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Abstract

Relativistic electrons emit synchrotron radiation due to their gyro- and guiding-center

motions in a curved magnetic �eld. In this paper, the kinetic theory of relativistic elec-

tron beams is developed to account for radiation reaction by including the Abraham-

Lorentz reaction force in the kinetic equation. As an application of this theory, the

dynamics of runaway electrons is examined and a steady-state solution is constructed

describing a balance between acceleration by the electric �eld, pitch-angle scattering,

and radiation reaction. Furthermore, it is found that a beam of relativistic electrons

can be slowed down by the combined e�ects of pitch-angle scattering and radiation re-

action. This damping can be more eÆcient than ordinary collisional drag, and appears

to explain the decay of post-disruption runaway currents in the Joint European Torus

(JET) [R.D. Gill, Nucl. Fusion 33, 1613 (1993)].

PACS Numbers: 41.75.Ht, 52.40.Mj, 52.25.Dg, 52.55.Fa
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I. Introduction

An electron beam passing through a plasma is damped by collisional friction against

the plasma ions and electrons. If the plasma is immersed in a magnetic �eld, so that the

electrons execute gyro-motion, the beam can also be damped by emission of synchrotron

radiation, which gives rise to a reaction force on the beam electrons. This mechanism

is operative even if the beam is parallel to the �eld since collisional scattering causes

individual electrons to acquire perpendicular momentum, leading to gyro-motion and

synchrotron radiation emission. The present paper is devoted to the kinetic theory of

these processes. We derive the kinetic equation for relativistic electrons experiencing

Coulomb collisions and synchrotron radiation emission, and solve this equation in phys-

ically interesting limits, enabling us to calculate the damping of electron beam currents

by these e�ects.

Although we keep the analysis as general as possible, we apply the theory to a more

speci�c problem: the dynamics of runaway electrons in tokamaks. As is well known,

the presence of an electric �eld in a plasma (such as the induced �eld in a tokamak)

can lead to production of a high-energy \runaway" electron population due to the fact

that the friction force decreases with increasing velocity for fast electrons [1]. If the

plasma density is low, runaway production can occur in normal, non-disruptive, toka-

mak operation due to the Ohmic electric �eld. By constructing a steady-state solution

to the kinetic equation where the runaway production is balanced by collisional and

radiative damping, we are able to calculate the distribution function of fast electrons

in such discharges. Runaway production is particularly virulent during tokamak dis-

ruptions, where very large electric �elds can be induced. In the Joint European Torus

(JET) [2], a large (� 1 MA) runaway current sometimes persists long after a disruption,

showing a smooth decay on a time scale of one or two seconds. This decay cannot be

explained by collisional drag alone since an accelerating electric �eld is induced during

the decay which almost balances the drag, thus leading to a very slow net damping. It

has been proposed that the decay could instead be caused by emission of synchrotron

radiation [2]. Our kinetic analysis allows a quantitative assessment of this hypothe-

sis, and suggests that the observed damping is broadly consistent with the theoretical

expectation.

The paper is organized as follows. In Sec II the reaction of synchrotron radiation



emission on the motion of a single electron is calculated. In the next section this

e�ect is included in the kinetic equation for strongly relativistic electron beams. This

equation is then solved in the following two sections, where the steady-state solution is

constructed in Sec IV, and the damping of an initially collimated beam is calculated in

Sec V. To complement these approximate, analytical solutions, numerical Monte Carlo

simulations are presented in the following section. These results are then compared in

Sec VII with measurements of post-disruption currents in JET, and our conclusions are

summarized in Sec VIII.

II. Loss of electron momentum due to radiation

In this section we calculate the average reaction force on a relativistic electron caused

by its emission of synchrotron radiation. The velocity vector of a beam electron parallel

to the magnetic �eld needs only be scattered slightly to acquire a Larmor rotation that

can lead to substantial synchrotron radiation. Since the radiation from a relativistic

particle is emitted in a cone centered around its velocity vector, the reaction force is

mainly in the direction parallel to the magnetic �eld although it is the perpendicular

motion that causes the radiation. The Abraham-Lorentz reaction force is [3],
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where v is the electron velocity vector and 
 = (1 � (v=c)2)�1=2 the relativistic mass

factor. The time average h� � �i of the radiated power from an accelerated electron for

which v � _v = 0 thus becomes

�hK � vi =
q
2
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Writing the electron position vector as r = R+ �, where R represents the location of

