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ABSTRACT.

Diffusion is essentially the macroscopic manifestation of random (Brownian) microscopic motion.

This idea has been generalised in the Continuous Time RandomWalk (CTRW) formalism, which

under quite general conditions leads to a Generalised Master Equation (GME) that provides a

useful modelling framework for transport. Here we review some of the basic ideas underlying this

formalism from the perspective of transport in (magnetic confinement) plasmas.

Under some specific conditions, the fluid limit of the GME corresponds to the Fokker-Planck

(FP) diffusion equation in inhomogeneous systems, which reduces to Fick’s law when the system is

homogeneous. It is suggested that the FP equation may be preferable in fusion plasmas due to the

inhomogeneity of the system, which would imply that part of the observed inward convection

(“pinch”) can be ascribed to this inhomogeneity.

The GME also permits a mathematically sound approach to more complex transport issues, such

as the incorporation of critical gradients and non-local transport mechanisms. A toy model

incorporating these ingredients was shown to possess behaviour that bears a striking similarity to

certain unusual phenomena observed in fusion plasmas.

1. INTRODUCTION

On the 100th anniversary of the publication of the famous article by A. Einstein [1] in which the

relation between Brownian motion and macroscopic diffusion was established, it is appropriate to

review the basic concepts of diffusion in the light of recent developments. The idea that diffusion is

the macroscopic manifestation of predominantly random microscopic motion (Brownian motion)

was generalised in the mid twentieth century in what is known as the Continuous Time Random

Walk (CTRW) formalism [2]. Within this framework, a much wider range of types of random

motion is allowed than only the standard (Gaussian or Brownian) random walk. In fact, the starting

point is the statement that a particle, located at the space-time point (x′, t′), has a certain probability

to move to a new point (x, t), with t > t′, given by

the probability density function (pdf):

     ξ(x - x′, x′; t - t′, t′).                                                       (1)

This pdf is normalised to guarantee conservation of probability:

 (2)

As a side remark, we note that in this context, the word ’particle’ is used in a generic sense. Depending

on the problem at hand, it may refer to real particles (e.g. electrons or impurities) or to any spatially

localised entity liable to be transported such as fluid mass or energy packets.

The CTRW formalism does not enter into the details of the physical processes that cause the

dτξ(x - x′, x′; τ, t′) = 1dx
∞
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particle motion. It merely ascribes a probability to the result of the physical interactions taking place.

In simple cases, when a detailed physical model is available for the microscopic motion (the kinetics),

these probabilities may be estimated. However, even when such detailed knowledge is unavailable or

too complex to even yield approximate solutions, the CTRW framework can be of use. In such cases,

CTRW models can be constructed using probability distributions that are consistent with the symmetries

of the system, with additional input from (incomplete) experimental and theoretical knowledge. If the

latter is feasible, the resulting CTRW model will provide an (approximate) statistical description of

the transport process, in spite of the lack of detailed knowledge of the microscopic reality, on occasion

resulting in extremely useful and practical models that help clarifying global transport and scaling

behaviour as well as specific complex phenomena. CTRW models are generalisations of the

phenomenological laws associated to the names of Fick and Fourier, while allowing the modeling of

transport in systems with a complexity far beyond the usual limits, on a mathematically sound basis

and complying with all basic conservation requirements (of particles, energy, etc.).

In the context of magnetically confined plasmas, the combination of (neo-) classical and turbulent

transport falls precisely in this category of complexity. Therefore, in our opinion, the CTRW framework

may provide a novel and useful approach to the transport problem in such plasmas. Initial steps in this

direction have already been taken, and are reviewed in the current paper. However, the scope of the

CTRW modeling framework is of an extraordinary amplitude. In the current article, we cannot hope

to present a comprehensive review and merely present some specific results, corresponding to different

levels of approximation, which we feel could be relevant for the study of transport in (fusion) plasma

physics, without any pretence of completeness. The work presented here is unfinished, and at present

the ultimate goal of a fully fledged probabilistic transport model is still far away, although many

necessary elements seem to be available now.

