius close to the axis, the heat flux increases thus maintaining —V_T/T more easily
above the threshold. The non stiff core region is thus reduced.

In summary the condition for the plasma to be stiff everywhere is twofold T,>>1 and Ay<<I, or

equivalently Ta>>TgB and Xy <<Kk:Xs. Peaked deposition profiles enhance the stiffness.

4. TWO TERM SCALING LAW AND STIFF TRANSPORT MODEL.

Once the heat equation has been solved for each species, the energy content and confinement time
can be calculated. Some simplification is necessary to allow a comparison to a scaling law of global
confinement time. It is assumed here that the model of diffusivity Eq.(1) is the same for electrons
and ions, with the same threshold K, degree of stiffness A, and normalised heat flux g, but possibly
different stiffness factors Xge and Xgj. (and therefore different background diffusivities to maintain
A constant). Also the density, and the ratio of electron to ion temperatures are supposed to be
radially constant. Adding the electron and ion heat equations eliminates the equipartition term. The
resulting heat equation is the same as before (i.e. Eqs(1) and (2)) except that kg is now an effective

stiffness factor. Solving in the average temperature T = (T +T;,)/2, this effective stiffness factor

5/2
T
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The confinement time is then of the form



where

1 pmax
C, = [dpre™? (16b)
max

and T, is given in the Appendix A, Eq.(A11). The function Jis J = nV'/naV’a. We limit the calculation
to the case of an elliptical geometry so that J = 2r/a = 2(1-p/p ,,,,)- It is stressed that Py, is now
the total additional power. The temperature profile and the form factor Cg, are parameterised by the
normalised edge temperature Ta/TgB, the stiffness A, and the heat source localisation x,. This
confinement time includes the energy content associated to the pedestal. Thus it differs from the
“core confinement time” defined by the Confinement Database ITPA group [8]. To avoid any
confusion we will call the latter confinement time of the plasma bulk. Hence the plasma bulk
covers the 3 regions (core, stiff and edge) previously defined. The edge temperature T, is the height
of the pedestal. Following the prescription of the ITPA group, the confinement time of the plasma
bulk is defined as

Tebulk = CrTPATgB (17)

The form factor is now given by the relation

pmaX
T 1
Cirpa=Ce— = = ] dpJ(x®” - ) (18)
TgB  Pmax 0

The transport model Eq.(1) predicts a global confinement time of the form
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with the same conventions as the ITPA group. Since the ITPA database is dominated by plasmas
with equal ion and electron temperatures, the effective stiffness parameter is X o= X +X ;-

This scaling law is compatible with the ITPA result if the form factor C;rp, depends weakly on
the edge temperature. This is obviously not true in general. It is therefore interesting to analyse the
dependence of Cyp, on the edge temperature. Using the solution found above, the form factor C
is decomposed in the following manner

Ce= Credge + Crsiff + Crcore (20)
| pr | Per | Pmax
2/5 . 2/5 .
Credge= — | dpJv™; Crgirr= dpIt™®; Creore = dplv™ (1)
Pmax Pmax Pmax 0
B cr

If the temperature profile is stiff everywhere, i.e. if T,>>1 and Ay<<1, then C 0,

tedge ~
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With the present choice of parameters, this expression reduces to . Therefore the form factor of a
stiff profile is proportional to the edge temperature, as expected. The global confinement time is
then essentially determined by the pedestal height. An extreme case Ay=0.001 is shown in figure 5.
For a stiff profile the core confinement is not gyroBohm unless the edge temperature T, follows a
gyroBohm scaling law. This is not usually the case. Therefore a stiff profile is incompatible with
the result found by the ITPA group.

At this point, a legitimate question is whether a non stiff transport model fulfils a two term
separation criterion. The answer is negative. This can be understood by using the present transport
model in another extreme situation where there is no stiff nor edge region (r. =a,t..=T,). A simple

calculation shows that the form factor varies with the edge temperature as

Pmax [ Ta | 7

C‘EITPA,corf: =~ m ( Ten ) (23)
This result can be tested by building an artificial case A= 0.9 for which the temperature is not stiff
for Ta>TgB. As expected from Eq.(23), it is found that Cypp, decreases strongly with the edge
temperature (see figure 5). Hence it does not satisfy the condition for a separation between pedestal
and bulk. More generally, the separation between pedestal and bulk is rigorous for a diffusion
coefficient that depends on the temperature gradient only (i.e. XTmVTa). For instance, a unique
electrostatic gyroBohm model, X« VT3/2, satisfies this requirement.