the gyro-center and � the gyro-motion, gives

j _vj2 = j��j2 + j �Rj2 + 2 �R � ��; (2)

where we assume that the Larmor radius is small, �� R. By taking the time average

of this expression and introducing the transit frequency !t = vk=R, where R is the

average magnetic �eld radius of curvature and the gyro-frequency 
 = eB=
me, we



are able to estimate the relative magnitude of the terms. Since hj �Rj2i =
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It is clear that the curvature of the magnetic �eld only causes a small contribution to

the reaction force unless v?=vk is very small. The subscripts ? and k indicate directions

perpendicular and parallel to the magnetic �eld, respectively.

The energy of the particle is E = 
mec
2 = mec

2
p
1 + p2 where p = 
v=c is the

normalized momentum, and the momentum loss can be calculated from the relation

_E = K � v = mec
2
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where �r = 6��0(mec)
3
=e

4
B

2 is the radiation time scale, and �0 = mec=eB. We observe

that _pk = vvk _p=c
2, and by de�ning the pitch-angle variable � � pk=p = cos � we obtain
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For a beam electron � is very close to unity, and its average rate of change thus becomes�
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Equations (3) and (4) summarize the average e�ect of radiation reaction on beam

electrons.

III. Kinetic equation for relativistic electrons

The kinetics of the distribution function of superthermal electrons is governed by the

relativistic Fokker-Planck equation [4, 5],
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where � = 4��20m
2
ec

3
=nee

4 ln� is the collision time for relativistic electrons, ne is the

plasma electron density, and Z the e�ective ion charge. This equation describes the

e�ects of accelerating electric �eld, mirror force, radiation reaction, collisional drag

and pitch-angle scattering. For strongly relativistic runaway electrons with p� 1 and

1 � � � 1, it is convenient to change the independent variables to (pk; p?), so that

acceleration by the electric �eld is described by

�eEk
mec

 
�
@f

@p
+

1� �
2

p

@f

@�

!
=
�eEk
mec

@f

@pk
;

and the radiation reaction terms become
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where we have used Eqs (3) and (4). When expressed in these variables, the slowing

down operator can be approximated as
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This approximation is valid when p? � pk and fp?=p � @f=@p? since then the

discarded terms are much smaller than that retained from pitch-angle scattering, which

becomes
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if terms of order O

�
fE=pk

�
are neglected. This approximation can be justi�ed a

posteriori.

The kinetic equation for a beam-like (p? � pk) distribution of strongly relativistic

electrons experiencing an electric �eld, Coulomb collisions and synchrotron radiation

reaction thus becomes
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where � = �=�r, E = jEkj=Ec = jEkje�=mec, and we have assumed Ek to be negative.

Ec is the electric �eld corresponding to the friction on strongly relativistic electrons.

Thus, Ec is the critical electric �eld in the sense that electron runaway is possible when

E = jEkj=Ec > 1, but not when E < 1 [4]. Ec should not be confused with the Dreicer



�eld ED = (mec
2
=Te)Ec, which is much larger than Ec and corresponds to the friction

on thermal electrons [1, 6]. When jEkj > ED, the entire electron population runs away,

but in practice ED is so large that this rarely occurs in tokamaks.

IV. Steady-state distribution

When a tokamak is operated at low density, the Ohmic electric �eld used to drive plasma

current can be large in the sense that E > 1, so that small amounts of runaway electrons

are produced. Traditionally, the problem that has attracted most attention in runaway

theory is that of calculating the rate at which the number of runaway electrons increases

[4, 5, 6, 7]. In these calculations the runaway distribution never reaches a steady state.

Our inclusion of radiation reaction in the kinetic equation allows us to consider the

saturation of the runaway process and to calculate the distribution function of fast

electrons in tokamak discharges with E > 1. Thus, in this section we construct steady-

state solutions to the kinetic equation (6) arising as a balance between acceleration

by the electric �eld, pitch-angle scattering, and radiation reaction. Equation (6) is

only valid in the high-energy region p?=p � 1 � p. The runaway mechanism feeds

electrons from lower energies into this region, thus providing a boundary condition at

small pk, where the distribution function should be proportional to Æ(p?), re
ecting the

circumstance that runaway electrons are generated with small perpendicular momenta.