2. BASICS

2.1. ASSUMPTIONS AND STARTING POINTS

In the present work we will assume that ξ is space-time separable, and we will limit ourselves to

Markovian particle motion. The latter implies that no memory of past events is retained in the individual

motion, so that the distribution of waiting times between successive particle ’jumps’ is an exponential

law. Thus, ξ can be written:

(3)

We will also assume that no (external) forces are operating on the individual particles, so that p(∆x; x,

t) = p(∆x; x, t). These choices are quite restrictive and we note that the CTRW framework allows for

other possibilities with interesting consequences. By way of example, a non-Markovian choice for

the waiting time distribution leads to subdiffusion [3, 4], which can be associated to the physical

process of particles sticking to topologically singular sites (e.g. localized eddies). However, in the

ξ(x - x′, x′; t - t′, t′) = exp -
p(x - x′; x′, t)

τD(x′)

(t - t′)

τD(x′)
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following it will become clear that these particular choices are rather appropriate for the type of

transport dynamics we are concerned with.

The symmetric particle step distribution p can take on a variety of forms, always subject to the

normalisation requirement. We assume that p describes motion on mesoscopic spatial and temporal

scales, i.e. on a range of scales between those pertaining to the microscopic movement and the

maximum scale set by the system size and the life of the system. This is an important assumption,

since it allows one to decouple the model somewhat from the microscopic motion. The model will

therefore ‘average out’ the details of the microscopic kinetics, and retain only effects larger than

this mesoscale. Thus, we assume that the mesoscopic particle ‘jumps’ described by the distribution

p are in fact the result of the sum of many microscopic random movements. In this case, the central

limit theorem predicts that p must be a limiting distribution of the Lévy class [5].

The Gaussian distribution is only a specific element in the Lévy class of distributions, and arises

from the additional requirement that the width (or standard deviation) of p be a finite number. For

many physical situations this is a reasonable requirement, but in recent years it has become clear

that in many branches of science non-Gaussian Lévy distributions do indeed occur in practice (cf.

Ref. [6] and references therein). We therefore specifically wish to leave open the possibility that on

a mesoscale level, transport may involve non-Gaussian Lévy distributions, without however claiming

that this necessarily must be so. In the following, we will discuss the consequences of this possibility

for such important topics as the scaling of transport parameters with machine size.

2.2. THE GENERALISED MASTER EQUATION

From the definition of the particle motion pdf, equation (3), one may derive the time evolution

equation of the particle density n(x, t), i.e. the particle density distribution function multiplied by

the total number of particles in the system [7, 8, 9]. The mathematically rigourous derivation presented

in the cited papers extends previous similar results [10, 12, 11, 13] to the situation in which p is a

(possibly nonlinear) function of both space and time. This extension opens up the CTRW framework

to a host of possibilities that are of relevance to the study of transport in fusion plasmas; namely,

situations in which the diffusion coefficient depends on certain system parameters (the relation

between p and the diffusion coefficient will be given below). An example of this is the well-known

local temperature dependence of the diffusion coefficient in fusion plasmas.

Without entering into the details of this derivation here, the resulting equation, given here for an

unbounded system, is known as the Generalised Master Equation (GME):

(4)

This integro-differential equation is the main product of the CTRW approach, under the assumptions

mentioned above. It is the also basis of the remainder of this work. In the appropriate limit, it

reduces to the usual diffusion equations (typically of the form δn/δt = Dδ2n/δx2), while allowing

=   dx′(x - x′; x′, t) -
∂(x, t)

∂t

n(x′, t)

τD(x′)

n(x, t)

τD(x)
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the use of Lévy distributions and the modelling of inhomogeneous and non-linear systems. In spite

of the apparent complexity of this integro-differential equation, its interpretation is easy. It states

that the rate of change of particles at location x and time t is given by adding the new particles that

arrive and substracting those that leave, per time unit. The arriving particles originate from another

location x′ by a process with a probability given by p(x − x′, x′, t), while the time scale governing

the process is given by τD(x′).

2.3. THE FLUID LIMIT

To clarify the meaning of the GME, it is useful to consider its fluid limit [8, 14, 15]. Note that the

integral in equation (4) is a convolution. Therefore, we proceed to Fourier space to obtain:

(5)

where p(k, x′; t) is the Fourier transform of p(x, x′; t).