In the general case, the form factor is the sum of edge, stiff and core contributions. As mentioned
before, the core contribution increases with the edge temperature whereas the edge contribution
decreases. The contribution of the stiff region is non monotonic. It follows the width of the stiff
region. From Fig.3, one expects a bell shape. The detailed dependence of these form factors is difficult
to assess in general, but can be easily determined numerically. Some asymptotic results are given in
the Appendix C. A “typical” case Ay = 0.025 is shown on figure 6. It turns out that the trade-off
between the edge, stiff and core regions leads to a form factor (as defined by the ITPA-CDBM group)
that is less sensitive to the edge temperature than in the non stiff or very stiff cases (see the comparison

on Fig.5). This behaviour occurs in spite of a profile that is stiff over a significant part of the plasma.

5. COMPARISON WITH EXPERIMENT
5.1 PARAMETERS OF THE TRANSPORT MODEL
Several groups have used previously a critical gradient model [18,19,20]. In these works, the

turbulent diffusivity was written under the form

K
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Models (1) and (24) are equivalent when 1 = 1, which turns out to be consistent with experimental

_O'SBTZA . The aim of

this section is not to fully assess the transport model Eq.(1) with respect to experiment but rather to

results. Comparing these models yield the relations K, = RK and X = 0.22M

compare the values of X, X, and K, deduced from existing experiments to those deduced from a

two term scaling law.

Pulse No: Xo.e Kse Kee N
JET 55809 0.7 4 5 0.035
JET 55804 1.2 1.5 5 0.160
JET 58148 0.8 3 5 0.053
JET 53822 0.5 1.5 4.8 0.069
JET 55805 0.5 6 5 0.017
AUG 14793,94 0.01 0.25 3 0.013
AUG 13556,58 0.1 0.15 5 0.133
AUG 17788,89 0.01 0.13 8 0.010
AUG 10591 0.85 0.99 6 0.143
AUG 12935 0.28 0.14 4 0.5
AUG 7806 1.79 1.4 7 0.183
AUG 17175 0.32 3 7 0.015
FTU 0.7 0.5 7.5 0.187

Table I: Values of X, ., X, K. and A in JET, ASDEX-Upgrade, and FTU. All pulses are in L-mode except JET
Pulse No: 58148 (H-mode), and AUG 13556, 17789 (partly in Ohmic).

Electron stiffness is investigated first here, summarising the results of experiments in ASDEX-
Upgrade, JET and FTU. In ASDEX-Upgrade (R = 1.65m, a=0.5m), dedicated experiments were
performed in L mode with ECRH modulation. The Electron Cyclotron Resonant Heating (ECRH)
power was deposited at two radial positions in such a way that the total power was constant. This
procedure allowed varying VT./T, over a large range of values while maintaining a constant edge
temperature T,. The modulated profiles were modelled with the model Eq.(24) and led to values of
Xo.e» Kger and K¢ o [19]. A similar analysis was done by F. Imbeaux et al. [18] with another set of
experiments.

InJET (R=3m, a=1m), experiments using modulated lon Cyclotron Resonance Frequency (ICRF)
heating with a steady background of Neutral Beam Injection (NBI) heating have been done in L-

mode [20] and H-mode [27]. A mode conversion scheme was used with 18% of He3 in D plasmas



(Picrp=3.7MW). Electrons are directly heated when using this Ion Cyclotron Heating scheme,
with good localisation properties. The position of the mode conversion layer was changed and the
NBI power was varied from 2 to 9MW in order to cover a large range of temperature gradients. The

3 parameters X ., X ., and k. . were found by fitting both the steady and modulated profiles [20].

s,e’
In FTU (R=0.96m, a=0.28m), a series of 9 ECRH heated plasmas was used. The power was not
modulated in these experiments, but the heating location was changed. A least square minimisation

technique provided the parameters X, ., X ., and K ..