As we shall discuss later, there are two mechanisms capable of generating runaway

electrons, primary and secondary generation. The results presented in this section do

not depend on which of these is operative since we only solve the kinetic equation in the

high-energy region where energy di�usion, which is responsible for primary generation,

and the M�ller scattering source term causing secondary generation (see below) are

both small. The source of runaways instead enters as a boundary condition.

As we shall also see, the character of the steady-state solution to Eq (6) depends on

the curvature of the magnetic �eld, which controls the relative importance of the two

terms in the energy loss rate (3). Accordingly, we shall consider three di�erent limits:

those of a straight, a weakly curved, and a strongly curved magnetic �eld.



A. Straight magnetic �eld

The simplest situation occurs when the radius of curvature R is in�nite, so that the

energy loss is entirely due to gyro-motion. Thus neglecting the term proportional to p4k

in Eq (6) gives �
E � 1� �p

2
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This is a so-called two-way di�usion equation since h(p?) � 2p?(E� 1��p
2
?)=(1 +Z)

changes sign in the interval of interest [8]. Such equations have the general form

h(p?)
@f(pk; p?)

@pk
=

@

@p?
D(p?)

@f(pk; p?)

@p?
; (8)

with independent variables in the domain a < p? < b, 0 < pk < L and with D(p?)

assumed positive. If h(p?) had remained positive throughout the interval a < p? < b

then Eq (8) would represent the usual type of di�usion equation, which is well posed

when initial conditions are given at pk = 0 and boundary conditions are given at p? = a

and p? = b. (The variable pk plays the role of time.) However, h(p?) changes sign in

the interval (a; b) and Eq (8) describes di�usion with a variable sense of time. When

h(p?) is positive di�usion takes place with increasing pk, and when h(p?) is negative

di�usion occurs with decreasing pk. This type of equation is well posed only when

initial conditions are given where h(p?) is positive and �nal conditions are given where

h(p?) is negative. That is, the usual initial conditions are replaced by a combination

of initial and �nal conditions [8]

f(0; p?) = f+(p?); where h(p?) > 0;

f(L; p?) = f�(p?); where h(p?) < 0:

Physically, this means that boundary conditions are imposed where particles 
ow into

the domain under consideration. Solving this type of equation by separation of variables

results in an eigenvalue problem

@

@p?
D(p?)

@g�

@p?
= � h(p?) g�(p?);

which cannot be analyzed by usual Sturm-Liouville theory. Since h(p?) vanishes in the

interval (a; b), the eigenfunctions g� do not necessarily form a complete set. However,

Fisch and Kruskal [8] proved completeness on the interval (a; b) of these eigenfunctions



when they are supplemented by the \di�usion solution" f(pk; p?) = pk � g(p?), where

g(p?) satis�es

@

@p?
D(p?)

@g

@p?
+ h(p?) = 0:

It was later shown by Beals [9] that the eigenfunctions g� having negative eigenvalues

form a complete set on the part of the domain where initial conditions are imposed,

while those with positive eigenvalues are complete where �nal conditions are imposed.

Beals also gives an iterative procedure for constructing solutions on �nite intervals,

based on the partial-range completeness result. Since the eigenfunctions do not have

the usual orthogonality property on these intervals, this procedure is non-trivial.

We now proceed to solve the kinetic equation (7) in two opposite limits, of large

and small values of pk. The boundary and initial/�nal conditions are

f(p? !1) = 0

f(pk ! 0; h(p?) > 0) / Æ(p?) (9)

f(pk !1) = 0

since we expect runaways to be generated with small p?, so that the distribution

function f is concentrated at small p? when pk is small. Because of this condition,

radiation can be ignored altogether for suÆciently small pk, in which case the kinetic

equation (7) reduces to a simple di�usion equation with a well-known solution [4, 6, 7],

f(pk; p?) = C1
1

pk
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where C1 is an arbitrary constant. Our neglect of the radiation reaction term is justi�ed

if �p2? � E � 1, which is true for most electrons if pk � (E � 1)2=2�(1 + Z).