Fourier-transforming this equation, we obtain:

(6)

For simplicity, let’s assume that the particle step distribution p is a Gaussian, so that its Fourier

transform is [7]:

(7)

The distribution p can be approximated by a Taylor expansion in k-space:

(8)

This approximation will therefore be valid in the limit of small σ (local transport) and small k (fluid

limit).

Inserting this into equation (6) and Fourier-inverting, we obtain:

(9)

where we have defined D(x, t) =  (x, t)2/ D(x) as is common practice.

∞


-∞


= - +
∂n(x, t)

∂t

dx’
∞


-∞

dkp(k, x′; t) e-ik(x - x′) ,

∂n(x′, t)

τD(x′)

n(x, t)

τD(x)

∞


-∞

dx′ p (k, x′; t) e-ikx′ .

n(x′, t)

τD(x′)
= - +

∂n(k, t)

∂t

n(k, t)

τD(k)

p(k, x; t) = exp (-σ(x, t)2 k2) .

p(k, x; t)   1 -σ(x, t)2 k2 .~-

= - (D(x,  t) n(x, t)) .
∂n(x, t)

∂t

∂2

∂x2
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2.4. DIFFUSION IN A HOMOGENEOUS SYSTEM

In a homogeneous system, D is constant by definition and does not depend on (x, t). Then equation

(9) becomes:

(10)

Using particle conservation δn/δt = -δΓ/δx, this leads to Fick’s law [16], which states that the

particle flux Γ is proportional to the density gradient:

(11)

(where ΓF is the – Fickian–– particle flux). Fick’s law is a phenomenological relation which has

proved useful in many (nearly) homogeneous systems. Its success at modelling diffusive transport

in such systems has been so general that often it is even applied to inhomogeneous systems, without

however providing any detailed justification. We note that (fusion) plasmas, which are usually very

strongly heated and fuelled, are far from equilibrium and far from homogeneous. The question

whether Fick’s law may be applied to such systems is not unjustified [17, 18, 19, 20], and we will

address this point in the next section.

2.5. DIFFUSION IN AN INHOMOGENEOUS SYSTEM

The diffusion equation for the case that D is a function of (x, t) is equation (9). We note that this

implies the existence of a flux

(12)

Observe the difference with equation (11). Equation (12) has long been known to describe the

diffusion of a population of tracers subject to spatial inhomogeneities, and is known as the Fokker-

Plank diffusion law [21, 22].

Curiously though, Fick’s law is very often adhered to even in inhomogeneous systems. As a

consequence, it is then observed that the experimental data do not fit the theoretical model (e.g.

sometimes the observed fluxes go in the direction of the gradient, i.e. uphill). To remedy this problem,

a convection is added to the Fickian flux, i.e.:

(13)

This equation is usually sufficient to fit the data. However, often the interpretation of this drift is

difficult, since its experimental value turns out to be much larger than can be accounted for by

external forces and system asymmetries.

= D (D(x, t) n(x, t)) .
∂n

∂t

∂2n

∂x2

ΓF = - D ∂n
∂x

ΓFP = - (Dn)∂n
∂x

Γ = -D + V .n∂n
∂x
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However, when comparing equation (13) with the Fokker-Planck equation (12), it is

obvious that

(14)

i.e. according to Fokker-Planck, V is related to the inhomogeneity of D. Thus, in strongly

inhomogeneous systems such as fusion plasmas, a (possibly large) part of the observed convection

(“pinch”) may be due to the FP contribution. Of course, this does not preclude other physical

mechanisms, corresponding to the mentioned external forces and asymmetries [23], to also contribute

to the total convection (e.g. the Ware pinch in fusion plasmas [24]).

2.6. AN EXPERIMENTAL APPROACH

We will now proceed to test the existence of the FP pinch experimentally. Consider an one-

dimensional system with co-ordinate x ∈ <-∞, ∞>. The system is characterized by two system

parameters τD = constant and σ (x) = σL + Θ (x)(σR - σL), where Θ(x) is the Heaviside function.

The subscripts “L” and “R” refer to left and right, respectively. Since D = σ2/τD, the diffusion

coefficient D has a discontinuous jump at x = 0 (D = DL for x < 0 and D = DR for x > 0). Initially,

we set n(x, 0) = n0. The boundary conditions are that δn/δx = 0 for x → ±∞. We attempt to find

solutions to the diffusive transport equations.