s,e?
All these plasmas have been analysed with the same model Eq.(24) with v = 3/2. The principal
difficulty is the determination of the background diffusivity X, ., given the experimental uncertainties
(one reason could be the ad-hoc choice of an electrostatic gyroBohm scaling for the background
diffusivity). The result of this multi-machine comparison is shown in Table 1.
The thresholds in table I range between 3 and 7.5, which are typical values expected for ITG/
TEM modes. The range of variation of the stiffness parameter X . is found to be wider. It lies

between 0.25 and 2 when T_/T;>1. Larger values (X, .,~3+6) are obtained in JET with dominant ion

s,e’
heating, when T_=T;. This finding is consistent with a recent study by Asp et al. investigating the
effect of the ratio T /T; on confinement using the Weiland model [28]. In this work, both electron and
ion diffusivities are found to increase with T./T; when heating electrons at fixed ion temperature.
However diffusivities are also observed to increase when T_/T; goes down by heating ions at fixed Te.
The latter result agrees with the trend that is observed here since the points at T, =T, in Fig.7 correspond
to larger ion heating with about the same electron heating as compared to the other points for which
T_>T,. However the effect that is found experimentally is larger than the one found when using the
Weiland model [27]. Finally we note that an opposite behaviour was found for X, in DIII-D in steady-
state experiments, i.e. a degradation of the confinement when increasing T /T;, although the latter
result was obtained in a different range of parameters, namely T /T;<1 [29].

Ion stiffness is less documented than electron stiffness because the ion temperature is difficult to
measure in modulation experiments with the appropriate time resolution. This question has
nevertheless been investigated in DIII-D, JET and ASDEX-Upgrade by analysing the steady ion
temperature profiles in various regimes [5,6,30]. It was found in JET and ASDEX-Upgrade that
K. j ranges between 5 and 8. The scatter is reduced when accounting for the dependence on T /T;
and the ExB velocity shear. For T, =T, and low shear rate, the value of the threshold is Kei= 5.3,
which is close to the value found for electrons in JET. The stiffness factor was not obtained in this
case since its value is difficult to obtain with steady-state profiles. In fact, the values of the threshold
were obtained by assuming that the profiles are stiff enough to be close to the marginal profiles
between p = 0.2 and p = 0.6. Modulation experiments done at JET are currently under analysis to
clarify this issue.

5.2 CONDITIONS FOR STIFFNESS
The transport model Eq.(1) can be tested in several ways. One is a direct inspection of the

temperature profiles. A set of electron temperature profiles coming from ASDEX-Upgrade is shown

10



in Fig.8 in Ohmic and ECH L-mode plasmas at I,=400kA and I,=1MA [19]. Profiles obtained in
JET plasmas when combining mode conversion ICRF and NBI heating are shown on Fig.9 [20].
The scaling temperature TgB is indicated on each profile. A change of slope occurs in general when
T, = TgB, except for plasmas in ASDEX-Upgrade at Ip = 1MA, where Eq.(8) predicts a value of TgB
that is too large. Interestingly, using a value of TgB calculated with the values of X, and K deduced
from the two term scaling law (see next section, Eq.(29)) is in better agreement with experiment. We
note also that the change of slope is sharper than expected (the transition at T, = TgB is a smooth one).
At this point, it is stressed that other reasons may explain a different behaviour in the edge: for instance
achange of the underlying instability, the influence of the Scrape-Off Layer, or an effect of collisionality.
Another interesting feature is the change of gradients that occurs in JET core plasmas. No sawtooth is
observed in the plasmas shown in Fig.9. So this change of slope may correspond to the transition
between stiff and core regions that is expected when the gradient length crosses the stability threshold.
Note that the ASDEX-Upgrade plasmas at I, = IMA shown on Fig.8 (right panel) exhibit sawteeth,
which flatten the temperature profile. Thus the change of slope at p =0.45 likely corresponds to the
g =1 magnetic surface, masking a possible transition from stiff to non stiff regions. The transition
from the stiff region to the edge region is believed to be at p = 0.8 for the Ohmic case and at r*0.9 for
the case Py = 1.6MW. This is in agreement with the model prediction that the stiff region
extends further out with increasing temperature.

Another analysis consists in drawing —VT_/T, versus T /T,p. For a stiff profile, this curve is
expected to be universal at a given value of A ., as shown by Eq.(10). The exercise has been done
in ASDEX-Upgrade (Fig.10) and in JET (Fig.11). These figures exhibit some similarity with Fig.1.
The main features predicted by the model Eq.(1) are recovered. In particular, the region where the
gradient length is close to the threshold is wider when the heat deposition profile is more localised
in the core. This trend is observed when comparing ECRH with Ohmic heating (Fig.10), or when

comparing off-axis with on-axis heating in JET plasmas (see Fig.11).