To �nd the distribution of electrons with larger momenta, we separate variables

in the kinetic equation (7) as outlined above. By introducing p
2
? = p

2
x + p

2
y, pz =

pk(1+Z)=2(E�1), and seeking a solution of the form f(px; py; pz) = X(px)Y (py)Z(pz),

the kinetic equation becomes
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It is clear that Z(pz) = exp(��pz), and
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where � + � = 1. This type of eigenvalue problem is equivalent to the Schr�odinger

equation for a one dimensional harmonic oscillator whose eigenfunctions involve Her-

mite polynomials Hn. The eigenfunctions and eigenvalues are
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and analogously for Yl(py) and �l. The eigenfunctions and eigenvalues to Eq (7) thus

become
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Since the eigenfunctions form a complete set (the di�usion solution does not contribute

since it is linear in pk), the boundary condition can be satis�ed by a sum

f =
1X
k=0

1X
l=0

cklfkl:

However, as has already been mentioned, these eigenfunctions, although complete, do

not form an orthogonal set and it is therefore diÆcult to use them to represent an

arbitrary function, even for our simple delta function boundary condition. Instead, we

observe that for large pk the dominant behavior of f is found from the eigenfunction with

the lowest eigenvalue since the eigenfunctions decay exponentially, fkl / exp(�
kl(1 +

Z)pk=2�).

In the region pk � (E � 1)2=2�(1 +Z) the solution to the kinetic equation (7) can

therefore be written as

f(pk; p?) = c00f00 = C2 exp

�
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�
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E � 1
pk + p

2
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��
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where C2 is an undetermined constant.

The approximations made in reaching the kinetic equation (6) can now be justi�ed

by estimating the magnitude of the discarded terms. One �nds that the terms retained

in Eq (6) are all of order O(f�=E), while the largest term among those discarded is



� _p?@f=@p? which is of order O(fE=pk) if 
 � 1. Since pk � (E � 1)2=2�(1 + Z)

we �nd an upper limit to the latter term, O(fE=pk) � O(f�=E); which justi�es its

neglect. In these estimates we used the fact that in the range of validity of solution

(12), p2? = O(E=�), 
2 = O(p2k) for large p, and 1� � � p
2
?=2p

2
k � 1:

B. Weakly curved magnetic �eld

In a curved magnetic �eld, not only gyro-motion but also guiding-center motion gives

rise to radiation. By introducing the normalized variables ~pk = pk=pk0 and ~p? =

p?=p?0, with pk0 = 2 (E� 1)2=� (1+Z) and p
2
?0 = (E� 1)=�, we can write the kinetic

equation (6) as �
1� ~p2? � s ~p4k
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governs the relative importance of the two radiation terms.

There is an interesting qualitative di�erences between the radiation reaction caused

by these two terms. Since we have assumed E > 1, s is positive and 1� ~p2? � s~p4k can

thus only be positive if ~pk < s
�1=4, which implies that f vanishes for suÆciently large

~pk. The physical reason for this is that electrons cannot be accelerated beyond the

synchrotron limit

pk <

�
R

�0

�1=2 �
E � 1

�

�1=4
; (15)

at which the radiation reaction force associated with magnetic �eld curvature equals

the force from the electric �eld. Thus, while electrons in a straight �eld can reach

arbitrarily high energies, there is an absolute upper limit to the attainable energy of

electrons in a curved magnetic �eld.

If s � 1, synchrotron radiation produced by gyro-motion is more important than

that from curved guiding-center motion for most particles. The analysis presented in

the previous subsection then applies for most of the fast electrons. However, it is clear

that suÆciently fast electrons will always su�er strong energy losses caused by magnetic

�eld curvature, since this term is proportional to p4k. Thus, to calculate the distribution

of electrons at the highest end of the energy spectrum it is necessary to include this



term in the analysis even if s is small. This is the subject of the present subsection,

while the opposite limit, s� 1, is treated in the next section.

In order to solve the kinetic equation (13) in the limit s� 1, we introduce
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so that 1 � s~p4k ! 0 and x ! 1 at the synchrotron limit, ~pk ! s
�1=4. Equation (13)

thus becomes  
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which suggests a change of variables (x; ~p?) ! (x; y) where y � ~p?=
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where the second term in Eq (17) is smaller than the �rst one if y = O(1) and 2s~p3k � 1.