First, consider the standard diffusive equation:

(15)

This equation does not evolve away from the initial state n(x, 0) = n0, since evidently δn/δx = 0

everywhere, so δn/δt = 0. This is coherent with the idea that Fick’s law does not produce any flux

in absence of gradients in the transported quantity. We note that this situation is problematic. Namely,

consider the point x = 0. Particles some distance d to the left of x = 0 have a certain probability to

reach the right system half in a given time interval, as specified via DL. Likewise, particles at the

same distance d to the right of x = 0 have a probability to reach the left system half (given via DR).

This probability not being equal, there is a net flux right (or left) of particles originating at the same

distance d left and right of x = 0. This situation persists (with the same sign) for all distances d from

x = 0, so a net flux through x = 0 must necessarily be generated. This intuitive result is at variance

with the naive form of Fick’s law.

Second, consider the Fokker-Planck diffusion law:

(16)

An analytical solution of this equation with the initial condition n(x, 0) = n0 is:

V = - ,∂D
∂x

D = ∂n
∂x

∂n
∂t

∂
∂x

(Dn) =∂n
∂t

∂2

∂x2
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(17)

(for x < 0) and

(18)

(for x > 0), where erf(x) is the error function. Continuity of the flux δ(Dn)/δx has been imposed at

x = ±∈  for ∈ → 0. These solutions are shown graphically in Fig.1(a) with n0 = 1, DL = 1.2 and DR

= 2.9, for several values of t.

Finally, we consider the numerical solution to the Generalized Master Equation, equation (4).

This equation was solved directly, applying reflecting boundary conditions at x = -1 and x = 1 to

avoid particle loss effects at the boundary. The result is shown in Fig.1(b) for a case with n0 = 1 and

DL/DR = 1.2/2.9. Both the times t and the distances x indicated in the figure are in arbitrary units.

The initially flat concentration profile (n(x, 0) = constant) is seen to evolve a gradual transition.

We have actually carried out this experiment in practice, using liquids of different viscosity with

tracer particles [20], showing that the GME provides a very accurate description of diffusive transport

in this inhomogeneous system. The Fokker-Planck diffusion equation provides a reasonably good

approximation to the experimental results in those places where the inhomogeneity is not too strong

(i.e. everywhere except near the discontinuity in D at x = 0).

This simple experiment clearly points in the direction that the Fokker-Planck diffusion equation

is preferable to Fick’s law for the modelling of diffusion in inhomogeneous systems. Evidently, the

relevance of this simple experiment to the complexity of a fusion plasma may be questioned.

However, the recent experiments performed at JET [25], in which tritium was used as a tracer to

study transport coefficients, provided independent and spatially resolved information on both D

and V (using equation (13) as a transport model), and the resulting profiles are in reasonably good

accord with the FP prediction V = δD/δx, both in sign and value (as shown in Fig.2).

3. MORE COMPLEXITY

Up to this point, the models emanating from the basic GME can still be considered ‘classical’

diffusion equations, and the merits of the CTRW/GME approach are mainly those of clarifying the

assumptions behind and the limitations of the modelling framework. However, as noted before, the

GME allows for far more complexity, and this we will explore in the following, always with an eye

on its possible useful application in (fusion) plasma physics.

3.1. LÉVY DISTRIBUTIONS AND FRACTIONAL DIFFERENTIAL EQUATIONS

Why would one bother with Lévy distributions at all? The main reason for considering Lévy

nL (x, t) = n0 - n0 1 + erf
DL - DR

DL (  DL +  DR )

x

2   DL t

nR (x, t) = n0 + n0 1 - erf
DL  - DR

DR (  DL +  DR )

x

2   DR t
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distributions for transport modelling is to capture some remarkable scaling phenomena of transport

in fusion plasmas. As noted before, the Lévy distributions form a general class of which the Gaussian

distribution is only a particular member. More precisely, the Lévy distributions encompass all limit

distributions of sums of independent, identically distributed random variables. Whereas the Gaussian

distribution decays rapidly, i.e. exponentially, for large x (namely, p(x) ~ exp(-x2/σ2)), and thus

generates local transport (as expressed by the FP equation), the non-Gaussian Lévy distributions

decay slowly, i.e. algebraically, for large x (namely, p(x) ~ σαx-(1+α) with 0 < α < 2), and thus

generate non-local transport, in which some “transport event” has a small but non-negligible

probability of traversing a large part of the system, and thus affecting the system at a large distance

from its origin. Such non-local transport phenomena may have been observed in fusion plasmas

[26, 27, 28, 29, 30, 31, 32], although there is always some margin for alternative interpretations.