5.3 COMPARISON WITH A TWO TERM SCALING LAW.

The ITPA group has proposed two scaling laws for the global confinement time of the plasma bulk
[8]. They correspond to two different hypotheses for the physics underlying the confinement in the
pedestal region. The first one assumes that the edge confinement is controlled by thermal conduction
with some degradation with 3, while the second relies on an MHD @ limit within the pedestal
region. In terms of accuracy, these two models are equivalent. We will analyse in detail the model
with MHD limited edge, because it corresponds to a confinement in the bulk that is gyroBohm and
electrostatic, i.e. consistent with the assumptions underlying the model used here. More precisely

the scaling law for the bulk region is

_ 0.68 0.59p -0.58
TTPAbulk = 0.15M0-3 17034 g1 96 R232 T P00 BLO13 n ) 20 Py (25)
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3[50'05, which is close to an electrostatic

The normalised confinement time Bty scales as p ~

gyroBohm scaling law. Using the relation

1+ «20a2B1L o6
2 RipMA (26)
one finds
Lt 0.68
+
T TPA bulk = (),451\/[0.34](-0.34{ K in ga3.32R3qa-0.68]3T0.81ng-jgpl\—,|(\}v58 (27)

to be compared with the Eq.(19) when using the expression of T8 given by Eq.(A11)

1+ 2

~2/5
TTPAbulk = 0-179C TpaX s effic =M~ 1/5K7/5 { ? ea8SR3qa-2/SBTSni TPy (28)

The exponents of power, density, magnetic field, safety factor and major radius are similar in Eqs(27)
and (28). Note that the agreement for the safety factor comes from the choice v = 3/2. This choice
is however quite arbitrary, and would deserve a better assessment using both theory and experiments.
Some significant differences between Eqs(27) and (28) appear in the exponent of the inverse aspect
ratio €, = a/R, elongation, and mass, thus suggesting a dependence of the stiffness parameter on
geometry factors. Assuming a “typical” case K = 1.6, €, = 1/3, and M =2, it is found that Eq.(27)
matches Eq.(28) if Xs’effZ/S KC4/5 =2.20C;1pa- The contour lines of Cyyppy are shown in Fig.12 for a
large domain of variation of the parameters A, and Ta/TgB. It is found that Cpp, remains in the
interval 1+3. Choosing K, = 5, one finds that X ¢ should be in the range 0.3+4.5. This is a large
interval, which has to be reduced by transport analysis of steady-state and transient regimes. Choosing
a medium value Cypps = 2.0 and K =5 yields a stiffness factor X ¢~ 1.6. It is reminded here that

X off 18 an effective stiffness factor. For equal temperatures, X, 1s the sum of electron and ion

cs,eff
stiffness parameters, X, .= X .+ X ;. Thus X, . and X ; should be of order unity. The choice X .¢
~ 1.6 leads to the following “practical” expressions of the scaling temperature TgB and the

confinement time of the plasma bulk.

~2/5
2
Tggkev=0.43 {1 ;KK ? M-1/5g4-2/5q,~3/5B 1450313 Piy (29)
and
L
Tepuk =~ 0.08 1M-1/5¢7/5 { K ? ga8/5R3qa—3/5B-|-4/5ng,/f9 P (30)

The ITPA database has been used to compare the pedestal height T, to TgB’ given by the expression
(29). The result is shown in Fig.13. It is found that T, ranges between O.STgB and 2TgB‘ However

this result must be considered with caution since the stiffness factor could depart significantly from
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the value X ¢~ 1.6 chosen here. The trend is that the ratio Ta/TgB is greater in large devices JT-60U
and JET than in the medium size devices DIII-D and ASDEX-Upgrade. This is an interesting feature
in view of Fig.3. Indeed, the stiff region was found to reach its maximum size for T,~T,p and decreases
when T,/T,g increases. This may explain why large devices are claimed to be “less stiff”” (or not
stiff at all). In spite of a higher pedestal that makes the edge stiffer, the width of the core region,
which is sub-critical, could be larger in those plasmas, in particular in the H mode.