Since ~pk � s
�1=4 this condition is automatically satis�ed if s1=4 � 1. We thus obtain

the two-way di�usion equation
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which can be treated by the same method as used in previous subsection. The eigenfunc-

tion corresponding to the lowest eigenvalue, and therefore representing the dominant

behavior of f for large pk, is

f00(x; y) = exp
�
�4x� y

2
�
: (19)

This eigenfunction is dominant when 4x(~pk) � 1, which implies a lower bound on pk

for the solution to be valid. The distribution function thus becomes

f(~pk; ~p?) = C3
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where C3 is an undetermined constant. Since the synchrotron limit ~pk � s
�1=4 de�nes

an upper bound on pk, we �nd that pk lies in the following region,

(E � 1)2

2�(1 + Z)
� pk �

�
R

�0

�1=2 �
E � 1

�

�1=4
:

As long as pk is well below the synchrotron limit, so that ~pk � s
�1=4, the distribution

function (19) coincides with that in a straight magnetic �eld (12) since then x � ~pk and

y � p?s
1=2. When pk approaches the synchrotron limit, ~pk ! s

�1=4, the distribution

function decays very rapidly since x!1, and the electron beam becomes very narrow

(in p?) since 1� s~p4k ! 0.

C. Strongly curved magnetic �eld

We �nally turn our attention to the limit s � 1 of a strongly curved magnetic �eld,

where most synchrotron radiation is emitted as a consequence of guiding-center motion

rather than gyro-motion. This limit is rarely realized under normal tokamak conditions

but is presented here for completeness.

Since ~p2? � s ~p4k when s � 1 this term can be neglected in the kinetic equation

(13), and by introducing

x(~pk) �

~pkZ
0

d~p0k

(1� s~p04k )
=

1

4s1=4

 
2 arctan

�
~pks

1=4
�
+ ln

 
1 + ~pks

1=4

1� ~pks
1=4

!!
;

so that x!1 as ~pk ! s
�1=4, the equation becomes approximately

@f

@x
=

1

~p?

@

@~p?
~p?

@f

@~p?
; (21)

which is a simple di�usion equation with the solution

f(x; ~p?) =
1

x
exp

 
�
~p2?
4x

!
:

The solution to the kinetic equation (13) when s� 1 thus becomes

f(~pk; ~p?) = C4s
1=4

 
2 arctan

�
~pks

1=4
�
+ ln

 
1 + ~pks

1=4

1� ~pks
1=4

!!�1
�

exp

0
@�s1=4~p2?

 
2 arctan

�
~pks

1=4
�
+ ln

 
1 + ~pks

1=4

1� ~pks
1=4

!!�11A
(22)

where C4 is an undetermined constant and pk is below the synchrotron limit (15).

As this limit is approached from below, the distribution function decays rapidly while



the width of the electron beam grows explosively. The width is ultimately limited at

~p2? � s~p4k � s
1=2, by the radiation term from gyro-motion, which we neglected in the

approximate Eq (21).

V. Numerical solution of the kinetic equation

The orbit-averaged kinetic equation (5) is not separable and to �nd solutions to this

full equation a numerical scheme is required. A Monte Carlo code, ARENA (Avalanche

of Runaway Electrons, Numerical Analysis code)[10] has been constructed for this pur-

pose. It numerically solves Eq (5) by representing a number of real particles by a so-

called Monte Carlo particle which is periodically moved in phase space by the Monte

Carlo operators. The code monitors a large number of such Monte Carlo particles when

acted upon by operators representing collisions, accelerating electric �eld and radiation

reaction. The code also includes the e�ect of secondary generation of runaway electrons

by close collisions through the source term S given by Eq (23) below and added to the

right-hand side of Eq (5). In the ultrarelativistic region, p� 1, the runaway electrons

are expected to move nearly parallel to the magnetic �eld, while newly born runaways

are generated with a relatively small amount of momentum (p � 1) directed mainly

in the perpendicular direction. In this approximation, calculating the source term by

retaining only the leading order term in the quantum-mechanical M�ller scattering

formula [11] gives

S =
nr

4�� ln�
Æ(� � �2)

1

p2

@

@p

 
1

1�
p
1 + p2

!
; (23)

where �2 = p=(
p
1 + p2 + 1) and nr is the density of runaway electrons. The accuracy

of this approximation [5] was con�rmed numerically in Ref. [12].

To verify the accuracy of the Monte Carlo code ARENA an analytical solution of

Eq (6) is calculated in the following section. The code is put to full use in Sec VII

where it is compared to experimental measurements in JET.