Another indication comes from the fact that the scaling with system size (L) of experimental

transport is typically not diffusive, e.g. the confinement time τ does not scale as L2. If transport

were dominated by a Lévy distribution with index α, then τ ~ Lα. Transitions between one and the

other scaling behaviour as a function of the system drive are also possible, as shown in the example

below.

Finally, Lévy distributions have been detected in numerical turbulence simulations [33], and

experimental indications for their existence have been obtained [34, 35]. In combination, these

indications inspire us to leave open the possibility of using Lévy distributions in the modelling of

transport, which is easily accommodated in the CTRW/GME framework.

We note that the use of non-Gaussian Lévy pdfs does not impede one from making a fluid limit

approximation in the same sense as discussed before. With Lévy pdfs however, this leads to fractional

differential equations (FDEs) [15] (and references therein). The study of FDEs is quite advanced

[36], but a discussion of this issue is outside the scope of the current paper.

3.2. CRITICALITY

A fundamental element of transport in fusion plasmas is the concept of criticality. The basic idea is

that turbulence is activated when the gradient of e.g. pressure or some other relevant quantity exceeds

some threshold, thus enhancing transport significantly. Such mechanisms would lead to the ”clamping”

of the gradients to their critical values, provided the drive is sufficiently large, thus producing””stiff”

profiles, in accordance with the observed “profile consistency” [37]. There are many experimental

indications that such mechanisms are indeed operative in (fusion) plasmas [38, 39].

We note that this idea is evidently related to the central ideas of the Self-Organised Criticality

(SOC) paradigm [40], which provides an interesting alternative viewpoint of the transport problem

[41, 42, 43, 44, 45, 46]. Here also, unusual (i.e. non-diffusive) global scalings of the transport

parameters are obtained, which bear some similarity to the effect of having Lévy distributions.

Thus, from the global scaling behaviour of transport alone it will be difficult to distinguish between

a critical mechanism and the action of Lévy distributions, unless the system can be driven to a fully
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ς(x′, t) = Θ ,-
∂n

∂t

∂n

∂x
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supercritical state (where the criticality is deactivated); or the Lévy distributions can somehow be

deactivated (perhaps by going to a high collisionality régime).

3.3. A TOY MODEL

The above ingredients lead us into largely uncharted terrain. To get a grip on the consequences of

the cited mechanisms for transport, in previous work we have designed a one-field, one-dimensional

toy model [7, 9]. The details of the calculations can be found in the cited references; here, we will

merely cite the main results.

First, the GME is defined for a finite system. Without loss of generality, we set 0 ≤ x ≤ 1.

Particles that jump from a position within this range to a position outside, are considered lost. This

implies that the system suffers continuous edge losses, which must be compensated by a source

term S, which we choose independent of time since here we intend to study steady-state only. For

simplicity, we use a constant waiting time τD. The time evolution equation is therefore

 (19)

To capture the typical critical gradient behaviour, we choose the step distribution p in such a way

that transport is ‘local’ (Gaussian) when the density gradient is below a given threshold, and ‘non-

local’ (Lévy) when the gradient is above it. When the source drive is sufficiently strong and the

profile would rise above the critical value, the increased (Lévy-driven) transport will bring the

gradient back to the critical value, thus ‘clamping’ the profile. We define p as:

(20)

where Psym(x, α, σ) is a Gaussian distribution when α = 2 and a Cauchy distribution when α = 1.

The function ζ defines the criticality condition:

(21)

where  (x) is the Heaviside function. As discussed in more detail in the cited references, this simple

model has a number of remarkable properties.