A pending question is the compatibility of the two term scaling law with the values of
stiffness factor deduced from modulation experiments (table I). This is a delicate point since
most of these plasmas are in L-mode, with ratios T /T; different from 1, whereas the ITPA
database deals with H-mode plasmas, with T, =T;,. It is expected that the core physics is the same
in L and H-mode. Similar values of )»S’e were found in L-mode (Pulse No: 55809) and H-mode
(Pulse No: 58148) plasmas on JET, thus providing some support to this assumption. The range of
stiffness factor X .4 that is compatible with the global scaling law is 0.3+4.5. It is reminded here
that Xs,eff= (Te/Ti)S/2 Xs,e+Xs’i. Regarding the values of stiffness factor obtained from heat wave
analysis, while there is no problem of compatibility with the values X .~0.25+2 found in conditions
T.>T;, the high values X ,=3+6 at T,~T; appear too large by a factor 1.5+2.5 assuming X ,=X;.
A sensitivity study indicates that the heat wave analysis becomes less sensitive to the value of X
at high X . values. Moreover it can be noted that a significant scatter of points is present in Fig.7,
which is mainly due to the fact that the simple model assumed does not always allow a perfect
reproduction of the data, and some trade off in the fit of the various quantities often needs to be
accepted. Taking also into account the various simplifications introduced into this analysis, we
consider that these results are encouraging. Clearly some further measurements will be necessary
to reduce this uncertainty. The observations suggest that the ratio T /T; plays an important role,
which will have also to be investigated further in detail in the future.

Finally it is interesting to compare the present range of stiffness factors with theoretical
expectations. The IFS-PPPL model [11] is close to the form Eq.(1) when simplified, i.e. , choosing

Zeff= 1, I‘/R<<1, R/Ll’] = 0,

2
12 Te \!'! csps [ -Ro,T ~R&,T
= = -~ K | H —K
XT] 1+ 80'84 (q Ti ) R T C T C

We note that the exponent of g is v=1.1. Choosing T; =T, and a magnetic shear s=1, one gets
X; = 6. An estimate of X, is harder to provide, since it depends on collisionality.

The GLF23 model [12] is a more sophisticated model, which uses a calculation of growth rates.
So it cannot be easily reduced to an expression of the form Eq.(1). However it was mentioned in the
original paper that the stiffness factor is similar to the IFS-PPPL model. A renormalized model was
proposed recently [31], where the stiffness factor of ITG/TEM driven transport was reduced by a
factor 3.7. Using the IFS-PPPL value, this leads to an estimate X ; = 1.6. The Weiland model is also

based on a comprehensive calculation of growth rates. Numerical scans indicate that X;; =~ 1 and
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Xs. = 0.3. Finally several theoretical models and turbulence simulations were compared in the
CYCLONE group [21]. The results from the LLNL gyrokinetic code were fitted by the expression

2
csps [ -Ro,T -Ro,T
xXti=>5 R ( T -Kc | H T -Kc

where K = 6. The simulations were done at fixed ratio of density to temperature gradient length L/
Lp=3.1, with Z = 1. We note that there is no q dependence in this expression, i.e. X; = 5/q". Since
the simulations were done at q = 1.4, one gets an estimate X ; = 3. In summary, it is found that c
ranges between 1 and 6 depending on the model. The electron stiffness factor is less documented.
It is typically 3 times smaller that the ion stiffness. We stress here that these values are purely
indicative, as these models exhibit rather complex parametric dependences. Nevertheless we can
conclude that the range of variation of the stiffness factor found in the literature is quite large, and

compatible with both our experimental results and the value deduced from the ITPA scaling law.

SUMMARY
Using the critical gradient transport model
T ps [-RoT —R4,T T ps
— v - > _ _ v - >

it is found that:
1) Choosing an exponent v = 3/2, the proximity of a profile to a marginally stable state (stiffness)
is then characterised by 3 numbers: the degree of stiffness A = X(/K X, the ratio T,/T,p, and

the width of the deposition profile. Here T, is the edge temperature and the reference temperature

TgB satisfies the condition

T - 2V 1. Tore 1B P50
T(a) =XsKcqa’ Na T B R
where I'r(a) is the thermal flux at the edge. Profiles get stiffer when A, decreases, Ta/TgB increases

or when the heating source is more central.

2) The confinement time of the plasma bulk (without the pedestal contribution and for an elliptical

geometry) is

1+ 2|70 8/SRIRYS 35,35 p3s
8a qa

2205 _as s
TEBulk = 0179C TpA Xs off Ke ¥ M~ 13k 73 ( " T n; 19 Pyviw

In this formula, the stiffness factor Xs,eff is an effective value Xs,eff: Xs’e + X :, where XS’e and Xs,i

s,
are the electron and ion stiffness factors (the threshold K. and the degree of stiffness A are supposed

to be the same for electrons and ions). The form factor C;tps depends on the normalised edge
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temperature Ta/TgB and the degree of stiffness A,. It decreases with the normalised edge temperature
for non stiff profiles. On the contrary it increases linearly with the edge temperature for stiff profiles.
In the general case, CITPA is a sum of the contributions of stiff and non stiff regions, which behave
in opposite ways. The two term scaling law proposed by the ITPA-CDBM group corresponds to
intermediate values of A, typically in between 0.01 and 0.1, which indeed is approximately the
range of values observed in the heat modulation experiments for electrons (table I). Choosing this
range of stiffness factors and varying the edge temperature in a wide domain, it is found that
1<Cirpa<3.