VI. Damping of runaway electron beams

In this section we calculate the rate at which collisions and synchrotron radiation

emission damp a relativistic electron beam. Thus, we seek solutions to the initial value



problem given by Eq (5) when the distribution function of fast electrons is speci�ed

at some initial time, t = 0. One motivation for this is to try to explain the damping

of post-disruption currents in JET. As already mentioned in the Introduction, a large

runaway current sometimes survives the disruption in JET and then decays on a time

scale of one or two seconds. The results presented in this and the following section

suggest that this decay is mainly caused by the emission of synchrotron radiation,

while ordinary collisional friction only plays a minor role.

We begin by choosing an appropriate initial condition for the kinetic problem, which

is given as the distribution function of runaway electrons immediately following the

disruption. Of course, this distribution is not known in general, and its form depends

on the mechanism by which the runaways were generated. In general, there are two ways

of producing runaway electrons in a tokamak disruption: primary generation, where

thermal electrons di�use through the high-energy tail of the thermal electron population

to increasingly higher energy [4, 6, 7]; and secondary generation, where close collisions

between existing runaways and thermal electrons knock the latter over the runaway

threshold [5, 10, 13, 14]. The relative importance of these two mechanisms depends

on the plasma current and the speed of the disruption. The secondary generation

mechanism is only important in tokamaks with large enough current (such as JET),

and produces runaways with a distribution function [5, 13]

f0(pk; p?) / Æ(p?)e
�pk=p0 ; (24)

where p0 = 2 ln�. Although the generation mechanism is usually not known in JET,

we shall take this to be our initial condition. There are at least two reasons for this:

secondary generation probably occurs in at least some JET disruptions, and even if

primary generation is the dominant mechanism this Ansatz is still reasonable as it

agrees broadly with the observed energy of runaways. The steady-state solutions found

in the previous sections are not applicable to disruptions since the disruption time scale

is much too short for any radiation e�ects to matter.

If collisional friction alone were responsible for the damping, one might be forgiven

for thinking that this would occur on a time scale equal to p0� , which is typically about

2 s and thus consistent with the observations. However, it is important to realize that

because of the large inductance of JET, the current decay must be accompanied by a

sizable induced electric �eld. If the thickness of the current channel is neglected this



�eld is equal to

E = �
l�

IA

dI

dt
; (25)

where I is the runaway current, IA = 4�mec=�0e = 0:017 MA is the Alfv�en current,

and l is proportional to the plasma inductance, which we write as L = �0lR=2. (In

the ARENA code, the induced electric �eld is calculated more carefully from Maxwells

equations, and then varies across the current channel.) As we shall see later in this

section, since typically E > 1 the electric �eld is large enough to reduce the current

decay to a level far slower than what is observed. Friction therefore cannot be the

principal agent for damping the runaway current.

Instead, we seek to explain the damping by the combined e�ect of Coulomb collisions

and radiation reaction. To do this to the necessary accuracy, a full solution of the kinetic

equation (5) is required. This can only be found numerically and will be presented in

the next section. In this section, we �nd an analytical solution to the simpler equation

(6), which captures most of the physics correctly and can be used to benchmark the

Monte Carlo code. However, unlike the situation in the previous sections, Eq (6) is not

strictly correct when the distribution function is time-dependent. The reason for this

is that it neglects the contraction of the beam caused by radiation reaction, which is

represented by a term � _p?rad@f=@p?. For the problem at hand, this term represents

an \order unity e�ect" and is therefore kept in the numerical solution although it turns

out not to a�ect the basic time scale of the current decay. By excluding it, we are able

to solve analytically the kinetic problem (6), including the e�ect of the self-consistent

induced electric �eld (25), and thus to verify the correctness of the code.

We now proceed to solve Eq (6) by considering the case where the induced electric

�eld is so small, E < 1, that it is no longer a two-way di�usion equation. Physically, this

means that the electric �eld is too weak to generate new runaway electrons. Radiation

reaction from magnetic �eld curvature can be neglected since the electric �eld for JET

parameters makes the relevant parameter s� 1. It is possible to separate variables in

Eq (6), as in the case of a straight magnetic �eld, and its solution can thus be written

as a superposition of eigenfunctions

fmn�(x; y; pk; t) = e
��pk�(x2+y2)

p
�=2

Hm

�
x�

1=4
�
Hn

�
y�

1=4
�
Tmn(t; �);

where p2? = [(1 + Z)=2�]1=2(x2 + y
2) and Hn are Hermite polynomials. The functions



Tmn(t; �) are determined by Eq (25),

Tmn(t; �) = C5 exp

("�
1 + Z

2��r

�1=2

mn �

1

�

#
�t�

l

IA
�I(t)

)
;

where C5 is an integration constant and 
mn = �2(m+ n+1)=
p
�. The coeÆcients in

the expansion of f in these eigenfunctions are determined by the initial condition (24).