First, with homogeneous fuelling S(x) = S0, the mentioned profile clamping is observed for a

range of values of S0. At low fuelling levels, the system is subcritical everywhere and behaves as a

standard diffusive model, and the particle confinement time τ scales with system size L as τ ~ L2, as

expected. As S0 increases, the profile is clamped to the critical value, first only at the edge, and as

S0 increases, an ever larger part of the profile becomes critical. As a consequence, the confinement

time τ drops; this effect is remarkably similar to the “power degradation effect” observed in many

fusion plasma experiments.

1

0
= dx′p(x - x′; x′, t) n(x′, t) - + S(x) .

∂n

∂t

n (x,t)

τD

1

τD

p(x - x′; x′, t) = ς(x′, t) Psym (x - x′, 1, σ1) +

(1 - ς(x′, t)) Psym (x - x′, 2, σ1) ,
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Second, as S0 increases, the scaling of τ with system size makes a simultaneous transition from

τ ~ L2 to τ ~ L, which is reminiscent of the transition Bohm → gyro-Bohm observed in fusion

plasmas [47].

Third, still with homogeneous fuelling, the stiffness of the profile produces an extremely rapid

propagation of perturbances, some three orders of magnitude faster than one might expect from the

diffusive time-scale, very similar to what is observed with pulse propagation studies in fusion

experiments [48, 26, 49, 50].

Fourth, with an off-axis fuelling profile S(x) = S0f(x), where f(x) is a positive function with unit

integral and with peaks at x = 0.3 and x = 0.7 [9], the density profile is initially flat in the core

region (at low values of S0), but peaks as the fuelling level S0 is increased. Again, this is strikingly

similar to what is observed in some actual experiments (e.g. [51]), and very unexpected from local

diffusive models. As discussed in our previous work, the explanation of this peaking would involve

both the non-locality and the criticality of the transport model.

An interesting observation, in view of recent discussions regarding density profile peaking, is

that the profile peaking in the toy model depends on the relative importance of the sub-critical

(diffusive) transport channel in overall transport. In other words, the peaking is reduced and the

profile becomes less stiff when the diffusive transport channel is enhanced. This is in accord with

recent observations in fusion plasmas [52, 53] that the peaking decays as the collisionality parameter

eff is increased.

In conclusion, this very simple toy model, based on the CTRW/GME framework and incorporating

transport mechanisms that are inspired, on the one hand, by physics that is commonly suspected to

be operative (critical gradients) [54], and on the other, by processes whose relevance is not yet

proven (Lévy distributions), produces very interesting behaviour that bears a striking similarity

with the behaviour of actual fusion plasmas.

3.4. TOWARDS A FULL TRANSPORT MODEL

The toy model presented in the preceding section is limited in various aspects. The first limitation

that needs to be overcome is the one-field aspect of the model (only the density, n, is modelled).

Plasmas are characterised, to first approximation, by at least two fields; namely, density (n) and

temperature (T).

To extend the model in this sense, it is useful to recall that the GME (equation 4) expresses the

principle of conservation of density. Thus, it is natural to assume that a similar GME might need to

be introduced for any other conserved quantity, such as the plasma energy E = 3/2nT. This immediately

leads us to postulate the following equation:

(22)

Indeed we now have a set of two equations, describing the evolution of two fields (namely, n and E,

dx′ pE (x - x′; x′, t)= - .
∂E(x, t)

∂t

E(x′, t)

τD(x′)

E(x, t)

τD(x)
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or, equivalently, n and T). Note the appearance of a second step probability distribution, pE. All the

physics of energy transport is expressed via this distribution, just like the physics of particle transport

was expressed via p.

The crux of the matter is now to choose p and pE in such a way that reasonable models for particle

and energy transport are obtained. Such choices must be motivated by the (kinetic) theory of transport

and the theory of plasma instabilities. Thus, it may be expected that both ∇p and η = ∇(ln T)/∇(ln n)

play a role in the definition of critical gradients. Work in this direction is currently underway.

CONCLUSIONS

In this work, we have reviewed certain aspects of the CTRW modelling framework, and suggest that

the corresponding GME might provide a useful tool for the numerical modelling of diffusion of

particles and energy in magnetically confined plasmas.

In the appropriate limit, the GME corresponds to the well-known Fokker-Planck diffusion equation

in inhomogeneous systems, which reduces to Fick’s law under the additional assumption that the

system is homogeneous. Since fusion plasmas are strongly inhomogeneous, this suggests that the

Fokker-Planck diffusion equation may be more appropriate than Fick’s law for modelling transport.