3) This model has been applied for electrons at JET, ASDEX-Upgrade and FTU (mainly modulation
experiments in the electron channel). The stiffness parameter X, was found to cover a wide
range of variation, i.e. ranges between 0.25 and 6. A correlation has been found between the

stiffness X, and the ratio T./T; in these plasmas: X . decreases with increasing values of T/T;.

4) A comparison between this transport model and the ITPA two term scaling law leads to the

relation Xs’effz/5 K= 2.2Cirpa- Choosing Cirpy in the range 1+3 and K. = 5, one finds that

C
X eff Should be in the range 0.3+4.5. The medium value Cyppy = 2.0 yields a stiffness parameter
X eff= 1.6, i.e. a value of the order of unity for each species. The range 0.3+4.5 is compatible
with the results found in JET, ASDEX-Upgrade and FTU given the simplicity of the model that

is used. Still it should be possible to refine this range in the future.

CONCLUSION

A critical gradient transport model that covers the basic properties of turbulent transport has been
used extensively. This model contains only 3 free parameters that can be deduced from actual
experiments in tokamaks. It also provides a quantitative criterion to get stiff profiles, thus providing
a way to assess quantitatively this controversial issue. It is found that increasing the edge temperature
does not necessarily lead to an overall stiffer profile. Indeed there exists usually a region in the core
where the temperature gradient is below the stability threshold, and is therefore not stiff. This core
region broadens when the edge temperature increases. This property explains why a transport model
with a threshold can still be compatible with the two term scaling law developed by the ITPA-
CDBM group. This model has been applied to analyse a variety of experiments using mostly electron
heat modulation on JET, ASDEX-Upgrade and FTU. The thresholds are found to be in the expected
domain for ITG/TEM modes. The stiffness factor deduced from modulation experiments is found
to increase when decreasing T./T;. The latter observation suggests that the ratio T./T; plays an
important role in confinement. The values of the stiffness factor are compatible with the expectation
from theory. The range of variation deduced from modulation experiment is larger than the one
estimated from the ITPA-CDBM two term scaling law. This difference appears to be compatible
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with the simplifications underlying this transport model, and also with the various uncertainties
when determining the models parameters from modulation experiments and global scaling laws.
Thus these results can be considered as encouraging. Still further experiments are needed to
better determine the parametric dependences of the threshold and more importantly of the stiffness
factor. The present study suggests a dependence on the ratio of T,/T;. This raises the question of the
coupling between electron and ion channels, or in terms of stability between I'TG and TEM branches.
This coupling may lead to a dependence of the heat flux of one species on the temperature gradient
length of another species, in addition to the temperature itself. The clarification of this point will
require a large number of experiments in a variety of electron and ion heating scenarios. Also the
value of the stiffness factor depends sensitively on the choice of scaling that is done with respect to
the safety factor and geometrical factors. The latter point is illustrated by the difference between
the two term global scaling law and the present model in terms of shaping and aspect ratio parameters.
Regarding this question, changing the profile of safety factor would be useful, for instance by
generating a non-inductive part of the current. The last issue is the comparison of a critical gradient
model with global scaling laws. The nature and scaling of the background diffusivity plays an
important role, because it determines the width of the non stiff core region. Reducing the uncertainty
on this parameter would allow a more reliable comparison. Also the present model should be used

more extensively in H-mode plasmas, to be compared directly with the ITPA database.
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APPENDIX A
NORMALISATION OF THE HEAT EQUATION

The heat flux is linked to the gradient via the Fourier law

Iy = —ny7o, T (AD)

It is also the radial integral of the heat source Pheat

r
10
= ! A2
I'r= vpv E[drV Pheat(r) (A2)
where

2 o
1 1 A3
Vi=2my J B.Ve (A9

0
We now solve the heat equation Eq.(A2) with the transport model Eq.(1). It is convenient to introduce

a normalised spatial coordinate

_ 50 a-r (Ad)
p= > Kc R

(the magnetic axis is located at p=p,,, = 5K a/2R and the edge at p=0, also p/p,,, = 1-1/a). The

parameter
rg= KoL (AS)
KcXs

characterises the relative degree of stiffness and is supposed to be smaller than 1. Finally we define