The distribution function thus becomes

f(x; y; pk; t) =
e
�pk=p0

�T (0)
p
p0

X
jk

��1
4

�j+k 1

j!k!
e

�(x2+y2)
2
p
p0 H2j

�
xp

1=4
0

�
H2k

�
yp

1=4
0

�
T2j;2k(t; p

�1
0 );

(26)

For simplicity, we assume that the radial current density is uniform in the runaway

current channel which gives the current

I(t) = �e
Z a

0
2�rdr

Z
vkfd

3
p:

By substituting Eq (26) in this integral we obtain an implicit expression for the runaway

current damping,

I(t)

I0
exp

�
l

2IA ln�
(I(t)� I0)

�
= sech

0
@t
s
(1 + Z)

��r ln�

1
A exp

�
�

t

2� ln�

�
: (27)

I0 = I(t = 0) is the runaway current immediately after the disruption. The exponential

on the left describes the e�ect of the plasma inductance, which is to slow down the

current decay by a factor of approximately

� =
lI0

2IA ln�
;

which is about 5 for typical conditions in JET (I0 ' 1 MA; l ' 2). The sech factor on

the right of Eq (27) accounts for the e�ect of radiation damping, while the exponen-

tial it multiplies describes ordinary friction. Evidently, the time scale associated with

radiative damping is

trad = �

s
��r ln�

1 + Z

while that of the friction is

tfric = 2�� ln�:

Their ratio is equal to

tfric

trad
=

3:2BTp
(1 + Z)n19

;



where BT = B=(1 T) and n19 = ne=(10
19m�3), indicating that synchrotron radiation

is more important than friction in JET since B ' 3 T, Z = 1 and 1019m�3
< ne <

1020m�3 following a disruption. As has already been mentioned, because of the factor

� caused by the large inductance of the JET plasma, the friction time scale tfric is too

long to explain the observed decay in JET. On the other hand, the time scale associated

with damping by the emission of radiation, trad, agrees broadly with the observations.

It is not diÆcult to understand the physics behind the time scales tfric and trad.

The former simply re
ects the fact that friction causes a particle to decelerate according

to dp=dt = �� , so that it takes the time p0� to slow down a population of electrons

with mean momentum p0 = 2 ln�. Multiplying this by the factor � by which plasma

inductance resists the damping gives tfric = �p0� . The time scale trad is associated

with the combined action of pitch-angle scattering and radiation reaction. As indicated

by the form of the scattering term in the kinetic equation (6), pitch-angle scattering

makes an average electron acquire a perpendicular momentum p? in the time

t1 = �p
2
?=(1 + Z):

According to Eq (3), emission of radiation then causes the particle to slow down on a

time scale

t2 = �rp0=p
2
?;

if the initial momentum was p0. Equating t1 and t2 �nally gives the time scale trad �

�t1 = �t2.

The existence of the analytical solution (27) gives a valuable opportunity to bench-

mark the ARENA code. If the latter is modi�ed mildly so that it solves Eq (6) rather

than the full kinetic equation, it agrees nicely with Eq (27) as shown in Fig 1.

VII. Experimental comparison

Disrupting discharges in JET showing a slow decay of the post-disruption plasma cur-

rent have a generic behavior of exponential-like decay with a characteristic decay time

of about one or two seconds. This plasma current is most likely exclusively carried by

runaway electrons and its damping can be compared to the predictions from numerical

simulations performed with the Monte Carlo code ARENA.



After a disruption there is usually a lack of reliable experimental measurements.

Consequently, it is diÆcult to make detailed comparisons between experimental results

and simulations of post-disruption runaway currents, and such a detailed comparison

is beyond the scope of the present paper. Nevertheless, it is of interest to see if the

essential features of the runaway currents can be reproduced.

A typical example of a long-lived post-disruption plasma is discharge No.14248,

which has an exponential-like decay and an initial runaway current of about 0:6 MA,

see Fig. 2. The disruption occurs shortly before t = 50 s, and the current then de-

cays smoothly and approximately exponentially for about 8 s. As in many other dis-

charges, immediately following the disruption the current exhibits some intermediate

non-exponential behavior, in this case at t ' 50 s. This indicates that there are other

mechanisms involved at this early stage of the current damping, and we only endeavor

to model the smooth current decay for t > 50 s.