Part of the observed inward convection (“pinch”) may then simply be ascribed to the inhomogeneity

of the system.

The ample scope of the GME also permits a mathematically sound approach to more complex

transport issues, such as the incorporation of critical gradients and non-local transport mechanisms

(using Lévy distributions). A toy model incorporating these ingredients was shown to possess behaviour

that bears a striking similarity to certain unusual phenomena observed in fusion plasmas.

It is hoped that a suitable extension of the current GME framework will eventually lead to a full-

fledged transport model for fusion plasmas. As mentioned before, its construction should partly be

guided by the kinetic theory of particle motion and partly by the theory of plasma instabilities. These

theories should delimit, in a statistical sense, the probability distributions needed to represent the

underlying microscopic dynamics correctly. Further adjustment of the obtained model should then be

possible by direct comparison with experimental results.

ACKNOWLEDGEMENTS

The authors would like to thank the JET-EFDA team, and in particular A.D. Whiteford, for kindly

providing access to the data shown in Fig.2. Interesting discussions and a fruitful collaboration

with P.D. Bons are acknowledged. This research was sponsored in part by DGICYT (Direcci´on

General de Investigaciones Cient´1ficas y Tecnol´ogicas) of Spain under Project No. FTN2003-

08337-C04-02. Part of this research has been carried out at Oak Ridge National Laboratory, managed

by UT-Battelle, LLC, for the U.S. Department of Energy under contract number DEAC05-

00OR22725. Part of this research was supported by Spanish DGES Proyects Nos. FTN2003-04587

and FTN2003-08337-C04-01.



12

REFERENCES

[1]. Einstein A 1905 Annalen der Physik 17 549

[2]. Montroll E W and Weiss G 1965 J. Math. Phys. 6, 167

[3]. Balescu R 1995 Physical Review E 51 4807

[4]. Misguich J H, Reuss J-D, Constantinescu D, Steinbrecher G, Vlad M, Spineanu F, Weyssow

B and Balescu R 2003 Ann. Phys. Fr. 28 1

[5]. Gnedenko B V and Kolmogorov A N 1954 Limit distributions for Sums of Independent

Random Variables (Reading, MA: Addison Wesley)

[6]. Metzler R and Klafter J 2000 Phys. Reports 339 1

[7]. van Milligen B Ph, S´anchez R and Carreras B A 2004 Phys. Plasmas 11 2272

[8]. Sánchez R, van Milligen B Ph and Carreras B A 2005 Phys. Plasmas 12 056105

[9]. van Milligen B Ph, Carreras B A and S´anchez R 2004 Phys. Plasmas 11 3787

[10]. Kenkre V M, Montroll E W and Shlesinger M F 1973 J. Stat. Phys. 9 45

[11]. Shugard W and Reiss H 1976 J. Chem. Phys. 65 2827

[12]. Klafter J and Silbey R 1980 Phys. Rev. Lett. 44 55

[13]. Compte A 1997 Phys. Rev. E 55 6821

[14]. Scalas E, Gorenflo R and Mainardi F 2004 Phys. Rev. E 69 011107

[15]. Sánchez R, Carreras B A and van Milligen B Ph 2005 Phys. Rev. E 71 011111

[16]. Fick A 1855 Annalen der Physik 23 59

[17]. Landsberg P T 1984 J. Appl. Phys. 56 1119 The foundations of diffusion revisited 12

[18]. Collins R and Takemori T 1989 J. Phys.: Condens. Matter 1 3801

[19]. Collins R Carson S R and Matthew J A D 1997 Am. J. Physics 65 (3) 230

[20]. van Milligen B Ph, Bons P D, Carreras B A and Sánchez R 2005 On the applicability of Fick’s

law to diffusion in inhomogeneous systems Submitted to Eur. J. Phys.