™0 5/2
. ={} (A6)

and a normalised heat flux g(p) = G(r)/G(a) with

a normalised temperature

r

10 '
OO = OlOr<VBVO) i AV (Pheat(r) A7
The relation
Tr(a) = %K 2qvn, Typ 198 PSB (A8)
sihcYa lal gB B R2

defines the temperature TgB. The flux I't(a) is equal to the heating power P divided by a surface
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S = Cs2nR2ma, q, the edge safety factor and n, the edge density. The shape factor Cg is defined as

C, = <|Vr|?>r=aVal (A9)
2nR2na
For an elliptical geometry, < | Vr| 2> = (1 + kK222, V' = 2xR27ukr and Ci=(1+ «2)/2K, where K
is the elongation.
The temperature Ty exhibits the usual “gyroBohm” scaling. It will play an important role in

this calculation. It may be recast in a more convenient way when the geometry is elliptical

~2/5
1+ 2 _ _ _ _ _ —2/52/5
Tepkey = 1.89 { o E} X5 e HIM e 200, B g TP (AL0)

We also define a reference “gyroBohm confinement time” o8

3ng Togr VO _ _ _ _ 3/5 5-3/5
TgB(S)= LPGE =O'179CShXS 2/5KC 4/5M 1/5R3£a8/5qa ZV/SBT4/5na,l9PMW (All)

-2 where the volume form factor C,, is such that V = CV2ana2.
7/5((1 + K2)/2)—2/5

lengths in meters, By in Teslas, the density in 10 m™ and the powerin MW. g, =a/R is the inverse

The shaping factor C, is Cy, =C,C,
In elliptical geometry C = (1 + K2)/2K and C =X, so that Cy; =K . The units are
aspect ratio. As an illustration, the values K, =5 and ¢, =1/3, (i.e. 1, = 5) will be chosen in the
following. Typical values are X;~=0.1, X, = 1, and K_=4+6. The normalised ratio Ay =X/K X, is
therefore a small number. The value Ay =0.025 is chosen as an example in this paper. With the

normalisation above, the heat law becomes particularly simple (t' = dpt)

T {15-1} H{:D—l} F T = g (A12)

18



APPENDIX B

ANALYTIC SOLUTION FOR CONSTANT OR EXPONENTIAL FLUX

If the heat flux y(p) is a constant (=1), the solution of Eqs.(11) is analytic, i.e. using the change of
variable cosh(u) = (1 - 7»0)2 §+1):

Abovethethreshold, 0<p<p,,, T,<Tt<1/A,

p =F() - F(rp)

12
F(t) =(1_1w Log {1 (1) =+ (1-0) [(14\0)222 ”} }

(B1)
2 12 .
+ (1—7\0)27 +1 —(1-ho) -
=~ 2 Logo) +1 - F(w) B2
pcr - - (1_}\’0) Og - Ta ( )
PeB = F(1) — F(ty) (B3)
Approximate expressions of the function F are the following
©>>1, F(t) = Log(m/(1-Ay) : T<<1, F() =2t
Below thethreshold, p>p..t>1/A
T:1+p—pcr (B4)
Mo
If the heat source is exponential g(p) = exp((1-Ay)p), one may make the change of function
1=0e0"MP ; 7,=0, (B5)
Above the threshold, the function 0 is then solution of the equation
02+ 0(1-29)0'-g0 =0 (B6)
This equation is close to Eq.(12). Its solution is
p=G(6) - G(B,) B7)

G(6) =F(6) + (1 - A0
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The transition between the stiff and core region occurs when 6 = 1/A, , i.e. at the position

10 10
Per= — (m LOg()\()) + K - G(8,) (B8)

Note that this value is much larger than in the constant g case. This confirms that a more peaked

heating source induces a stiffer profile. The solution in the core region is

v= {ff 2(p) - g(pca} (B9)
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APPENDIX C
ASYMPTOTIC EXPRESSIONS OF THE EDGE, CORE AND STIFF REGION
CONTRIBUTIONS TO THE CONFINEMENT.