Owing to the disruption, there are no reliable measurements of the e�ective ion

charge or the electron density in the post-disruption phase in this discharge. It is

likely that the density increases signi�cantly following the disruption due to a large

in
ux of neutral atoms and impurities [15], but it is diÆcult to know what the density

and e�ective ion charge are long after the disruption. We have therefore carried out

simulations with a range of di�erent assumptions for these quantities. Three examples

are shown in Fig 3. In the �rst curve (a), the density and e�ective ion charge have

been chosen so as to give good agreement with the observed current decay. The initial

density (just after t = 50 s) was taken to be equal to six times its pre-disruption value,

ne0 = 1:4 � 1019 m�3, and then falling exponentially with a time constant of 5 s to one

�fth of the initial value. The e�ective ion charge was taken to be equal to 2 just after

the disruption and then falling exponentially to 1 with a time constant of 0.5 s. Clearly

these assumptions are fairly arbitrary, but appear quite realistic. The other two curves

(b and c) show the current decay obtained with constant density and ion charge. The

density was ne = 6ne0 and ne = ne0, respectively, while the e�ective ion charge was

equal to unity in both cases. This lower choice of Ze� makes the current decay more

slowly than in case a.

These simulations suggest that the observed current decay can be explained by

the emission of synchrotron radiation if the density increases signi�cantly after the



disruption (curves a and b). Such an increase has also been conjectured for other

reasons [15, 16]. If the density remains the same (curve c), synchrotron damping is less

eÆcient and can only cause signi�cant damping if the e�ective ion charge far exceeds

unity. The reason for this is that if the density remains near its pre-disruption value,

the critical electric electric �eld Ec is lower than that induced by the current decay,

so that new runaways are created long after the disruption. This is illustrated by Fig

4, which shows E = jEkj=Ec in the three cases. Only in case c is E > 1, so that new

secondaries are generated. Of course the current decay also depends to some extent on

the assumed initial condition Eq (24), which is the same in the three cases. At any rate,

we may safely conclude that entirely \classical" mechanisms must be responsible for a

large part of the damping, and there is no obvious need to invoke any beam-plasma

instability to account for the observations.

VIII. Conclusions

In this paper, we have developed a kinetic theory to describe the e�ects of Coulomb

collisions and synchrotron radiation emission on relativistic electron beams in magne-

tized plasmas. Unlike collisional friction, the radiation reaction force increases with

increasing energy and therefore always becomes important at suÆciently high energies,

where it changes the electron dynamics in a qualitative way. For instance, if a constant

electric �eld is applied to a magnetized plasma, synchrotron radiation reaction leads to

saturation of the electron runaway mechanism, so that the runaway population stops

increasing and instead reaches a steady state. In a tokamak, this may be important for

establishing the kinetic equilibrium of runaway electrons in low-density, non-disrupting

discharges, where the inductive electric �eld exceeds the critical one for electron run-

away. It is unlikely to be of any signi�cance in disruptions, which always occur on a

time scale much shorter than the synchrotron radiation time scale. However, follow-

ing a disruption, the runaway electron current can be damped by the combined action

of Coulomb collisions and the radiation reaction force. This damping is surprisingly

e�ective and is more eÆcient than ordinary collisional friction if the magnetic �eld

in suÆciently strong. This is the case in JET, where this mechanism appears to be

responsible for the observed damping of post-disruption runaway currents.
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Figure 1: Plasma current vs time. Comparison between
analytical expression (27) and Monte Carlo simulation.
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Figure 2:‘Post-disruption plasma current in JET
discharge No. 14248.
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Figure 3: Post-disruption plasma current in JET
discharge No. 14248 and numerical results from the
Monte Carlo code ARENA. Curve a shows a simulation
where the density just after the disruption is six times
higher than the pre-disruption value (6n

e0
) and decreases

exponentially, while the eective ion charge is initially
equal to two and then decreases exponentially to one.
Curves b and c show simulations where the density is
keptxed at 6n

e0
 and ne

0
, respectively, and Z

 eff
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E = |E|||/Ec

, for the three cases shown in Fig 3.
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