[21]. Feller W 1971 An introduction to Probability Theory and its Applications, Vol. 2 (New York:

Wiley)

[22]. Risken H 1984 The Fokker-Planck equation (Berlin: Springer)

[23]. Garbet X, Mantica P, Angioni C, et al. 2004 Plasma Phys. Control. Fusion 46 B557

[24]. Ware A A 1970 Phys. Rev. Lett. 25 15; Phys. Rev. Lett. 25 916

[25]. Whiteford A D, Zastrow K-D, Adams A, et al. 2004 Proc. 31th EPS Conference on Plasma

Physics (London, UK) P1.159

[26]. Cordey J G, Muir D G, Neudachin S V, et al. 1995 Nucl. Fusion 35 101

[27]. Gentle K W, Braveneck R V, Cima G, et al. 1995 Physics of Plasmas 2 2292

[28]. Kissick M W, Callen J D, Fredrickson E D, Janos A C, Taylor G 1996 Nuclear Fusion 38 1691

[29]. Callen J D and Kissick M W 1997 Plasma Phys. Control. Fusion 39 B173

[30]. Galli P, Cherubini A, de Angelis R, et al. 1998 Nuclear Fusion 38 1355

[31]. Mantica P, Galli P, Gorini G, et al. 1999 Phys. Rev. Lett. 82 5048

[32]. Ryter F, Neu R, Dux R, et al. 2000 Nuclear Fusion 40 1917



13

[33]. Carreras B A, Lynch V E and Zaslavsky G M 2001 Phys. Plasmas 8 5096

[34]. Zaslavsky G M, Edelman M, Weitzner H, et al. 2000 Phys. Plasmas 7 3691

[35]. Lemoine N and Gr´esillon D 2005 Proc. 32th EPS Conference on Plasma Physics (Tarragona,

Spain) O5.002

[36]. Zaslavsky G M 2002 Phys. Reports 371 461

[37]. Coppi B 1980 Comments Plasma Phys. Controlled Fusion 5 1305

[38]. Ryter F, Angioni C, Beurskens M et al. 2001 Plasma Phys. Control. Fusion 43 A323

[39]. Hoang G T, Bourdelle C, Garbet X et al. 2001 Phys. Rev. Lett. 87 125001

[40]. Bak P, Tang C and Wiesenfeld K 1987 Phys. Rev. Lett. 59 381

[41]. Diamond P H and Hahm T S 1995, Phys. Plasmas 2 3640

[42]. Newman D E, Carreras B A, Diamond P H and Hahm T S 1996 Phys. Plasmas 3 1858

[43]. Carreras B A, Newman D E, Lynch V E and Diamond P H 1996 Phys. Plasmas 3 2903

[44]. Sarazin Y and Ghendrih P 1998 Phys. Plasmas 5 4214

[45]. Garbet X, Waltz RE 1998 Phys. Plasmas 5 2836

[46]. Sánchez R, Newman D E and Carreras B A 2001 Nucl. Fusion 41 247

[47]. Carreras B A 1997 IEEE Trans. Plasma Sci. 25 1281

[48]. Gentle K W, Bravenec R V, Cima G, et al. 1997 Phys. Plasmas 4 3599

[49]. Fredrickson E D, McGuire K, Cavallo A, et al. 1990 Phys. Rev. Lett. 65 2869

[50]. Kissick M W, Callen J D and Fredrickson E D 1998 Nucl. Fusion 38 821

[51]. Petty C C and Luce T C 1994 Nucl. Fusion 34 121

[52]. Angioni C, Peeters A G, Ryter F, et al. 2005 Phys. Plasmas 12 040701; and Angioni C Peeters

A G, Pereverzev G V, et al. 2004 Phys. Rev. Lett. 90 205003

[53]. Weisen H, Angioni C, Bortolon A, et al. 2004 Proc. 20th IAEA Fusion Energy Conference

(Vilamoura, Portugal) EX/P6-31

[54]. Garbet X, Mantica P, Ryter F, et al. 2004 Plasma Phys. Control. Fusion 46 1351



14

Figure 1: (a) Analytical solution to the fluid limit approximation of the Generalized Master Equation, equations (17)
and (18), with n0 = 1, DL = 1.2 and DR = 2.9. (b) Numerical solution to the Generalized Master Equation with the
same parameters.

Figure 2: Radial profiles of D (solid line) and V (dashed line) as obtained
from the Tritium-Trace experiments at JET [25], with errors (shaded
areas), and an estimate of D calculated from the Fokker-Planck prediction
V = -δD/δx (chain line), in good agreement with the measured D.
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