Edge region
The edge contribution, which corresponds to T,<t<1, can be approximated by the expression

(assuming a small radial extend in the edge so that g=1 and J =2)

1
_ 10 —1/10 _ 100 9/10 Cl1
C‘l:edge = Ormox Jd‘l?‘l? =9 1-7, (C1)

Ta P

The expression (C1) can be recast as

100 .07 oo Tao oo | To|"?
Crrpaedge= o 11— - + = (C2)
’ 9Pmax TgB 5 Tgs 5 | Tg

It is interesting to note that this expression depends sensitively on the edge temperature The reason

is that the transport model is a non linear function of the temperature, thus leading to some profile

resilience, even if there is no threshold involved.

Coreregion

An approximate expression can be found assuming g=ar/r,

C o0 | Jd ~u mad | s (C3)
ITPAedge =1 ~ 5 ue To t+ o u —Ta
0

When there exists a stiff region, one has T =~ a/(r A;) and the pedestal contribution is negligible.

The core contribution to the form factor is then an increasing function of the edge temperature.

Siff region
In the general case, the profile is stiff within a layer. The contribution of a stiff layer [p, Pgn]
1])is

(temperature [T,

2
50 20 20
Costiff = 2 {meax} {[5 (pmax - pcr) + 1] TaZ/S_ [5 (pmax - pr) + 1]} (C4)

In presence of edge and core regions T = g /Ay where gcr is the normalised heat flux at the
transition to the core region. Thus this contribution varies as the width p_— PoB of the stiff region.
When the edge temperature increases, the edge non stiff region disappears and this width increases.

It then shrinks because the core region broadens.
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Figure 1: Logarithmic derivative of the temperature
versus T/Tyg for To/Tgg = 0.5, A5 = 0.025 and 3 values of
the heat deposition localisation (x;= 0.1, 0.3, and 0.5).
The horizontal lineis the threshold.
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Figure 3: Stiffnesslayer (r/a, rgg/a) for 4,= 0.025 and
increasing values of the edge temperature.
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Figure 2: Profiles of the normalised temperature T/Tyg
and its logarithmic derivative for T,/Tjz= 0.5 and Ao=
0.025. The dashed lines correspond to a stiff profile T =
T.€’ (and —RarT/T= k). Thevertical dotted linesarethe
boundaries of the “ non stiff” regions 7<1 (edge) and
>9(p)/Ag (COTE).
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Figure 4: Profiles of the normalised temperature T/Tyg

and its logarithmic derivative in a stiff case T,/T;g=2.0
and A,= 0.001. Same conventions asin figure 1.
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Figure 5: Form factor C,ps as function of the edge
temperature for 3 cases: strongly stiff (4, = 0.001),
medium stiff (A, = 0.05) and non stiff (A, = 0.9) cases.
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Figure7: Electron stiffness X . versusratio T¢/T,. deduced
from modulation experiments in ASDEX-Upgrade and
JET, and from a scan of the position of ECRH heating in
FTU. The values of T, and T, are taken on the magnetic
axis.
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Figure 6: Variations of Ctedge, C it Ccorer @Nd Cy1pa
as function of the normalised edge temperature for A, =
0.025.
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Figure 8: Comparison of Tyg with T, profilesin ASDEX-
Upgrade (L-mode) in Ohmic and ECRH heated plasma.
Left panel: 1, = 400kA, Pgcgy = 0 (Ohmic), 0.35, and
1.35MW, no sawtooth. Right panel: 1,= IMA,Pgcgry =0
(Ohmic), 0.8, and 1.6MW, sawtoothing. Solid horizontal
linesindicate Tgg given by Eq.(8), while horizontal dashed
lines are the values of Tyg calculated with the values of
stiffness parameter and threshold deduced fromthe I TPA
two term scaling law Eq.(29).
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Figure 9: Experimental ECE T, profiles for two JET
dischargeswith on-axisand off-axis|CRH heating. Pulse
No: 55802 (red):3.6MW ICRH on-axis, 3.2MW NBI;
55809 (black): 3.7MW ICRH off-axis, 9.1IMW NBI. The
reference temperature is indicated in the plot, the lines
are the borders between edge, stiff and core regions
(compare with Fig.8) .Asexpected, the pulsewith on-axis
heating has a wider stiff region
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Figure 11: -RVT /T, versus T/ Tyg in JET.
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Figure 10: -RVTJ/T, versus T/ T,z in ASDEX-Upgrade
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Figure12: Contour lines of theformfactor C,p Versusthe

normalised edge temperature and degree of stiffness|,
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Figure 13: Pedestal temperature Ta versus the scaling
temperature TgB. The lines indicate the identities
T,=0.5T g (dashed), T,=Tgg (solid), and T,= 2T g (dotted).
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